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The objective of the work reported in this paper is to improve the well-known dual Craig-Bampton (DCB)
method. The original transformation matrix of the DCB method is enhanced by considering the higher-
order effect of residual substructural modes through residual flexibility. Using the new transformation
matrix, original finite element models can be more accurately approximated in the reduced models.
Herein, additional generalized coordinates are newly defined for considering the 2nd order residual flex-
ibility. Additional coordinates related to the interface boundary can be eliminated by applying the con-
cept of SEREP (the system equivalent reduction expansion process). The formulation of the improved
DCB method is presented in detail, and its accuracy is investigated through numerical examples.

� 2017 Elsevier Ltd. All rights reserved.
1. Introduction

In engineering practice, the degrees of freedom (DOFs) of
numerical models have been continuously increased, along with
the rapid increase in their complexity. When a complicated struc-
ture consisting with diverse components is designed through the
cooperation of different engineers, it is very expensive to deal with
its finite element models. This is because frequent design modifica-
tions affecting the whole and component models require repeated
reanalysis. For these reasons, a number of model-reduction
schemes have spotlighted its necessity, especially, in the structural
dynamics community [1–36,40]. Among the proposed solutions,
component mode synthesis (CMS) methods are considered very
powerful solutions. With CMS methods, a large structural model
is represented by an assemblage of small substructures; then is
approximated using a reduced model constructed using only the
dominant substructural modes. In CMS methods, it is important
to select the proper dominant modes [2–4].

After pioneering work by Hurty [1] in the 1960s, numerous CMS
methods have been introduced for various applications [5–34]. The
CMS methods can be classified as fixed, free, and mixed-interface
based methods, depending on how the interface is handled. The
most successful fixed-interface based method is the Craig-
Bampton method (CB method) [5] due to its simplicity, robustness,
and accuracy. In contrast, the free-interface based methods [7–9]
proposed earlier were not successful because those methods were
not adequate for either accuracy or efficiency in spite of their
important advantages. These included such as substructural inde-
pendence and easy treatment of various interface conditions
[9,20–22].

In 2004, Rixen [11] introduced a new free-interface based
method as a dual counterpart of the CB method, namely, the dual
Craig-Bampton (DCB) method. In the DCB method, Lagrange multi-
pliers are employed along the interface for assembling substruc-
tures and thus an original assembled finite element (FE) model
can be effectively reduced as a form of quasi-diagonal matrices,
leading to computational efficiency. The most advantageous fea-
ture of the DCB method is that, when a substructure is changed,
entire reduced matrices do not need be updated again because in
the formulation, substructures are handled independently. This
feature also makes it possible to assemble substructures even if
their FE meshes do not match along the interface [16]. For all these
reasons, the DCBmethod is an attractive solution for experimental-
FE model correlation [17–19], as well as FE model updating and
dynamic analysis considering various constraint conditions (con-
tact, connection joint, damage, etc.) [20–22]. However, the DCB
method still needs improvement in accuracy. In particular, the
DCB method causes a weakening of the interface compatibility in
reduced models, resulting in spurious modes with negative eigen-
values [11,14]. If the reduction basis chosen is not sufficient, such
spurious modes may occur in lower modes, which is an obstacle to
approximating the original FE model correctly.
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Recently, fixed-interface based CMSmethods have been success-
fully improved considering the higher-order effect of the residual
modes [10,24,25,29,30]. The motivation of this study is that the
same principle can be adopted for improving free-interface based
methods. In this study, we focus on improving the accuracy of the
DCB method. We derive a new transformation matrix for the DCB
method, improved by considering the 2nd order effect of residual
substructural modes. One difficulty comes from the fact that the
improved approximation of substructural dynamic behavior con-
tains unknown eigenvalues. In the formulation, unknown eigenval-
ues are considered additional generalized coordinates. These are
subsequently eliminated using the concept of the systemequivalent
reduction expansion process (SEREP) to reduce computational cost.
Finally, improved solution-accuracy is obtained in the final reduced
systems. Furthermore, theuseof thepresentmethodavoids creation
of spurious modes with negative eigenvalues in the lower modes.

In Section 2, we briefly review the original DCB method; and
formulation of the improved DCB method is presented in Section 3.
Section 4 describes the performance of the improved DCB method
through various numerical examples and in Section 5, we explore
the negative eigenvalues in lower modes for the original and
improved DCB methods. Finally, conclusions are presented in
Section 6.

2. Dual Craig-Bampton method

In this section, we briefly introduce the formulation of the dual
Craig-Bampton (DCB) method, see Refs. [11,14,20,31] for detailed
derivations.

In the DCB method, a structural FE model is assembled by Ns

substructures as in Fig. 1a. The substructures are connected
through a free interface boundary C (Fig. 1b). The compatibility
between substructures is explicitly enforced using the following
constraint equation

XNs

i¼1

bðiÞTuðiÞ
b ¼ 0; ð1Þ

in which uðiÞ
b is the interface displacement vector of the i-th sub-

structure, and bðiÞ is a signed Boolean matrix.
The linear dynamic equations for each substructure Xi can be

individually expressed by

MðiÞ€uðiÞ þ KðiÞuðiÞ þ BðiÞl ¼ fðiÞ; i ¼ 1; � � � ;Ns; ð2Þ

where MðiÞ and KðiÞ are the mass and stiffness matrices of the i-th

substructure, uðiÞ is the corresponding displacement vector, fðiÞ is

the external load vector applied to the substructure, and BðiÞl is

the interconnecting force between substructures with BðiÞ ¼ 0
bðiÞ

� �
and the Lagrange multiplier vector l. Note that ð €Þ ¼ d2ðÞ=dt2 with
time variable t.

Assembling the linear dynamic equations for each substructure
in Eq. (2) using the compatibility constraint equation in Eq. (1), the
dynamic equilibrium equation of the original assembled FE model
(see Fig. 1c) is constructed as

M 0
0 0

� �
€u
l

� �
þ K B

BT 0

� �
u
l

� �
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0

� �
; ð3Þ
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75,where M and K are block-diagonal mass
and stiffness matrices that consist of substructural mass and stiff-

ness matrices (MðiÞ and KðiÞ).
The global eigenvalue problem is defined for the original assem-

bled FE model

KgðugÞi ¼ ðkgÞiMgðugÞi for i ¼ 1; � � � ;Ng ; ð4Þ

with Kg ¼ K B
BT 0

� �
, Mg ¼ M 0

0 0

� �
, in which ðkgÞi and ðugÞi are the

global eigenvalue and eigenvector corresponding to the i-th global
mode, respectively, and Ng is the number of DOFs in the original
FE model. This number consists of interface and substructural DOFs

(Ng ¼ Nb þ
PNs

i¼1N
ðiÞ
u , where Nb is the number of interface DOFs and

NðiÞ
u is the number of DOFs of the i-th substructure).
Because each substructure can be seen as being excited through

interconnecting forces, the displacement of each substructure is
assumed in the original DCB formulation, as

uðiÞ � �KðiÞþBðiÞlþ RðiÞaðiÞ þHðiÞqðiÞ; i ¼ 1; � � � ;Ns; ð5Þ

where KðiÞþ is the generalized inverse matrix of KðiÞ (the flexibility

matrix), RðiÞ is the rigid body mode matrix, HðiÞ is the matrix that
consists of free interface normal modes, and aðiÞ and qðiÞ are the cor-
responding generalized coordinate vectors.

The rigid body and free interface normal modes of the i-th sub-
structure are calculated by solving the following eigenvalue
problems

KðiÞðuðiÞÞj ¼ kðiÞj MðiÞðuðiÞÞj; j ¼ 1; � � � ;NðiÞ
u ; ð6Þ

in which kðiÞj and ðuðiÞÞj are the j-th eigenvalue and the correspond-
ing mode, respectively. Note that the mode vectors are scaled to sat-
isfy the mass-orthonormality condition.

The free interface normal mode matrix HðiÞ in Eq. (5) consists of
dominant and residual normal modes

HðiÞ ¼ HðiÞ
d HðiÞ

r

h i
; ð7Þ

in which HðiÞ
d and HðiÞ

r includes NðiÞ
d dominant free interface normal

modes, and the remaining modes, respectively.
The displacement of the substructure can be approximated

using only the dominant modes

uðiÞ � �KðiÞþBðiÞlþ RðiÞaðiÞ þHðiÞ
d qðiÞ

d ; ð8Þ

where the term �KðiÞþBðiÞl is the static displacement by intercon-
necting forces, and this term can be expressed using modal
parameters

� KðiÞþBðiÞl ¼ �HðiÞKðiÞ�1
HðiÞTBðiÞl with

KðiÞ ¼ diag kðiÞ1 ; kðiÞ2 ; . . . kðiÞ
NðiÞ
u

� �
; ð9Þ

where KðiÞ is the substructural eigenvalue matrix.
Substituting Eq. (7) into Eq. (9), the static displacement can be

divided into dominant and residual parts

�KðiÞþBðiÞl ¼ �HðiÞ
d KðiÞ�1

d HðiÞT
d BðiÞl�HðiÞ

r KðiÞ�1

r HðiÞT
r BðiÞl; ð10Þ

with the corresponding substructural eigenvalue matrices KðiÞ
d and

KðiÞ
r defined by

KðiÞ
d ¼ HðiÞT

d KðiÞHðiÞ
d ; KðiÞ

r ¼ HðiÞT
r KðiÞHðiÞ

r : ð11Þ

Using Eq. (10) in Eq. (8), the following equation is obtained:



Fig. 1. Assemblage of substructures and interface handling in the DCBmethod (Ns ¼ 4). (a) Substructures, X1, X2, X3 and X4, (b) Interconnecting forces and interfacial DOFs of
the substructure X4, (c) Assembled FE model X with its interface boundary C.
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uðiÞ � �HðiÞ
d KðiÞ�1

d HðiÞT
d BðiÞl�HðiÞ

r KðiÞ�1

r HðiÞT
r BðiÞlþ RðiÞaðiÞ þHðiÞ

d qðiÞ
d :

ð12Þ
It is easily observed that the first and last terms on the right
side of Eq. (12) are identical and thus neglecting the first term,
we obtain

uðiÞ � �FðiÞ
1 BðiÞlþ RðiÞaðiÞ þHðiÞ

d qðiÞ
d with FðiÞ

1 ¼ HðiÞ
r KðiÞ�1

r HðiÞT
r : ð13Þ

in which FðiÞ
1 is called the residual flexibility matrix. The residual

flexibility matrix can be calculated by subtracting the dominant

flexibility matrix from the full flexibility matrix KðiÞþ

FðiÞ
1 ¼ KðiÞþ �HðiÞ

d KðiÞ�1

d HðiÞT
d : ð14Þ

The displacement and the Lagrange multipliers of the i-th substruc-
ture can be approximated using the transformation

15
in which TðiÞ
1 is the substructural transformation matrix of the orig-

inal DCB method for the i -th substructure. Note that, in the sub-
sturctural eigenvalue problem, only the eigenpairs of the
dominant and rigid body modes are calculated, not for all
eigenpairs.

The transformation matrix T1 (Ng � N1) for the original assem-
bled FE model is then given by

with

ð16Þ
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and the reduced mass and stiffness matrices (N1 � N1) and the force
vector (N1 � 1) are obtained using the transformation matrix

�M1 ¼ TT
1

M 0
0 0

� �
T1; �K1 ¼ TT

1

K B
BT 0

� �
T1;

�f1 ¼ TT
1

f
0

� �
: ð17Þ

Note that N1 is the number of DOFs in the reduced FE model:

N1 ¼ N0 þ Nb with N0 ¼ PNs
i¼1ðNðiÞ

r þ NðiÞ
d Þ, in which NðiÞ

r and NðiÞ
d are

the numbers of rigid body modes and dominant modes of the i -
th substructure, respectively.

3. Improved dual Craig-Bampton method

In the original DCB method, to construct the transformation
matrix T1 in Eq. (16), the residual substructural modes are consid-

ered through the static flexibility matrix KðiÞþ . However, in order to
improve the DCB method, we here properly consider the effect of
the residual substructural modes using dynamic flexibility, result-
ing in improved solution accuracy in the reduced models.

3.1. Second order dynamic residual flexibility

Let us consider Eq. (2) with fðiÞ ¼ 0, and invoking harmonic

response (d2
=dt2 ¼ �k). The displacement of the i-th substructure

can be written as

uðiÞ ¼ �ðKðiÞ � kMðiÞÞ�1
BðiÞl; i ¼ 1; � � � ;Ns; ð18Þ

in which ðKðiÞ � kMðiÞÞ�1
is called the dynamic flexibility matrix.

Using free interface normal modes and rigid body modes obtained
from Eq. (6), the dynamic flexibility matrix can be rewritten in
terms of modal parameters

ðKðiÞ � kMðiÞÞ�1 ¼ UðiÞðKðiÞ � kIðiÞÞ�1
UðiÞT with UðiÞ ¼ HðiÞ RðiÞ� �

:

ð19Þ
Substituting Eq. (19) into Eq. (18), the substructural displacement is
represented by

uðiÞ ¼ �HðiÞðKðiÞ
n � kIðiÞn Þ�1

HðiÞTBðiÞlþ RðiÞaðiÞ ð20Þ

with KðiÞ
n ¼ HðiÞTKðiÞHðiÞ, IðiÞn ¼ HðiÞTMðiÞHðiÞ, in which KðiÞ

n and IðiÞn are the
eigenvalue and identity matrices corresponding to the free interface
normal modes, and k is the unknown eigenvalue.

We then substitute Eq. (7) into Eq. (20), to obtain

uðiÞ ¼ HðiÞ
d qðiÞ

d �HðiÞ
r ðKðiÞ

r � kIðiÞr Þ�1
HðiÞT

r BðiÞlþ RðiÞaðiÞ ð21Þ

with HðiÞ
d qðiÞ

d ¼ �HðiÞ
d ðKðiÞ

d � kIðiÞd Þ�1
HðiÞT

d BðiÞl.
In Eq. (21), the residual part of the dynamic flexibility matrix

HðiÞ
r ðKðiÞ

r � kIðiÞr Þ�1
HðiÞT

r can be expanded using a Taylor series
[10,13,15,24–29]

HðiÞ
r ðKðiÞ

r � kIðiÞr Þ�1
HðiÞT

r ¼ FðiÞ
1 þ kFðiÞ

2 þ � � � kj�1FðiÞ
j þ � � � with

FðiÞ
j ¼ HðiÞ

r KðiÞ�j

r HðiÞT
r ; ð22Þ

where FðiÞ
j is the j-th order residual flexibility matrix of the i-th

substructure.
Considering the residual flexibility up to the 2nd order, the

residual part of the dynamic flexibility matrix is approximated by

HðiÞ
r ðKðiÞ

r � kIðiÞr Þ�1
HðiÞT

r � FðiÞ
1 þ kFðiÞ

2 ; ð23Þ
and using Eq. (23) in Eq. (21), the substructural displacement is
expressed as

uðiÞ � HðiÞ
d qðiÞ

d � FðiÞ
1 BðiÞl� kFðiÞ

2 BðiÞlþ RðiÞaðiÞ: ð24Þ
Note that the substructural displacement of the original DCB formu-
lation is obtained when the 2nd order residual flexibility in Eq. (24)
is ignored. The added 2nd order residual flexibility contributes to
strengthening the interface compatibility by more precisely calcu-
lating the displacement due to the interconnecting forces. As a
result, it is expected that the emergence of spurious modes can be
avoided in the lower modes. This feature will be briefly demon-
strated using a numerical example. The 2nd order residual flexibil-

ity matrix can be easily calculated by reusing FðiÞ
1 in Eq. (14)

FðiÞ
2 ¼ FðiÞ

1 MðiÞFðiÞ
1 : ð25Þ

The substructural transformation matrix �TðiÞ
2 with the 2nd order

residual flexibility approximation is given by

uðiÞ

l

" #
� TðiÞ

2 uðiÞ
2 ; ð26Þ

with , �HðiÞ
2 ¼ �FðiÞ

2 BðiÞ,

w ¼ kl, where uðiÞ
2 denotes the generalized coordinate vector and w

is the additional coordinate vector containing the unknown eigen-
value k .

It is important to note that the use of higher-order residual flex-
ibility may produce badly scaled transformation matrices, result-
ing in ill-conditioned reduced system matrices. Thus, we

normalize each column of �HðiÞ
2 using its L2-norm [37,38].

HðiÞ
2 ¼ �HðiÞ

2 GðiÞ�1

with GðiÞ ¼

kf�hðiÞ2 g1k2 0

kf�hðiÞ2 g2k2
. .
.

0 kf�hðiÞ2 gNb
k2

2
6666664

3
7777775
;

ð27Þ
where HðiÞ

2 is the normalized residual mode matrix containing the

2nd order residual flexibility, and f�hðiÞ2 gj is the j-th column vector

of �HðiÞ
2 .

Substituting Eq. (27) into Eq. (26), the substructural transforma-
tion matrix of the improved DCB method for the i-th substructure
is

28

Then, the displacement and Lagrange multipliers of the original
assembled FE model with Ns substructures are approximated as
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ð29Þ

Using the transformation matrix T2 (Ng � N2) in Eq. (29), the
reduced system matrices (N2 � N2) and force vector (N2 � 1) are
calculated

�M2 ¼ TT
2

M 0
0 0

� �
T2; �K2 ¼ TT

2

K B
BT 0

� �
T2;

�f2 ¼ TT
2

f
0

� �
; ð30Þ

in which �M2, �K2, and �f2 are the reduced mass and stiffness matrices,
and the reduced force vector, respectively. Note that N2 is the num-

ber of DOFs in the reduced FE model, N2 ¼ 2Nb þ
PNs

i¼1ðNðiÞ
r þ NðiÞ

d Þ.

3.2. Interface reduction

When the 2nd order residual flexibility is considered, the size of
reduced system is increased due to the additional coordinates w
compared to the original DCB method. The number of increased
DOFs is equal to the number of interfacial DOFs.

To resolve this problem, we eliminate the additional coordi-
nates by employing the concept of the system equivalent reduction
expansion process (SEREP) [36]. In the global eigenvalue problem
given in Eq. (4), the eigenvalues related to the Lagrange multipliers
l are non-physically infinite. When original FE models are reduced
using the original and improved DCB methods in Eq. (17) and (30),
respectively, such non-physical eigenvalues related to l and w
(w ¼ kl) become finite, but appear in higher modes. The modes
related to the additional coordinates can be eliminated through a
further reduction using SEREP.
Fig. 2. Rectangular plate problem: (a) Matching mesh on the interface (12� 6 mesh), (
treatment.
From the reduced system matrices in Eq. (30), the following
eigenvalue problem is obtained:

�K2ð �uÞi ¼ �ki �M2ð �uÞi; i ¼ 1; � � � ;N2; ð31Þ
where �ki and ð�uÞi are the i-th eigenvalue and the corresponding
mode vector, respectively. We then calculate the eigenvectors
up to the N1-th mode and construct the following eigenvector
matrix

�U ¼ ð �uÞ1 ð �uÞ2 � � � ð �uÞN1

� �
: ð32Þ

The transformation matrix of the improved DCB method is further
reduced using the eigenvector matrix in Eq. (32) as follows.

T̂2 ¼ T2 �U; ð33Þ
and thus the new transformation matrix T̂2 has the same size as T1

in the original DCB method (Ng � N1). That is, the additional coordi-
nate vector w is eliminated.

Finally, the resulting reduced system matrices are calculated as
follows:

M̂2 ¼ T̂T
2

M 0
0 0

� �
T̂2; K̂2 ¼ T̂T

2

K B
BT 0

� �
T̂2; f̂2 ¼ T̂T

2

f
0

� �
; ð34Þ

in which M̂2, K̂2, and f̂2 are the final reduced mass, stiffness matri-
ces, and force vector, respectively. Then, the size of the reduced sys-
tem matrices provided by the improved DCB method becomes
equal to that by the original DCB method.

The reduced system becomes more accurate by improving the
DCB formulation. The increase of computational cost is inevitable,
but the computation of the 2nd order residual flexibility is effec-
tively performed using Eq. (25). In the following sections, the accu-
b) Non-matching mesh between neighboring substructures, (c) Interface boundary



Table 1
Number of dominant modes used and number of DOFs in original and reduced
systems for the rectangular plate problem (12� 6 mesh).
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racy and computational cost will be investigated using various
numerical examples. In the numerical examples, the computation
cost for the interface reduction process will also be examined.
Methods Nð1Þ
d Nð2Þ

d
Nd Ng N1

CB 13 7 20 455 55
DCB 13 7 20 525 67
Improved DCB 13 7 20 525 67

Fig. 4. Relative eigenfrequency errors in the rectangular plate problem with non-
matching mesh in Fig. 2b.
4. Numerical examples

In this section, we investigate the performance of the improved
DCB method compared to the original DCB method. We considered
four structural problems: a rectangular plate with matching and
non-matching meshes, a plate with a hole, a hyperboloid shell,
and a bended pipe.

All finite element models are constructed using the 4-node
MITC (Mixed Interpolation of Tensorial Components) shell ele-
ments [41–45], and free or fixed boundary conditions are imposed
differently according to the problem. The frequency cut-off method
is employed to select dominant substructural modes [39]. All the
computer codes are implemented in MATLAB and computation is
performed in a personal computer (Inter core (TM) i7-4770,
3.40 GHz CPU, 16 GB RAM).The relative eigenfrequency error is
adopted to measure the accuracy of the reduced models

ni ¼
jxi � x̂ij

xi
; x̂i ¼

ffiffiffiffi
k̂i

q
ð35Þ

in which ni is the i-th relative eigenfrequency error, xi is the i-th
exact eigenfrequency calculated from the global eigenvalue prob-
lem in Eq. (4); and x̂i and k̂i are the i-th approximated eigenfre-
quency and eigenvalue calculated from the reduced eigenvalue
problem. Note that the rigid body modes are not considered in mea-
suring the accuracy.

4.1. Rectangular plate problem

Let us consider a rectangular plate with free boundary, see
Fig. 2. Length L is 0.6096 m, width B is 0.3048 m, and thickness h

is 3:18� 10�3 m. Young’s modulus E is 72 GPa, Poisson’s ratio m
is 0.33, and density q is 2796 kg=m3. The whole structure is an
assemblage of two substructures (Ns ¼ 2) modeled by 4-node MITC
Fig. 3. Relative eigenfrequency errors in the rectangular plate problem with
matching mesh in Fig. 2a.
shell elements. We consider two numerical cases, with matching
and non-matching meshes between neighboring substructures.

For the matching mesh case, the first substructure is modeled
using an 8� 6 mesh and the second substructure is modeled using
a 4� 6 mesh, as shown in Fig. 2a. Fig. 3 presents the relative eigen-
frequency errors obtained by the CB, the original and improved
DCB methods. The numbers of dominant modes used and the num-
bers of DOFs in original and reduced systems are listed in Table 1.
The improved DCB method shows significantly improved accuracy
compared to the original CB method.

Let us consider the non-matching mesh case, see Fig. 2b. The
first substructure is modeled by an 8� 6 mesh and the second sub-
structure is modeled by an 8� 12 mesh. In this case, the interface
compatibility is considered through nodal collocation and thus the

matrices BðiÞ are no longer Boolean, see Fig. 2c. Fig. 4 presents the
relative eigenfrequency errors obtained by the original and
improved DCB methods. Table 2 shows the numbers of dominant
modes used and the numbers of DOFs in the original and reduced
systems. The results also show that the improved method provides
considerably more-accurate solutions for this non-matching mesh
case.
Table 2
Number of dominant modes used and number of DOFs in original and reduced
systems for the rectangular plate problem with non-matching mesh.

Methods Nð1Þ
d Nð2Þ

d
Nd Ng N1

DCB 5 3 8 965 85
Improved DCB 5 3 8 965 85
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4.2. Plate structure with a hole

Let us consider a rectangular plate with a hole, see Fig. 5. No
boundary condition is imposed. The length L is 20 m, width B is
Fig. 5. Plate structure with a hole.

Table 3
Number of dominant modes used and number of DOFs in original and reduced
systems for the plate structure with a hole.

Methods Nð1Þ
d Nð2Þ

d Nð3Þ
d Nð4Þ

d
Nd Ng N1

DCB 5 5 5 5 20 1490 174
Improved DCB 5 5 5 5 20 1490 174

Fig. 6. Relative eigenfrequency errors in the plate structure with a hole.
10 m, and thickness h is 0.25 m. Young’s modulus E is 210 GPa,
Poisson’s ratio m is 0.3, and density q is 7850 kg=m3. The whole
model is an assemblage of four substructural FE models (Ns ¼ 4).
The whole model is discretized by 208 shell elements (1360 DOFs).
The substructures are symmetrically positioned about the hole in
center.

The numbers of dominant modes used and the numbers of DOFs
in the original and reduced systems are presented in Table 3. Fig. 6
presents the relative eigenfrequency errors obtained using the
original and improved DCB methods. The results show that the
improved DCB method largely outperforms the original DCB
method, especially, in lower modes.

4.3. Hyperboloid shell problem

We here consider a hyperboloid shell structure with free
boundary as shown in Fig. 7. Height H is 4.0 m and thickness h is
0.05 m. Young’s modulus E is 69 GPa, Poisson’s ratio m is 0.35,
and density q is 2700 kg=m3. The mid-surface of this shell struc-
ture is described by

x2 þ y2 ¼ 2þ z2; z 2 ½�2;2�: ð36Þ

Three substructures (Ns ¼ 3) are assembled to construct the original
FE model of the shell structures, in which 800 shell elements and
903 nodes are used (4200 DOFs). Table 4 lists the numbers of dom-
Fig. 7. Hyperboloid shell problem.

Table 4
Number of dominant modes used and number of DOFs in original and reduced
systems for the hyperboloid shell problem.

Methods Nð1Þ
d Nð2Þ

d Nð3Þ
d

Nd Ng N1

DCB 10 10 10 30 4830 363
Improved DCB 10 10 10 30 4830 363



Fig. 8. Relative eigenfrequency errors in the hyperboloid shell problem.

Table 5
Computational costs for the hyperboloid shell problem in Fig. 8.

Methods Items Computation
times

[sec] Ratio
[%]

Original DCB
method

Substructural mode matrices (RðiÞ , HðiÞ
d ) 0.28 1.77

Substructural 1st order residual

flexibility matrices (FðiÞ1 )

15.11 96.94

Reduced system matrices ( �M1, �K1) 0.20 1.29
Total 15.59 100.00

Improved DCB
method

Substructural mode matrices (RðiÞ , HðiÞ
d ) 0.28 1.77

Substructural 1st order residual

flexibility matrices (FðiÞ1 )

15.11 96.94

Substructural 2nd order residual

flexibility matrices (FðiÞ2 )

0.36 2.31

Reduced system matrices ( �M2, �K2) 0.42 2.67
Subtotal 16.17 103.69

Interface reduction (M̂2, K̂2) 2.06 13.25

Total 18.23 116.94

Fig. 9. Bended pipe problem.

Table 6
Number of dominant modes used and number of DOFs in the original and reduced
systems for the bended pipe problem.

Methods Nð1Þ
d Nð2Þ

d Nð3Þ
d

Nd Ng N1

DCB 5 5 5 15 13,095 297
DCB 95 95 95 285 13,095 567
Improved DCB 5 5 5 15 13,095 297
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inant modes used and the numbers of DOFs in the original and
reduced systems. Fig. 8 presents the relative eigenfrequency errors
obtained using the original and improved DCB methods. The graphs
in the figure consistently show the accuracy of the improved DCB
method.

For this problem, we also compare the computational costs of
the original and improved DCB methods. Table 5 shows the
detailed computational costs. Compared to the original DCB
method, the additional computation time required by the
improved DCB method is 3.69% for accuracy improvement, and
13.25% for interface reduction.
4.4. Bended pipe problem

A bended pipe structure with clamped boundary at one end is
considered as shown in Fig. 9, in which the structural configuration
and specification are illustrated. Young’s modulus E is 69 GPa, Pois-
son’s ratio m is 0.35, and density q is 2700 kg=m3. The FE model of
the pipe structure is an assemblage of three substructural FE mod-
els (Ns ¼ 3). The whole FE model has 2511 shell elements and 2592
nodes (12960 DOFs).

The following numerical cases are considered:

� The original DCB method is used with the reduced model size of
N1 ¼ 297 (Nd ¼ 15) and N1 ¼ 567 (Nd ¼ 285).

� The improved DCB method is used with the reduced model size
of N1 ¼ 297 (Nd ¼ 15).



Fig. 10. Relative eigenfrequency errors in the bended pipe problem.

Table 7
Computational costs for the bended pipe problem in Fig. 10.

Methods Items Computation
times

[sec] Ratio [%]

Original DCB
method
(Nd ¼ 15)

Substructural mode matrices (RðiÞ , HðiÞ
d ) 0.67 0.26

Substructural 1st order residual

flexibility matrices (FðiÞ1 )

256.40 99.44

Reduced system matrices ( �M1, �K1) 0.77 0.30
Total 257.84 100.00

Original DCB
method
(Nd ¼ 285)

Substructural mode matrices (RðiÞ , HðiÞ
d ) 3.61 1.40

Substructural 1st order residual

flexibility matrices (FðiÞ1 )

272.71 105.77

Reduced system matrices ( �M1, �K1) 0.81 0.31
Total 277.13 107.48

Improved DCB
method
(Nd ¼ 15)

Substructural mode matrices (RðiÞ , HðiÞ
d ) 0.67 0.26

Substructural 1st order residual

flexibility matrices (FðiÞ1 )

256.40 99.44

Substructural 2nd order residual

flexibility matrices (FðiÞ2 )

4.58 1.78

Reduced system matrices ( �M2, �K2) 1.46 0.57
Subtotal 263.11 102.05

Interface reduction (M̂2, K̂2) 1.29 0.50

Total 264.40 102.55

Table 8
Eigenvalues calculated for the plate with a hole. Negative eigenvalues are underlined.

No. Original DCB Improved DCB

1 3.7518E+02 3.7517E+02
2 5.9356E+02 5.9306E+02
3 3.3397E+03 3.2415E+03
4 3.3609E+03 3.3549E+03
5 6.7871E+03 6.7483E+03
6 1.0588E+04 9.5708E+03
7 1.0631E+04 1.0252E+04
8 1.3618E+04 1.3502E+04
9 �1.8564E+04 2.1398E+04

10 �2.0246E+04 2.4833E+04

11 �2.3018E+04 3.7087E+04

12 2.7750E+04 3.8271E+04
13 �4.0962E+04 5.5247E+04

14 5.0359E+04 5.5684E+04
15 6.8518E+04 7.0494E+04
16 7.1921E+04 7.9612E+04
17 �7.3877E+04 8.0927E+04

18 �7.8759E+04 1.0925E+05

19 9.2383E+04 1.2573E+05
20 �1.0689E+05 1.2642E+05

21 �1.1249E+05 1.3012E+05

22 �1.4226E+05 1.8680E+05

23 �1.4899E+05 2.1227E+05

24 �1.5146E+05 2.3759E+05

25 �2.2205E+05 2.4295E+05

Fig. 11. Relative eigenfrequency errors in the plate structure with a hole (Nd ¼ 4).
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The number of dominant modes used and the number of DOFs
in the original and reduced systems are listed in Table 6.

Fig. 10 presents the relative eigenfrequency errors obtained by
the original and improved DCB methods. When reduced models
of the same size (N1 ¼ 297; Nd ¼ 15) are considered, the improved
DCB method provides a much more accurate reduced model. It is
also observed that the original DCB method shows accuracy com-
parable to the improved DCB method when 285 modes are used
for the original DCB. For similarly accurate reduced models, the
model size obtained by the original DCB method (N1 ¼ 567) is
almost twice that obtained by the improved DCB method
(N1 ¼ 297).
Next, the computational costs of the original and improved DCB
methods are compared. Table 7 shows the detailed computational
costs. For reduced models of the same size, additional computation
time required for the improved DCB method is 2.05% for accuracy
improvement and 0.5% for interface reduction, compared to the
original DCB method. The table also presents the detailed compu-
tation time when 285 modes are used for the original DCB method.

At this point, it is important to note that the improved DCB
method is very useful for obtaining an accurate reduced model
when only a limited number of dominant modes are available.
Such cases happen when dominant modes are obtained
experimentally.
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5. Negative eigenvalues in lower modes

In the previous section, we demonstrated that the accuracy of
the DCB method was significantly improved. When the improved
DCB method is used, it is expected that spurious modes will be
avoided in lower modes, when the selected dominant modes in
the substructure are insufficient. Spurious modes in the reduced
model could cause instability in various dynamic analyses. There
have been several attempts to prevent this [14,15].

In this section, we compare the improved DCB method with the
original DCB method for the ability to avoid negative eigenvalues
and the corresponding spurious modes in lower modes. The plate
with a hole in Fig. 5 is considered again. Only one vibration mode
is selected in each substructure (Nd ¼ 4); thus, the reduction basis
is not well established. The number of DOFs in both reduced sys-
tems (N1) is 158. Note that the rigid body modes are not considered
for investigating spurious modes.

The first 25 eigenvalues calculated are listed in Table 8, in which
mode numbers are sorted by the magnitude of eigenvalues. Fig. 11
presents the relative eigenfrequency errors in the FE models
reduced by the original and improved DCB methods, in which only
eigenfrequencies corresponding to positive eigenvalues are plot-
ted. The first negative eigenvalue obtained by the original DCB
method is found at the 9th mode and, after that, 40 negative eigen-
values appear until the 57th mode. That is, many spurious modes
are calculated in lower modes. Eigenvalues obtained are infinite
from the 58th to 152th modes. However, when the improved
DCB method is used, the first negative eigenvalue is found at the
51th modes and no infinite eigenvalue is calculated. That is, the
appearance of negative eigenvalues is shifted to relatively higher
frequency range. This is an advantageous feature of the improved
DCB method.
6. Conclusions

In this study, we proposed a new CMS method by improving the
DCB method. The formulation was derived by considering the sec-
ond order effect of residual substructural modes. The transforma-
tion matrix of the original DCB method was enhanced by using
the additional dynamic terms, and the resulting additional inter-
face coordinates in the reduced system was eliminated by applying
the concept of SEREP. An important feature of the improved DCB
method lies in the fact that the accuracy of reduced models is
remarkably improved and negative eigenvalues are avoided in
lower modes. Through various numerical examples, we demon-
strated accuracy and computational efficiency of the improved
DCB method compared to the original DCB method.

In future work, it would be valuable to develop an effective par-
allel computation algorithm for the present method to deal with FE
models with a large number of substructures and DOFs. We expect
that the new method is an attractive solution for constructing
accurate reduced models for experimental-FE model correlation,
FE model updating, and optimizations.
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