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We present a geometrically nonlinear finite element formulation for analysis of functionally graded 3D
beams. The proposed formulation employs the continuum mechanics based beam element with the
warping displacement to model complex modes of deformation. The novelty of the developed method
is that the warping function can be accurately calculated for any beam with arbitrary cross-sections
and material grading patterns. Superb performances of the proposed beam element are demonstrated
through several representative examples.
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1. Introduction

Functionally graded materials (FGMs) are inhomogeneous com-
posite materials whose material composition varies smoothly from
one side to the other. This continuous gradient has proven success-
ful to mitigate the interface problems observed in conventional
composite materials including residual stresses, thermal stresses,
stress concentration, delamination and cracks [1–8]. FGMs are also
abundant in nature as seen in, for example, bamboo, cancellous
bone, blood vessel and cellular tissue providing unique mechanical
properties [9,10]. Hence, FGMs have drawn a great attention of
engineers and scientists as advanced composite materials with
novel mechanical properties that can be designed via precise con-
trol over the material composition.

In particular, FG beams have been investigated vigorously
using analytical, experimental and computational approaches
[11–20]. However, most research work has been limited to linear
analysis of FG beams on a two-dimensional plane. It is essential
to develop a FG beam model in three dimensions that is capable
of describing the complex mechanical behavior of FG beams for
their practical use in a broad range of scientific and engineering
applications.
Arguably the most critical part of this development is how to
model the warping effect under torsion accurately [21,22]. While
the classical theories for torsion exist including St. Venant,
Vlasov, Benscoter and Jourawski theories, they become invalid in
FGMs because their boundary conditions cannot take the variation
of material properties into account properly. Perhaps the simplest
approach is to model FG beams as laminated composites using lay-
ered shell elements or 3D solid elements with layer-by-layer dis-
cretization which can approximate continuous material
variations. However, this approach may require a large number
of layers depending on the level of material gradation resulting
in prohibitively expensive computational costs. Recently, research-
ers have proposed several extended warping theories for FGMs
[23–31]. Although these theories can provide the solutions of FG
beams under torsion without layerwise division, they are still lim-
ited to analysis of 2D straight beams with small displacements
only and neglect the coupling effect with other deformation modes
such as stretching, bending, and shearing.

Here, we present a three-dimensional finite element formula-
tion for FG beams with large displacements and large rotations.
The present work is the first investigation into FG beam finite ele-
ments in 3D with consideration for the warping effect. Major con-
tributions include a new variational formulation and its finite
element procedure proposed for the warping function of FG beams.
Unlike the previous works that can calculate analytic solutions for
relatively simple cross-sectional shapes [23–31], the proposed
method can analyze numerically any beam with arbitrary
cross-sectional shapes and material grading patterns.
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The novel aspects of the present FG beam formulation are sum-
marized as follows:

� The formulation is simple and straightforward.
� The formulation can handle any 3D beam geometry includ-

ing initial curvature and/or twist, axially varying
cross-sections and arbitrary cross-sectional shape.

� Highly coupled and nonlinear mechanical behaviors includ-
ing the effect of Wagner strain and von Kármán strain can
be naturally considered.

� Only a single warping DOF is used to enforce the
inter-elemental continuity of the warping displacements,
resulting in 7 DOFs per each beam node.

� Accurate prediction of warping displacements is achieved
for FG beams regardless of the warping boundary condition
(free or constrained) and the shape of cross-sections
(simply- or multiply-connected).

This paper is organized as follows. A brief introduction to the
continuum mechanics based beam element is given in Section 2.
We present in Section 3 the governing equations for FG beams
under torsion, their variational formulation and the finite element
solution procedure. Section 4 demonstrates the performance of the
proposed FG beam element through several numerical examples.
Finally, we conclude with summary and future directions in
Section 5.
2. Continuum mechanics based beam element

In this section, we provide a brief introduction to the continuum
mechanics based beam element developed for solving geometri-
cally nonlinear problems [32–34]. Since we focus on nonlinear sta-
tic analysis only in this study, superscript t in the equations
represents the load step or increment rather than the actual time
step in dynamic analysis [35].
Fig. 1. The concept of the continuum mechanics based be
2.1. Kinematics

The kinematics of the continuum mechanics based beam ele-
ment can be described using the quantities shown in Figs. 1 and
2. Considering a q-node beam element that consists of n
sub-beams, the geometry interpolation of sub-beam m including
the warping displacements (gray colored in Figs. 1 and 2) in the
configuration at time t can be written as

txðmÞ ¼
Xq

k¼1

hkðrÞtxk þ
Xq

k¼1

hkðrÞ�yðmÞk
tVk

�y þ
Xq

k¼1

hkðrÞ�zðmÞk
tVk

�z

þ
Xq

k¼1

hkðrÞf ðmÞk
tak

tVk
�x ð1Þ

with �yðmÞk ¼
Xp

j¼1

hjðs; tÞ�yjðmÞ
k ; �zðmÞk ¼

Xp

j¼1

hjðs; tÞ�zjðmÞ
k and

f ðmÞk ¼
Xp

j¼1

hjðs; tÞf jðmÞ
k ; ð2Þ

where txðmÞ is the position vector of a material point inside
sub-beam m; hkðrÞ is the 1D shape function corresponding to beam

node k ðCkÞ; txk is the position vector of beam node k; tVk
�x

ð¼ tVk
y
� � tVk

z
�Þ; tVk

y
� and tVk

�z are the director vectors orthonormal to

each other, tak is the warping DOF at beam node k; hjðs; tÞ is the

2D shape function corresponding to cross-sectional node j; �yjðmÞ
k

and �zjðmÞ
k denote the coordinates of cross-sectional node j, f jðmÞ

k is
the value of the warping function at cross-sectional node j, and r,
s, and t in parenthesis represent the natural coordinate system in
standard isoparametric procedure. The detailed derivation of the
warping function is given in Section 3.

Incremental displacements of sub-beam m from time t to t þ Dt
can be written as

0uðmÞ ¼ tþDtxðmÞ � txðmÞ: ð3Þ
am finite element with cross-sectional discretization.



(a)

(b)
Fig. 2. Continuum mechanics based beam element: (a) beam nodes and coordinate
systems used in the element and (b) cross-sectional nodes and elements in the
cross-sectional mesh.
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Substituting Eq. (1) into Eq. (3) results in the following interpolated
incremental displacements

0uðmÞ ¼
Xq

k¼1

hkðrÞ0uk þ
Xq

k¼1

hkðrÞ�yðmÞk ð
tþDtVk

�y � tVk
�yÞ

þ
Xq

k¼1

hkðrÞ�zðmÞk ð
tþDtVk

�z�tVk
�zÞ

þ
Xq

k¼1

hkðrÞf ðmÞk ðtþDtak
tþDtVk

�x � tak
tVk

�xÞ; ð4Þ

where 0uk is the incremental nodal displacement at beam node k
from time t to t þ Dt.

The director vectors are updated using the following Rodrigues
formula,

tþDtVk
�x ¼ Rð0hkÞtVk

�x;
tþDtVk

�y ¼ Rð0hkÞtVk
�y and tþDtVk

�z ¼ Rð0hkÞtVk
�z

ð5Þ

with Rð0hkÞ ¼ Iþ sin 0h
k

0h
k

R̂ð0hkÞ þ 1� cos 0h
k

0h
k2 R̂ð0hkÞ2 ð6aÞ

0h
k ¼ 0h

k
x 0h

k
y 0h

k
z

h iT
; 0h

k ¼ 0h
k

��� ���; R̂ð0hkÞ ¼
0 �0h

k
z 0h

k
y

0h
k
z 0 �0h

k
x

�0h
k
y 0h

k
x 0

2
664

3
775;
ð6bÞ
where 0h
k
x ; 0h

k
y, and 0h

k
z are the incremental pseudo angles from time

t to time t þ Dt.
Finally, the incremental displacements can be described using

seven incremental DOFs by substituting Eq. (5) into Eq. (4) as
follows

0uðmÞ ¼
Xq

k¼1

hkðrÞ0uk þ
Xq

k¼1

hkðrÞ�yðmÞk ðRð0h
kÞ � IÞtVk

�y

þ
Xq

k¼1

hkðrÞ�zðmÞk ðRð0h
kÞ � IÞtVk

�z

þ
Xq

k¼1

hkðrÞf ðmÞk ð0akRð0hkÞ þ takðRð0hkÞ � IÞÞtVk
�x; ð7Þ

where 0ak is the incremental warping DOF at beam node k.

2.2. Strain measures and stress resultants

The covariant components of Green–Lagrange strains with
respect to the initial configuration are defined as

t
0e
ðmÞ
ij ¼

1
2
ðtgðmÞi � tgðmÞj � 0gðmÞi � 0gðmÞj Þ with tgðmÞi ¼ @

txðmÞ

@ri
; ð8Þ

where r1 ¼ r; r2 ¼ s; r3 ¼ t, and t
0e
ðmÞ
22 ;

t
0e
ðmÞ
33 , and t

0e
ðmÞ
23 are zero

according to the kinematic hypothesis of beams. In order to avoid
shear and membrane locking problems, an assumed strain field is
constructed using the MITC (Mixed Interpolation of Tensorial
Components) scheme [34–37].

The local components of Green–Lagrange strains are calculated
by

t
0�eðmÞ ¼ t

0�eðmÞ11 2t
0�eðmÞ12 2t

0�eðmÞ13

h iT
with

t
0�eðmÞij ð

0ti � 0tjÞ ¼ t
0e
ðmÞ
kl ð

0gkðmÞ � 0glðmÞÞ;
ð9Þ

where the basis vectors in the local Cartesian coordinate system are
obtained by interpolating the nodal director vectors

0t1 ¼ hkðrÞ0Vk
�x ;

0t2 ¼ hkðrÞ0Vk
�y and 0t3 ¼ hkðrÞ0Vk

�z ð10Þ

and the contravariant base vectors 0giðmÞ are calculated using

0giðmÞ � 0gðmÞj ¼ dij; ð11Þ

where dij denotes the Kronecker delta (dij ¼ 1 if i ¼ j and 0
otherwise).

The constitutive relation for FGMs is defined as

t
0
�S
ðmÞ ¼ �CðmÞt0�eðmÞ with �CðmÞ ¼

EðmÞð�y;�zÞ 0 0

0 GðmÞð�y;�zÞ 0

0 0 GðmÞð�y;�zÞ

2
64

3
75;

ð12Þ

where t
0
�S
ðmÞ

is the second Piola–Kirchhoff stresses, EðmÞ and GðmÞ rep-
resent the elastic and shear moduli of sub-beam m, which are gen-
erally functions of �y and �z. While the subdivided constitutive
equation enable us to model the effect of various material grada-
tions and compositions precisely, higher order Gauss integrations
might be required for accurate evaluation. Note that a further
improvement could be made using the new constitutive elastic rela-
tions given in Refs. [44–46].

The nonlinear equilibrium equations for beams are then estab-
lished with these strain and stress measures using the conven-
tional total Lagrangian formulation. Solutions are obtained
incrementally and iteratively by solving these equations where
seven DOFs as well as three director vectors at each node are
updated every incremental step. The detailed procedure is well
described in Ref. [34].
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3. Warping function for FGMs

Researchers have formulated several torsion and warping theo-
ries for FGMs successfully [23–31]. Nevertheless, they are limited
to rather simple beam problems and hence these theories cannot
be directly used in practice for analysis of more complex FG beam
problems. In order to enable the analysis of FG beams with more
general beam geometries and cross-sectional shapes, here we pro-
pose a new variational formulation and corresponding finite ele-

ment procedure to calculate the warping function f ðmÞk for FG
cross-sections based on these theoretical developments.

Consider a discretized cross-sectional domain X ¼
Sn

m¼1X
ðmÞ

and its boundary C ¼
Sn

m¼1C
ðmÞ defined in the cross-sectional

Cartesian coordinates �y and �z with the origin Ck as shown in
Fig. 3. The boundary consists of the external boundary Ce and the
internal boundary Ci. According to the kinematics of pure torsion

about the twist centre Ĉk, the displacement field can be expressed
as

�uðmÞ ¼ af ðmÞk ; �v ðmÞ ¼ �ẑðmÞh�x and �wðmÞ ¼ ŷðmÞh�x in XðmÞ; ð13Þ

where a ¼ @h�x=@�x; f ðmÞk is the warping function and ŷðmÞ and ẑðmÞ are
the coordinates in the cross-sectional Cartesian coordinate system

defined with respect to the twist centre Ĉk. Substitution of Eq.
(13) into the stress-displacement relationships yields the following
transverse shear stress components,

sðmÞ�x�y ¼ GðmÞa
@f ðmÞk

@ŷ
� ẑðmÞ

 !
and

sðmÞ�x�z ¼ GðmÞa
@f ðmÞk

@ẑ
þ ŷðmÞ

 !
in XðmÞ; ð14Þ

where other stress components vanish according to St. Venant’s
assumption. Considering the variation of the shear modulus GðmÞ,
we can obtain the following relationship
Fig. 3. Discretized cross-section k and its twist centre ðk�y; k�zÞ in the cross-sectional
Cartesian coordinate system.
@sðmÞ�x�y

@�y
¼ @GðmÞ

@ŷ
a

@f ðmÞk

@ŷ
� ẑðmÞ

 !
þ GðmÞa

@2f ðmÞk

@ŷ2 ; ð15aÞ

@sðmÞ�x�z

@�z
¼ @GðmÞ

@ẑ
a

@f ðmÞk

@ẑ
þ ŷðmÞ

 !
þ GðmÞa

@2f ðmÞk

@ẑ2
: ð15bÞ

From the local equilibrium equation, the governing equation of
the warping function for FG beams can be written as

GðmÞ
@2f ðmÞk

@ŷ2 þ
@2f ðmÞk

@ẑ2

 !
þ @GðmÞ

@ŷ
@f ðmÞk

@ŷ
� ẑðmÞ

 !

þ @GðmÞ

@ẑ
@f ðmÞk

@ẑ
þ ŷðmÞ

 !
¼ 0 in XðmÞ: ð16Þ

It is a noteworthy fact that the second and third terms in Eq.
(16) are essential to model the effect of material variations pre-
cisely, which are of course neglected in the conventional warping
theories.

By introducing a virtual warping function df ðmÞk , we obtain the
following integral equation

Xn

m¼1

Z
XðmÞ

GðmÞdf ðmÞk

@2f ðmÞk

@ŷ2 þ
@2f ðmÞk

@ẑ2

 !
dXðmÞ

" #

þ
Xn

m¼1

Z
XðmÞ

df ðmÞk

@GðmÞ

@ŷ
@f ðmÞk

@ŷ
� ẑðmÞ

 !
dXðmÞ

" #

þ
Xn

m¼1

Z
XðmÞ

df ðmÞk

@GðmÞ

@ẑ
@f ðmÞk

@ẑ
þ ŷðmÞ

 !
dXðmÞ

" #
¼ 0 ð17Þ

and, using the chain rule, we can derive the following relationship

Xn

m¼1

Z
XðmÞ

@GðmÞ

@ŷ
df ðmÞk

@f ðmÞk

@ŷ
dXðmÞ

" #
þ
Xn

m¼1

Z
XðmÞ

@GðmÞ

@ẑ
df ðmÞk

@f ðmÞk

@ẑ
dXðmÞ

" #

¼
Xn

m¼1

Z
XðmÞ

@

@ŷ
GðmÞdf ðmÞk

@f ðmÞk

@ŷ

 !
dXðmÞ

" #

þ
Xn

m¼1

Z
XðmÞ

@

@ẑ
GðmÞdf ðmÞk

@f ðmÞk

@ẑ

 !
dXðmÞ

" #

�
Xn

m¼1

Z
XðmÞ

GðmÞ
@df ðmÞk

@ŷ
@f ðmÞk

@ŷ
dXðmÞ

" #

�
Xn

m¼1

Z
XðmÞ

GðmÞ
@df ðmÞk

@ẑ
@f ðmÞk

@ẑ
dXðmÞ

" #

�
Xn

m¼1

Z
XðmÞ

GðmÞdf ðmÞk

@2f ðmÞk

@ŷ2 dXðmÞ
" #

�
Xn

m¼1

Z
XðmÞ

GðmÞdf ðmÞk

@2f ðmÞk

@ẑ2
dXðmÞ

" #
: ð18Þ

Substituting Eq. (18) into Eq. (17) yields

Xn

m¼1

Z
XðmÞ

GðmÞ
@df ðmÞk

@ŷ
@f ðmÞk

@ŷ
þ @df ðmÞk

@ẑ
@f ðmÞk

@ẑ

 !
dXðmÞ

" #

¼
Xn

m¼1

Z
XðmÞ

@

@ŷ
GðmÞdf ðmÞk

@f ðmÞk

@ŷ

 !
dXðmÞ

" #

þ
Xn

m¼1

Z
XðmÞ

@

@ŷ
GðmÞdf ðmÞk

@f ðmÞk

@ẑ

 !
dXðmÞ

" #

�
Xn

m¼1

Z
XðmÞ

df ðmÞk

@GðmÞ

@ŷ
ẑðmÞdXðmÞ

" #

þ
Xn

m¼1

Z
XðmÞ

df ðmÞk

@GðmÞ

@ẑ
ŷðmÞdXðmÞ

" #
: ð19Þ
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By using the divergence theorem, the volume integrals in Eq. (19)
can be written in terms of boundary integrals

Xn

m¼1

Z
XðmÞ

GðmÞ
@df ðmÞk

@ŷ
@f ðmÞk

@ŷ
þ @df ðmÞk

@ẑ
@f ðmÞk

@ẑ

 !
dXðmÞ

" #

¼
Xn

m¼1

Z
CðmÞ

nðmÞ�y GðmÞdf ðmÞk

@f ðmÞk

@ŷ

 !
dCðmÞ

" #

þ
Xn

m¼1

Z
CðmÞ

nðmÞ�z GðmÞdf ðmÞk

@f ðmÞk

@ẑ

 !
dCðmÞ

" #

�
Xn

m¼1

Z
XðmÞ

df ðmÞk

@GðmÞ

@ŷ
ẑðmÞdXðmÞ

" #

þ
Xn

m¼1

Z
XðmÞ

df ðmÞk

@GðmÞ

@ẑ
ŷðmÞdXðmÞ

" #
: ð20Þ

The stress component normal to the external boundary Ce must
vanish on Ce and satisfy the continuity condition on the internal
boundary Ci, which can be written as

sðmÞ � nðmÞ ¼ 0 on Ce; ð21aÞ

sðmÞ � nðmÞ þ sðm
0 Þ � nðm0 Þ ¼ 0 on Ci; ð21bÞ

where nðmÞ is a unit vector normal to the boundary C and m0

denotes an adjacent domain, as shown in Fig. 3.
Combining Eq. (14) and Eq. (21) leads to the following

equations

GðmÞ
@f ðmÞk

@nðmÞ
¼ GðmÞ nðmÞ�y ẑðmÞ � nðmÞ�z ŷðmÞ

� �
on Ce; ð22aÞ

GðmÞ
@f ðmÞk

@nðmÞ
þ Gðm

0 Þ @f ðm
0Þ

k

@nðm0 Þ
¼ GðmÞ nðmÞ�y ẑðmÞ � nðmÞ�z ŷðmÞ

� �
þ Gðm

0 Þ nðm
0 Þ

�y ẑðmÞ � nðm
0Þ

�z ŷðmÞ
� �

on Ci:

ð22bÞ

Considering the boundary of cross-sectional domain m (CðmÞ), both
Eqs. 22(a) and (b) become

GðmÞ
@f ðmÞk

@nðmÞ
¼ GðmÞ nðmÞ�y ẑðmÞ � nðmÞ�z ŷðmÞ

� �
on CðmÞ: ð23Þ

By substituting Eq. (23) into Eq. (20), we obtain the variational
equation of the warping function for FG cross-sections as

Xn

m¼1

Z
XðmÞ

GðmÞ
@df ðmÞk

@ŷ
@f ðmÞk

@ŷ
þ @df ðmÞk

@ẑ
@f ðmÞk

@ẑ

 !
dXðmÞ

" #

¼
Xn

m¼1

Z
CðmÞ

df ðmÞk GðmÞ nðmÞ�y ẑðmÞ � nðmÞ�z ŷðmÞ
� �

dCðmÞ
� �

�
Xn

m¼1

Z
XðmÞ

df ðmÞk

@GðmÞ

@ŷ
ẑðmÞdXðmÞ

" #

þ
Xn

m¼1

Z
XðmÞ

df ðmÞk

@GðmÞ

@ẑ
ŷðmÞdXðmÞ

" #
: ð24Þ

Note that boundary conditions for material variation are taken into
account in the new variational formulation unlike in the conven-
tional St. Venant formulations.

Using the relationship between the two cross-sectional coordi-
nate systems, ð�y;�zÞ and ðŷ; ẑÞ where ŷ ¼ �y� k�y and ẑ ¼ �z� k�z, in Eq.
(24), we obtain
Xn

m¼1

Z
XðmÞ

GðmÞ
@df ðmÞk

@�y
@f ðmÞk

@�y
þ @df ðmÞk

@�z
@f ðmÞk

@�z

 !
dXðmÞ

" #

þ
Xn

m¼1

Z
CðmÞ

GðmÞk�znðmÞ�y df ðmÞdCðmÞ
� �

�
Xn

m¼1

Z
CðmÞ

GðmÞk�ynðmÞ�z df ðmÞdCðmÞ
� �

�
Xn

m¼1

Z
XðmÞ

df ðmÞk

@GðmÞ

@�y
k�zdXðmÞ

" #

þ
Xn

m¼1

Z
XðmÞ

df ðmÞk

@GðmÞ

@�z
k�ydXðmÞ

" #

¼
Xn

m¼1

Z
CðmÞ

df ðmÞk GðmÞ nðmÞ�y �zðmÞ � nðmÞ�z �yðmÞ
� �

dCðmÞ
� �

�
Xn

m¼1

Z
XðmÞ

df ðmÞk

@GðmÞ

@�y
�zðmÞdXðmÞ

" #

þ
Xn

m¼1

Z
XðmÞ

df ðmÞk

@GðmÞ

@�z
�yðmÞdXðmÞ

" #
: ð25Þ

Zero bending moment conditions (M�z ¼ M�y ¼ 0) for beams under
pure torsion give

Xn

m¼1

Z
XðmÞ

EðmÞf ðmÞk ð�y� �yaveÞdXðmÞ
� �

¼ 0; ð26aÞ

Xn

m¼1

Z
XðmÞ

EðmÞf ðmÞk ð�z� �zaveÞdXðmÞ
� �

¼ 0; ð26bÞ

with the position of the cross-sectional center ð�yave;�zaveÞ

�yave ¼
Pn

m¼1

R
XðmÞ

�ydXðmÞPn
m¼1

R
XðmÞ dXðmÞ

and �zave ¼
Pn

m¼1

R
XðmÞ

�zdXðmÞPn
m¼1

R
XðmÞ dXðmÞ

: ð27Þ

Now, we use the same interpolation function as in Eq. (2) for the

real (f ðmÞk ) and virtual (df ðmÞk ) warping functions to discretize Eqs.
(25) and (26), which leads to

f ðmÞk ¼ HðmÞFðmÞ ¼ HðmÞLðmÞF ð28Þ

with HðmÞ ¼ h1ðs; tÞ h2ðs; tÞ � � � hpðs; tÞ
� �

; ð29aÞ

FðmÞ ¼ f 1ðmÞ
k f 2ðmÞ

k . . . f pðmÞ
k

h iT
; ð29bÞ

F ¼ f 1
k f 2

k . . . f l
k

h iT
; ð29cÞ

where LðmÞ is the standard assemblage Boolean matrix for
cross-sectional element m; FðmÞ is the vector containing the warping
DOFs of element m; F is the vector containing the entire warping
DOFs and l denotes the number of cross-sectional nodes.

Then, the following equations in the matrix form are obtained
by substituting Eq. (28) into Eqs. (25) and (26),

K N1
�y � N2

�y �N1
�z þ N2

�z

H�y 0 0
H�z 0 0

2
64

3
75

F
k�z

k�y

2
64

3
75 ¼

B� B�z þ B�y

0
0

2
64

3
75; ð30Þ

where

K ¼
Xn

m¼1

Z
XðmÞ

GðmÞLðmÞ
T @HðmÞ

T

@�y
@HðmÞ

@�y
þ @HðmÞ

T

@�z
@HðmÞ

@�z

 !
LðmÞdXðmÞ;

ð31aÞ
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N1
�y ¼

Xn

m¼1

Z
CðmÞ

GðmÞnðmÞ�y LðmÞ
T

HðmÞ
T

dCðmÞ; ð31bÞ

N1
�z ¼

Xn

m¼1

Z
CðmÞ

GðmÞnðmÞ�z LðmÞ
T

HðmÞ
T

dCðmÞ; ð31cÞ

N2
�y ¼

Xn

m¼1

Z
XðmÞ

@GðmÞ

@�y
LðmÞ

T

HðmÞ
T

dXðmÞ; ð31dÞ
Fig. 4. Material composition of functionally

(a)

(b)
Fig. 5. Roll-up of a cantilever beam problem (unit:m): (a) beam model (32 beam elemen
shell model (128 shell elements, 825 DOFs in total).
N2
�z ¼

Xn

m¼1

Z
XðmÞ

@GðmÞ

@�z
LðmÞ

T

HðmÞ
T

dXðmÞ; ð31eÞ

B ¼
Xn

m¼1

Z
CðmÞ

GðmÞ nðmÞ�y �zðmÞ � nðmÞ�z �yðmÞ
� �

LðmÞ
T

HðmÞ
T

dCðmÞ; ð31fÞ

B�z ¼
Xn

m¼1

Z
XðmÞ

@GðmÞ

@�y
�zðmÞLðmÞ

T

HðmÞ
T

dXðmÞ; ð31gÞ
graded and 10-level layerwise model.

ts with a single cubic cross-sectional element, 231 DOFs in total) and (b) layerwise



(a) (b)

(c) (d)
Fig. 6. Load–displacement curves in the roll-up of a cantilever beam problem: (a) k ¼ 0 (full ceramic), (b) k ¼ 0:2, (c) k ¼ 1 and (d) k ¼ 5.

(a) (b)
Fig. 7. Deformed configurations when k ¼ 5 in the roll-up of a cantilever beam problem for M=Mref ¼ 0:125;0:25;0:5 and 1: (a) layerwise shell model and (b) beam model.
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Fig. 8. Twisting of a cantilever beam problem (unit:m): (a) beam model (2 beam elements with 4 cubic cross-sectional elements, 21 DOFs in total) and (b) layerwise solid
model (1,000 solid elements, 27,783 DOFs in total).

Table 1
Torsional rigidity in the twisting of a cantilever problem.

k Reference (by
Xu et al. [26])

Solid
model

Beam model with
conventional

warping

Beam model with
proposed warping

0 1.2652 1.2642 1.2659 1.2659
2 0.4266 0.4242 0.4481 0.4270
4 0.2980 0.2942 0.3356 0.2983
6 0.2521 0.2475 0.3069 0.2523
8 0.2294 0.2243 0.2950 0.2296

10 0.2161 0.2105 0.2866 0.2163
20 0.1891 0.1804 0.2535 0.1893
30 0.1787 0.1667 0.2324 0.1787
40 0.1724 0.1578 0.2189 0.1723
50 0.1681 0.1517 0.2093 0.1681

100 0.1569 0.1414 0.1894 0.1576

Fig. 9. Relative difference of torsional rigidity in the twisting of a cantilever beam
problem.
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B�y ¼
Xn

m¼1

Z
XðmÞ

@GðmÞ

@�z
�yðmÞLðmÞ

T

HðmÞ
T

dXðmÞ; ð31hÞ

H�y ¼
Xn

m¼1

Z
XðmÞ

EðmÞ �y� �yaveð ÞHðmÞLðmÞdXðmÞ; ð31iÞ

H�z ¼
Xn

m¼1

Z
XðmÞ

EðmÞ �z� �zaveð ÞHðmÞLðmÞdXðmÞ: ð31jÞ

The warping function and the corresponding twist centre can be
calculated simultaneously by solving Eq. (30) for arbitrary compos-
ite cross-sections with any variation in material properties. If we
neglect the terms in Eq. (31d), (31e), (31g), and (31h) corresponding
to the effect of material variation, Eq. (30) reduces to the conven-
tional St. Venant solution. This will be referred to as the conven-
tional warping model in the following sections.
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It is noteworthy that the free warping function calculated using
Eq. (30) is used as a basis function to interpolate the warping dis-
placement of beams based on Benscoter’s torsional theory [32–
34,41–43]. The warping displacement field is constructed using
not only the obtained free warping function but also the warping
director and the warping DOF as in Eq. (1) that are continuously
and iteratively updated during geometrically nonlinear analysis
using the conventional total Lagrangian finite element formulation.

4. Numerical examples

In this section, we demonstrate the performance of the pro-
posed beam element by solving several nonlinear problems. The
first example investigates the roll-up behavior of a cantilever beam
in order to verify the bending performance of the proposed beam
element. The second example demonstrates the accuracy of the
Fig. 10. Distributions of the warping displacements for various values of the volume frac
the conventional warping function, (b) beam model with the proposed warping functio
newly developed warping formulation for a FG beam under pure
torsion. The third example analyzes a FG beam with more complex,
wide-flange cross-section exhibiting the coupled flexure-torsional
behavior. The forth example illustrates the performance of the pro-
posed beam element in highly nonlinear post-buckling problems.
Finally, the results for an annular beam problem are presented.

The standard full Newton–Raphson iterative scheme is
employed for the solution of these problems. For numerical inte-
gration, 2 integration points along the longitudinal direction and
4� 4 integration points in the sub-beam cross-sections are used.
Results obtained using the proposed beam element are compared
with the analytical solutions if available and the reference solu-
tions obtained using fine layerwise cross-sectional meshes of solid
and shell elements in ADINA [38]. The material properties used in
layerwise models are defined in Fig. 4. We exclude the effect of
Poisson’s ratio throughout the examples for convenience.
tion exponent k in the twisting of a cantilever beam problem: (a) beam model with
n, and (c) layerwise solid model.



(a)

(b)

(c)
Fig. 11. Distributions of von Mises stress for various values of the volume fraction exponent k in the twisting of a cantilever beam problem: (a) beam model with the
conventional warping function, (b) beam model with the proposed warping function, and (c) layerwise solid model.

Fig. 12. Change of the position of the twist centre (k�y) with respect to k in the
twisting of a cantilever beam problem.
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4.1. Roll-up of a cantilever beam problem

We consider a straight cantilever beam with a length of
L ¼ 12 m and a thin rectangular cross-section, as shown in
Fig. 5(a). The beam is modeled using 32 two-node continuum
mechanics based beam elements and its cross-section is dis-
cretized using a single cubic cross-sectional element. The clamped
boundary condition u ¼ v ¼ w ¼ hx ¼ hy ¼ hz ¼ a ¼ 0 is applied at
x ¼ 0 m while a bending moment about y-axis, My, is applied at
the free end (x ¼ 12 m). The FG beam consists of ceramic
ðEc ¼ 1:51� 109 N=m2Þ and metal ðEm ¼ 0:7� 109 N=m2Þ where
Young’s modulus is given by the power law distribution,

E �zð Þ ¼ Ec � Emð Þ
�z

0:1
þ 1

2

	 
k

þ Em; ð32Þ

in which k is a volume fraction exponent. For fully ceramic condi-
tion ðk ¼ 0Þ, the analytic solution is available as

u ¼ LM0

2pMy
sin

2pMy

LM0

	 

� 1 and

w ¼ LM0

2pMy
1� sin

2pMy

LM0

	 
� �
where M0 ¼

2pEcI
L

: ð33Þ

For non-zero k, the reference solutions are obtained by modeling
the beam using 128 MITC4 shell elements where material variation
is approximated via ten cross-sectional layers as shown in Fig. 5(b).



(b)

(a)

Fig. 13. A beam with wide-flange cross-section problem (unit:m): (a) beam model (16 beam elements with 7 cubic cross-sectional elements, 119 DOFs in total) and (b)
layerwise solid model (790 solid elements, 23,247 DOFs in total).

Fig. 14. Load–displacement curves in a beam with wide-flange cross-section problem.
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Fig. 6 shows the load–displacement curves calculated for vari-
ous values of the volume fraction exponent k. We confirm that
the results obtained using the proposed beam element are almost
identical to the analytical and reference solutions for any volume
fraction value. Dependency of the bending stiffness on the grading
rate is clearly observed. To illustrate, the deformed configurations
at several load steps are shown in Fig. 7 for k ¼ 5 where highly
nonlinear rolled-up deformation is predicted accurately. Since this
example is a pure bending problem, the newly developed warping
function does not play a role here.
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4.2. Twisting of a cantilever beam problem

We consider a straight cantilever beam with a length of
L = 20 m and a square cross-section as shown in Fig. 8(a). The beam
is modeled using only 2 two-node continuum mechanics based
beam elements and its cross-section is discretized using four cubic
cross-sectional elements. The clamped boundary condition
u ¼ v ¼ w ¼ hx ¼ hy ¼ hz ¼ a ¼ 0 is applied at x ¼ 0 m while a tor-
sional moment Mx is applied at the free end (x = 20 m). The FG
beam consists of ceramic ðEc ¼ 1:8� 109 N=m2Þ and metal
ðEm ¼ 0:2� 109 N=m2Þ where Young’s modulus is given by the
power law distribution,

E �yð Þ ¼ Ec � Emð Þ
�y
2
þ 1

2

	 
k

þ Em: ð34Þ

To obtain the reference solutions, one thousand 27-node solid ele-
ments are used with ten cross-sectional layers as shown in
(a)

(b)

(c)
Fig. 15. Lateral post-buckling problem (unit:m): (a) beam model (8 beam elements with 2
and (c) layerwise solid model (400 solid elements, 5,043 DOFs in total).
Fig. 8(b). The torsional moment Mx is modeled by applying the line
load p ¼ 0:125Mx along the outer edges of the cross-section at the
free end.

Table 1 lists the torsional rigidity defined as Mx= 32Gchxð Þ with
shear modulus of ceramic Gc at various values of the volume frac-
tion exponent k. We calculate these torsional rigidities using the
proposed beam element with the conventional warping model
and the newly developed warping model. Note that the material
grading terms in Eq. (30) are absent in the conventional warping
model. In order to obtain the solutions for an extremely graded
case (k ¼ 100), ten cubic cross-sectional elements are used instead
of four. Results are compared with the analytical solutions by Xu
et al. [26] as well as the reference solutions obtained using the
layerwise solid model.

Fig. 9 shows the relative differences between the numerical
solutions and the analytical solutions by Xu et al. for a wide range
of k values. The proposed beam element with the newly developed
warping model exhibits an excellent performance for all k values
cubic cross-sectional elements, 63 DOFs in total), (b) four cases of loading condition
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including an extremely graded case. We confirm that the solutions
obtained using the conventional warping model are unreliable for
FG beams under torsion. Moreover, we can observe significant
errors even in the solutions obtained using the layerwise solid
model with fine meshes. This is because the continuity condition
between layers is hardly satisfied unless an extremely fine mesh
along the material-grading axis is used, which is practically impos-
sible. Figs. 10 and 11 illustrate the distributions of the warping dis-
placement and von Mises stress on the cross-section, respectively,
calculated using the computational models. The expected shift of
the twist centre with the increase of the volume fraction exponent
(a)

(b)
Fig. 16. Lateral post-buckling responses for the fou
k is well captured using the proposed beam element with the
newly developed warping function (Fig. 12).

4.3. A beam with wide-flange cross-section problem

We consider a straight cantilever beam with a length of
L ¼ 20 m and a wide-flange cross-section as shown in Fig. 13(a).
The beam is modeled using 16 two-node continuum mechanics
based beam elements and its cross-section is discretized using
seven cubic cross-sectional elements. The clamped boundary con-
dition u ¼ v ¼ w ¼ hx ¼ hy ¼ hz ¼ a ¼ 0 is applied at x = 0 m while
r load cases in Fig. 13(b): (a) k ¼ 1, (b) k ¼ 2.
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a y-directional eccentric load Fy is applied at the free end
ðx ¼ 20 mÞ. The upper flange is intentionally modeled as FGM
consisting of ceramic ðEc ¼ 1:51� 109 N=m2Þ and metal
ðEm ¼ 0:7� 109 N=m2Þ where Young’s modulus is given by the
power law distribution with k ¼ 4,

E �zð Þ ¼ Ec � Emð Þ 5� 10�zð Þk þ Em: ð35Þ

The web and lower flange are modeled as full metallic structures.
Reference solutions are obtained using seven hundred ninety

27-node solid elements as shown in Fig. 13(b). All DOFs are fixed
at x = 0 m while the concentrated load P is applied at x = 20 m.
(a)

(b)
Fig. 17. Lateral post-buckling responses for the fou
Fig. 14 shows y-directional and z-directional displacements
obtained using the proposed beam element with the conventional
warping model and the newly developed warping model compared
with the solutions from the layerwise solid model. Accurate pre-
diction of bending-twisting couplings is observed when we use
the proposed warping model, which cannot be achieved using
the conventional warping model.

4.4. Lateral post-buckling problem

We consider a straight cantilever beam with a length of
L = 15 m and a thin rectangular cross-section as shown in
r load cases in Fig. 13(b): (a) k ¼ 4, (b) k ¼ 8.



(a)

(b)
Fig. 18. Annular beam problem (unit:m): (a) beam model (16 beam elements with a single cubic cross-sectional element, 119 DOFs in total) and (b) layerwise solid model
(5,120 solid elements, 46,053 DOFs in total).

Fig. 19. Load–displacement curves in the annular beam problem.
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Fig. 15(a). The beam is modeled using 8 two-node continuum
mechanics based beam elements and its cross-section is
discretized using two cubic cross-sectional elements. The FG
beam consists of ceramic ðEc ¼ 2:0� 109 N=m2Þ and metal
ðEm ¼ 0:2� 109 N=m2Þ where Young’s modulus is given by the
power law distribution,

E �zð Þ ¼ Ec � Emð Þ
�z

0:1
þ 1

2

	 
k

þ Em: ð36Þ

The clamped boundary condition u ¼ v ¼ w ¼ hx ¼ hy ¼ hz ¼ a ¼ 0
is applied at x = 0 m and the following four load cases (Fz) are con-
sidered as shown in Fig. 15(b):

� Load Case I: Upward at the top of the free end.
� Load Case II: Downward at the top of the free end.
� Load Case III: Upward at the bottom of the free end.
� Load Case IV: Downward at the bottom of the free end.

These loads are applied with the lateral perturbation load
ðp ¼ 0:05kNÞ in consideration of imperfection.

To obtain the reference solutions, four hundred 27-node solid
elements are used with 20 cross-sectional layers as shown in
Fig. 15(c). All translational DOFs are fixed at the clamped
end (x = 0 m) while the above vertical loads are applied as



(b)(a)
Fig. 20. Deformed configurations at Fz ¼ 80;160 and 320 kN in the annular beam problem: (a) layerwise solid model, and (b) present beam model.
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concentrated forces with the lateral perturbation load at the free
end (x = 15 m).

Figs. 16 and 17 present the lateral post-buckling responses of the
FG beam under the four different load cases for various values of the
volume fraction exponent k. Bifurcation points vary depending on
the direction and the position of the applied load. It is required to
consider the coupling effect of second order stress components in
the beam formulation in order to predict this interesting phe-
nomenon accurately [34,39,40]. Both the proposed beam model
and the layerwise solid model predict almost the same bifurcation
points for all k values. However, we can observe the discrepancies
between two models in the nonlinear post-buckling response par-
ticularly for high k values. Probably the deficiency of the layerwise
solid model in warping-dominant problems as observed in the pre-
vious numerical investigation is to blame for this discrepancy
because highly coupled flexural and torsional deformations exist
in the post-buckling response of this problem.

4.5. Annular beam problem

Finally, we consider an annular beam with a radius of R = 1.3 m
and a rectangular cross-section as shown sin Fig. 18(a). The beam is
modeled using 16 two-node continuum mechanics based beam
elements and its cross-section is discretized using a single cubic
cross-sectional element. The clamped boundary condition
u ¼ v ¼ w ¼ hx ¼ hy ¼ hz ¼ a ¼ 0 is applied at / ¼ 0 while a verti-
cal concentrated load Fz is applied at / ¼ 2p. The FG beam consists
of ceramic ðEc ¼1:51�109 N=m2Þ and metal (Em ¼ 0:7� 109 N=m2)
where Young’s modulus is given by the power law distribution
with k ¼ 4,

E �zð Þ ¼ Ec � Emð Þ
�z

0:4
þ 1

2

	 
k

þ Em: ð37Þ

To obtain the reference solution, 27-node solid elements (5,120
elements) are used with 10 cross-sectional layers as shown in
Fig. 18(b). All translational DOFs are fixed at / ¼ 0 while the dis-
tributed line load p ¼ 10Fz=3 is applied at / ¼ 2p.

The load–displacement curves and the deformed configurations
calculated using the proposed beam model and the layerwise solid
model are illustrated in Figs. 19 and 20, respectively. This highly
nonlinear response is dominated by the bending-twisting coupling
at low load levels and the stretching-twisting coupling at high load
levels, which are accurately predicted using the proposed beam
element.

5. Conclusions

We present in this study a new 3D beam finite element for geo-
metrically nonlinear analysis of FG beam structures. Its superb per-
formance is attributable to the employment of the continuum
mechanics based beam formulation that can model beams with
arbitrary shapes and material compositions and the development
of a new variational formulation of the warping function and its
solution procedure for FGMs. We validate the proposed element
through numerical examples for FG beams under several loading
conditions including pure bending, pure torsion, lateral buckling
load and coupled stretching-bending-twisting load.

In future, it would be valuable to develop a formulation for non-
linear dynamic analysis where the inertia effect due to the varia-
tion of mass densities must be properly modeled as well. In
addition, we need to investigate the thermo-mechanical coupling
in depth because FGMs have potential applications in thermal
barriers.
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