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Abstract
The objective of this paper is to develop a numerical model for simulating ultimate behavior of lattice steel tower structures. We present the
elastoplastic large deformation analysis of a lattice steel tower structure using finite element analysis and we compare the numerical results with
full-scale destructive tests. A 2-node three-dimensional L-section beam finite element proposed in our previous work is used. The beam finite
element can consider eccentricities of loading and boundary conditions as well as material and geometrical nonlinearities. We model a real tower
structure section using the beam elements and perform a nonlinear static analysis to obtain the limit behavior of the tower in two different load
cases. The numerical results are discussed in detail.
c 2006 Elsevier Ltd. All rights reserved.
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1. Introduction
Lattice steel structures have been widely used for many
large utilities including power transmission structures and
telecommunication towers. Many power line lattice steel towers
were installed almost a century ago and are still in use.
Although tower design criteria have consistently evolved in the
last century, current structural analysis is still based on linear
elastic models. In the context of mechanical security, where the
assessment of modes of failures and the confinement of failure
are keys, it becomes important to predict the actual strength and
failure mechanism of such towers with reasonable accuracy for
failure scenarios in both the static and dynamic regimes. Postelastic static and dynamic analysis of lattice structures may
serve to simulate failure scenarios in existing overhead lines
or to develop new designs of robust anti-cascading towers.
Conventional lattice steel towers used in power lines
usually comprise angle (L-section) members. Typical bolted
connections between secondary horizontal or bracing members
with the main members are eccentric, as shown in Fig. 1,
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Fig. 1. Section of an angle beam and typical eccentric connection of angle
beams used in lattice steel structures.

where the secondary member is connected on one leg only. The
towers are designed to resist design-factored loads at failure
due to yielding, buckling, fracture and other limit behaviors.
It has been noted that lattice tower structures with angle
frame members are very difficult to analyze because of the
complicated three-dimensional behavior of the angle members,
in particular when considering large deformation and inelastic
material response.
Using finite element analysis, truss models have been
frequently adopted for the linear analysis of lattice steel tower
structures, see Ref. [1]. However, it is well known that the
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truss model is not a good choice for obtaining the accurate
nonlinear response of tower structures under limit load cases.
The inelastic large deformation analysis using proper threedimensional beam–column finite elements is necessary.
Some numerical analyses to simulate the ultimate behavior
of single angle members or simple lattice structures have been
done [2–4] and complicated shell finite element models are
frequently used as an analysis tool. However, it is extremely
hard to model and analyze tower structures with many members
using shell finite elements and there have been no examples
which show the numerical solution of real lattice structures and
comparisons with full-scale experimental results.
For the reliable failure analysis of lattice steel tower
structures, the following are necessary:

Fig. 2. Experimental test site of a lattice steel tower.

– Use of reliable three-dimensional L-section beam finite
elements considering the combination of bi-axial bending,
axial stretch and shearing behaviors;
– Modeling eccentricities of connections for members
connected only on one leg;
– Consideration of geometrical and material nonlinearities;
– Use of proper connection models for the various typical
joints.
Based on our previous work [5], we implemented the 2-node
L-section beam finite element in commercial finite element
software, ADINA [6]. Consequently, it became possible to
analyze lattice steel tower structures using the many advanced
analysis features of ADINA including efficient modeling and
nonlinear solving techniques.
Two full-scale tower section prototypes are tested at the
experimental power transmission line of IREQ, Varennes,
Quebec, Canada during the summer of 2004. One tower
prototype was tested with transverse loading and another with
longitudinal loading. Using the ADINA equipped with the new
L-section beam finite element, we modeled the tower section
prototypes. The numerical results were compared with the real
behavior of two full-scale tower section prototypes tested. We
also performed the same numerical analysis using a commercial
computer program, USFOS, which has been used for collapse
analyses of frame structures [7]. The results are also compared
together.
In the following sections, we first summarize the fullscale experiments and then briefly review the finite element
discretization of our general three-dimensional L-section
beam finite element for elastoplastic large deformation
analysis. Using ADINA and USFOS, we then model the
experimental tower structures and perform static elastoplastic
large deformation analyses in two different load cases. The
numerical results are compared with the full-scale tests and,
finally, we present the conclusions.
2. Full-scale experiments
Experimental tests are frequently used as a validation
procedure in the development of numerical models of structures
because the analytical solution cannot be given in most
structural problems, in particular, when the structures are large

Fig. 3. Three-dimensional view of the lattice steel tower section used in fullscale tests.

scale and nonlinearities are involved. We summarize here the
salient features of full-scale experiments carried out by HydroQuébec TransÉnergie on lattice steel tower sections during the
summer of 2004, see Fig. 2.
Pushover tests of a section of lattice steel tower, as shown
in Fig. 3, were designed to understand the elastoplastic large
deformation behavior of transmission tower structures under
ultimate loadings and to investigate the static load bearing
capacity of these structures. The prototype selected is in fact
the top section of a single circuit narrow-base tower (named
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Fig. 5. Loadings in the bending (Fb ) and flexure-torsion (Ft ) cases.

Fig. 4. Dimensions of the lattice steel tower section for full-scale tests (unit is
m).

Table 1
Dimensions of the L-section members used in the BBB tower (unit is mm)
Legs

Diagonal bracings

Horizontal panels

89 × 89 × 6.4

64 × 51 × 4.8

64 × 51 × 4.8

76 × 76 × 6.4

51 × 51 × 3.2
51 × 48 × 3.2
44 × 44 × 3.2

51 × 51 × 4.8

(first leg length) × (second leg length) × (leg thickness).

“BBB”) where only one cross-arm has been retained for the
load application.
The dimensions of the tested prototype are shown in Fig. 4.
All members are hot-rolled single angle shapes. The structure
is 10 m high and consists of 8 panels with a square base of
1.25 m × 1.25 m in each face of the tower. The largest leg size
is 89 mm × 89 mm × 6.4 mm. Table 1 shows the section sizes
of the angle members used.
Two loading cases were used in the tests:
– Bending test: As shown in Fig. 5, the tower structure is
subjected to the transverse load Fb at the cross arm tip, in the
direction parallel to the axis of symmetry (−y direction), to
create an overall bending effect.
– Flexure-torsion test: The loading Ft is applied to investigate
the flexural-torsional behavior of the structure. The applied
load is perpendicular to the cross arm (x direction) and
thus creates a torsional moment on the tower cross-section
together with an overall bending effect in the longitudinal
direction of the line.

The towers were slowly pulled by a towing truck. 33
unidirectional strain gages were installed on members at preselected positions in order to measure the history of strain
and to track the failure sequence of the members and the
corresponding load levels. The magnitude of the load applied
at the cross arm tip was also measured by a load-cell as shown
schematically in Fig. 5. The displacement of the cross arm
tip was measured from images taken by a high speed camera
installed right beneath the cross arm tip on the ground. Also,
16 video cameras were installed on each face of the tower so
that images of each vertical panel along the 4 sides would be
recorded to identify the failure sequence with the help of the
strain gage readings.
Figs. 6 and 7 display the load and displacement histories
measured at the cross arm tip in the two loading cases. The
maximum load at failure in the bending case was almost three
times that of the maximum load in the flexure-torsion case.
In the experiments, whenever angle members failed due to
buckling or yielding, load redistribution among neighboring
members occurred suddenly, inducing transient movements
and dynamic responses. These figures also show that dynamic
effects are involved in the experimental results. Therefore, it
is hard to say that the maximum values in the load history
curves of these experiments are the actual static ultimate loads.
However, the values are close to the ultimate loads.
3. L-section beam finite element
In spite of the fact that L-section beams (angles) have been
widely used in lattice steel tower structures, it is not easy
to develop a general three-dimensional L-section beam finite
element for elastoplastic large deformation analysis due to their
very complex three-dimensional behavior.
In our previous work [5], we successfully developed a
general three-dimensional L-section beam finite element for
elastoplastic large deformation analysis and tested its numerical
performance in various structural problems. The developed
element proved reliable in predicting the response of Lsection beam structures under elastoplastic large deformation
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Fig. 6. Load and displacement history curves in the bending test.

Fig. 7. Load and displacement history curves in the flexure-torsion test.

interpolated by
situations. In this section, we briefly review the formulation of
the general three-dimensional L-section beam finite element for
elastoplastic large deformation analysis.
The basic kinematic assumption in the beam formulation
is that plane (cross) sections originally normal to the central
axis remain plane and undistorted under deformation but not
necessarily normal to the central axis of the deformed beam.
In order to introduce a more general isoparametric beam
formulation, instead of using the central axis, we consider
a longitudinal reference line, which does not need to pass
through the centroid of the beam section. This reference line
can be arbitrarily positioned on the beam sections depending
on the location of the nodal degrees of freedom; this feature
also automatically facilitates consideration of loading and
displacement eccentricities at the element level and makes
it possible to model typical eccentric connections of angle
members used in lattice steel structures in Fig. 1.
In this paper, we use the superscript or subscript τ to denote
time, but, in static analysis, τ is a dummy variable indicating
load levels and incremental steps rather than actual time as in
dynamic analysis [8].
Considering the longitudinal reference line in Fig. 8, the
geometry of the q-node beam finite element at time τ is

τ

xE(r, s, t) =

q
X

h k (r ) τ xEk +

k=1

+

q
X
s − s̄k
k=1

2

q
X
t − t¯k
ak h k (r ) τ VE kt
2
k=1

bk h k (r ) τ VE ks ,

(1)

where the h k (r ) are the interpolation polynomials in usual
isoparametric procedures, the τ xEk are the Cartesian coordinates
of node k at time τ , ak and bk are the cross-sectional leg
dimensions at node k, and the unit vectors τ VE kt and τ VE ks are
the director vectors in directions t and s at node k and at time τ .
Note that τ VE kt and τ VE ks are normal to the reference axis of the
beam and normal to each other, and the vectors are parallel to
the two legs of the L-section as shown in Figs. 8 and 9.
In Eq. (1), the variables s̄k and t¯k are used to set the position
of the nodal degree of freedom (or the reference longitudinal
line) in the beam finite element. In effect, these variables shift
the domain in the natural coordinate system (s, t) as follows:


−1 ≤ s ≤ 1
−1 − s̄k ≤ s − s̄k ≤ 1 − s̄k
⇒
(2)
−1 ≤ t ≤ 1
−1 − t¯k ≤ t − t¯k ≤ 1 − t¯k .
As illustrated in Fig. 9, s̄k and t¯k are calculated from the
location of the nodal degree of freedom and the cross-sectional
dimensions. Let us consider the nodal Cartesian coordinate
system defined by the director vectors τ VE kt and τ VE ks at node

713

P.S. Lee, G. McClure / Journal of Constructional Steel Research 63 (2007) 709–717

Fig. 8. A general 3D L-section beam element.

where x̄k and ȳk represent the projected distances between c
and c0 in the nodal Cartesian coordinate system at node k. This
shifting of the domain in the natural coordinate system allows
a general description of the geometry interpolation.
The incremental displacement from time τ to τ + 1τ is
τ

uE(r, s, t) =

q
X

h k (r ) τ uEk +

k=1

+

q
X
s − s̄k

2

k=1

q
i
h
X
t − t¯k
ak h k (r ) τ θEk × τ VE kt
2
k=1

bk h k (r )

h

τ

i
θEk × τ VE ks ,

(4)

iT
h
where the rotation vector τ θEk at node k is τ θ kx τ θ ky τ θ kz .
Using the principle of virtual displacements at time τ +
1τ , we obtain the matrix form of the linearized equilibrium
equations in the updated Lagrangian formulation [8],
τ

K τ U = τ +1τ R − τ F,

(5)

τK

Fig. 9. Geometric description of x̄k , ȳk , s̄k and r̄k at node k: (a) in the nodal
Cartesian coordinate system and (b) in the natural coordinate system.

k, see Fig. 9(a). The points c and c0 are the position of the
nodal degree of freedom and the center of the dotted rectangle,
respectively. Due to the geometrical proportionality between
Fig. 9 (a) and (b), we obtain
s̄k = 2

x̄k
,
bk

t¯k = 2

ȳk
,
ak

(3)

τ, τ U

where
is the tangent stiffness matrix at time
is the
τ +1τ
incremental nodal displacement vector,
R is the vector
of externally applied nodal load at time τ + 1τ , and τ F is
the vector of nodal forces equivalent to the element stresses at
time τ .
In order to obtain the tangent stiffness matrix and vectors in
Eq. (5), we perform the numerical integration over the two legs
of the L-section, which are placed in the r –t and r –s planes (see
Figs. 8 and 9),
Z 1Z 1
Z
A dV =
[λr t A det J]s=−1 dtdr
V

−1 −1

Z

1

Z

1

[λr s A det J]t=−1 dsdr,

+

(6)

−1 −1

where A is a generic matrix or vector function, det J is the
determinant of the 3D Jacobian matrix and the factors λr t and
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λr s are
λr t = 2
λr s = 2

q
X
k=1
q
X
k=1

h k (r )dk
h k (r )ek

q
.X
k=1
q
.X

h k (r )bk ,
(7)
h k (r )ak .

k=1

While, for elastic analyses, 2 × 2 Gaussian quadrature in
each plane is enough to integrate each term of Eq. (6), more
integration points in the s and t directions are required for
accurate inelastic analyses.
We use the “Mixed Interpolation of Tensorial Components”
(MITC) technique for the locking removal of the L-section
beam element [8,9]. Considering large rotation kinematics,
the director vectors are updated after each time increment
using an orthogonal matrix for finite rotations as described in
Ref. [10]. For elastoplastic analysis, we use the logarithmic
strain calculated from the one-dimensional multiplicative
decomposition of the longitudinal stretch of the beam [8].
Considering elastoplastic large deformation and eccentricities, various numerical tests have been done in our previous
work [5]. The results were compared with the solutions obtained using a finer mesh of the MITC9 shell finite elements.1
The comparisons show that there is a good agreement between
the two solutions under both elastic and plastic large deformation and it proves that the performance of the three-dimensional
L-section beam finite element proposed is good and reliable. It
is clear that the L-section beam finite element is very attractive
in elastoplastic large deformation analysis of large-scale structures because it requires much less computational effort than
the shell finite element models for comparable accuracy.
The new 2-node beam finite element is implemented in
commercial finite element software, ADINA [6]. Of course,
higher order beam finite elements like 3- or 4-node elements
can give better performance but 2-node elements are easier to
use for modeling lattice structures. Using the graphical user
interface of ADINA, we can reduce effort and time to model
structural problems and analyze the results. We perform the
elastoplastic large deformation analysis of a lattice steel tower
using the nonlinear analysis modules of ADINA.
4. Numerical analysis of a lattice steel tower
In this section, we present three different numerical models
of the tower section prototype (the BBB tower), perform the
numerical static analyses and compare the numerical solutions
with the experimental results. We also discuss some modeling
issues regarding connections and eccentricities.
4.1. Modeling of connections
How to model member connections is a critical issue in
large deformation analyses of steel tower structures. Since
1 Although the results were not compared with real experiments, shell finite
element solutions are generally considered to give most realistic solutions of
thin-walled beam structures regardless of static, dynamic, elastic, inelastic,
small deformation and large deformation problems.

Fig. 10. Details of three typical connections. The characters match with the
positions of (a), (b) and (c) in Fig. 4.

Table 2
Three different connection models

Eccentricity
One bolt connection
Two or more bolt connection

Model-I

Model-II

Model-III

O
Pin
Rigid

X
Pin
Rigid

O
Rigid
Rigid

lattice tower structures typically experience final collapse
after a series of diagonal and leg member bucklings, their
load-bearing capacity highly depends on the rigidity of
connections. Therefore, it is very important to properly model
the connections of lattice towers for reliable predictions of the
collapse loads.
Fig. 10 shows typical connections used in the BBB tower
structures tested. We have made three different numerical
models of the prototypes considering the rigidity and
eccentricity of connections as summarized in Table 2. In
spite of the fact that the connections cannot behave like ideal
pinned or rigid (framed) connections, due to the complexity
of the numerical model, we use the perfect pinned and rigid
connection models. In order to model the pinned connection,
we define two nodes very closely located and give them
kinematic constraints that can bind the translations of both
nodes.
Model-I: We use “pin-joint” for one-bolt connections and
“rigid-joint” for connections using two or more bolts. Based
on the position of bolts, the eccentricities at beam ends are also
modeled using s̄ and t¯ of the new general three-dimensional
L-section beam finite element in Eqs. (1)–(4).
Model-II: This connection model is the same as in ModelI but the eccentricity is not considered, that is, members are
connected at their bending centers.
Model-III: The eccentricity is modeled as in Model-I but all
connections are considered rigid.
In the following section, we study the effects of connection
rigidity and eccentricity in the numerical solutions. We again
note that the real connections are not a simple “pin-joint”
but also a “rigid-joint” in lattice towers. An in-depth study
on connection models is required to obtain more realistic
numerical models.
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Fig. 11. Stress–strain curve for bilinear elastoplastic material and numerical
integration points used.

4.2. Static analysis
Using the 2-node three-dimensional L-section beam finite
element implemented in the ADINA user subroutine, we
perform the numerical analysis of the three different models
corresponding to the static bending and flexure-torsion tests of
the BBB tower prototype.
As shown in Fig. 11, we use elastoplastic material and, for
the numerical integration of the beam finite element, we use the
2 × 7-point Gauss integration in the beam section and 2-point
integration along the beam. Our previous work [5] indicated
that the 2 × 7 point integration gives excellent numerical results
for the elastoplastic large deformation analysis using the threedimensional L-section beam finite elements.
As mentioned in the description of the experimental tests,
two different static loading cases are applied at the cross arm
tip to simulate the bending and flexural-torsional behaviors of
the structure at ultimate stages. The foundation is modeled as
an ideal rigid base.
Based on the performance of the 2-node L-section beam
finite element [5], we determine how many elements are used
for the elastoplastic large deformation analysis of the tower
section. Fig. 12 displays the mesh used, which comprises 1422
2-node L-beam finite elements. We note that, although more
elements are used, almost the same responses are obtained
for this lattice tower problem. To solve this numerical model
considering both geometrical and material nonlinearities, the
full Newton–Raphson method is used.
It is extremely hard to obtain numerical models which
give very realistic results, in particular, when strong nonlinear
effects and many uncertainties are involved in complex
structures. Our experimental tests of the lattice steel towers
were performed just once and there are so many uncertain
imperfections regarding material, geometry, assembling, and so
on. The effect of those imperfections is not big in linear elastic
analysis under small deformation but, in large deformation
analysis, the effect is much bigger. Therefore, it is not
practically possible to consider all of them in numerical models.
Note that we do not introduce any artificial imperfection in our
numerical tower models and only eccentricities of connections
can act like imperfections inducing member buckling.
Solution time highly depends on the calculation platform
and the efficiency of the solution algorithm used. In each case,
the computational time required was less than 10 minute using
a personal computer of 1.5 GHz CPU and ADINA’s sparse
solver [6].

Fig. 12. Mesh used for the numerical analysis of the BBB tower (1422 2-node
beam elements are used).

Considering Model-I, we also performed the same numerical
analysis using a commercial computer program, USFOS,
which has been used for collapse analyses and accidental
load analyses of frame structures, see Ref. [7]. The element
developed has 2 nodes and the beam element of USFOS has
3 nodes. However, almost the same numbers of total nodes
are used in both numerical models. The results of USFOS are
compared together.
There are many differences in numerical procedures
between USFOS and the beam finite element implemented
in this study.2 For example, USFOS deals with elastoplastic
behavior of beams in the resultant force level but, in our
approach, the behavior is considered in the stress–strain level.
Also, our numerical procedure can consider large rotation
unlike USFOS.
4.3. Comparison with full-scale tests
Considering load–displacement curves and deformed shapes,
we here compare the solutions of the three numerical models
with results of the full-scale tests.
Fig. 13 displays the load–displacement relations of the
experimental and numerical results in the bending case. In
the linear elastic range, the numerical results of the three
models show excellent agreement with the experimental test
results. Also, the numerical results give a load-bearing capacity
2 Note that, although not presented in this paper, we also compared the
nonlinear performance of the 3-node beam finite element of USFOS with our
new beam finite element in some numerical test problems as in Ref. [5] and our
beam finite element gives more accurate results, in particular, when plasticity
governs structural behavior and large displacement is involved.

716

P.S. Lee, G. McClure / Journal of Constructional Steel Research 63 (2007) 709–717

Fig. 13. Load–displacement curves obtained from the experiment and the
numerical analyses in the bending case.

Fig. 15. Deformed shapes in the bending (left) and flexure-torsion (right) cases.

Fig. 14. Load–displacement curves obtained from the experiment and the
numerical analyses in the flexure-torsion case.

very similar to the experimental results except for the 10%
smaller load-bearing capacity obtained by USFOS. However,
the load–displacement curves show increasing gaps between
the experimental and numerical results.
In Fig. 14, we show the load–displacement curves for
the flexure-torsion case. In the linear elastic range, the
load–displacement curve of Model-I well matches with the
experimental results but Model-II and -III show larger stiffness.
Model-I gives the best approximation of the experimental loadbearing capacity; Model-III shows a collapse load almost twice
as large while Model-II gives a load about 10% larger. The
result of USFOS gives a 30% larger collapse load.
It is interesting to note that, in the bending case, all models
show very similar curves while large differences are observed
in the flexure-torsion case. The main reason can be explained
by the failure modes. The failure of the tower in the bending
case is dominated by the elastoplastic buckling of the main legs,
which are not directly affected by eccentricities of connections.
However, in the flexure-torsion case, the main failure mode
comes from the buckling of the diagonal bracing members,
whose ends are connected only on one leg of the angle.

Fig. 15 shows the deformed shapes in the bending and
flexure-torsion cases. We also investigate the distributions of
the members which fail in the experimental results and the
numerical solutions at ultimate load levels. As shown in Fig. 16,
the numerical solutions using Model-I give a good agreement
in the distribution of the members failed. In the bending case,
failures are concentrated at the base of the main legs, while the
diagonal members of the tower below the cross arm fail in the
flexure-torsion case.
Note that, since the geometry and loading of the tower
structure is symmetric in the bending case, the symmetric
failure mode is obtained in the numerical model but, due to
unknown imperfections, the experimental result shows nonsymmetric failure behavior, that is, the tower leans somewhat
to the −X direction (in Fig. 5) in the bending case. Similarly,
the differences of the failure modes in the flexure-torsion case
can be explained.
We summarize here the main reasons for the differences
between the experimental and numerical results:
– Since we modeled the foundation rigid in our numerical
analyses, the movement of the foundation observed in the
experiment could not be predicted.
– While there were many possible unknown imperfections
in the real tower structures tested, we did not model any
artificial imperfection in the numerical model. Unknown
imperfections induce the non-symmetric behavior of the
real structures in the bending case, which can be possibly
modeled by the imposed geometric imperfection.3
– The behavior of connections of the tower structures has a
direct effect on the local or global buckling behavior of the
3 In general, buckling modes are imposed as an initial geometric
imperfection in collapse analysis of structures, see Ref. [8]. Of course, we
then can obtain the load–displacement curves closer to the curves given by the
experimental results.
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finite elements used can consider eccentricities of loading
and boundary conditions as well as material and geometrical
nonlinearities. The numerical solutions were compared with the
results of the full-scale experimental tests and the solutions of
USFOS.
In spite of unknown imperfections not modeled in the
numerical analyses, considering the maximum load-bearing
capacity and the distribution of the failure members, a good
agreement was observed between the numerical solutions
of Model-I and the experimental results. It proves that the
numerical model used in this study (including the threedimensional L-section beam finite element and the model of
connections) is very attractive to predict the ultimate behavior
of the lattice steel tower structures. We also discussed possible
sources of differences in response between the tested towers
and the numerical models used.
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