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On the Finite Element Analysis of Shell Structures
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Abstract

Based on recent research works, important concepts on the finite element analysis of shell structures and the relations among
them are presented in this paper. We review the basic shell mathematical model, which is the underlying mathematical model
of the continuum mechanics based shell finite elements. The asymptotic theory of shell structures then is reviewed and we
present how to evaluate the asymptotic behavior in finite element solutions. S-norm is introduced as an error measure of finite
element solutions and we show “locking” in the convergence curves of shell finite element solutions. We discuss the concept of
“uniform optimal convergence” in finite element analysis of shells. We finally summarize requirements on ideal shell finite ele-

ments and propose how to perform benchmark tests of shell finite elements.

Keywords : shell structures, finite elements, asymptotic behavior, uniform optimal convergence, benchmark tests
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B =oie H2 78 d7ES BEUE A 7229 fekeasiiel tste] Fask MEET 1 dddAE it
HEA 4 fehede] el ZRdesird s i A 7R FAVLE el wet dofuks A FEEAE]

A7HA

SIASTERANAE, AT, SFAMAE )l et o] H2AE olgs skl HIAES ket

2 B3 Johl PUE oRith KAL) OAF snomO 2 FFE WL ANk ofF o]g3le] A FRas

of FAEo] FRaLBNS] ST o FA LehbeA] vt 4 PEEBS] FRaLsi N TAHHFY e

wolgi}. viAERo R o 2I9] 4l fekate] 2AS Yohun 4 FEake] FRILE 9T PAES AN
HABO| : 4 FRE, RIRANY, AT, TUARSY, F5AY

Aol Qu7t dept & fjEel] Ad & vt sk A
& W thESIE & BelA 3l ARolth. 1 Mol
S A9 SolA] 22 o 2 A} B o
] F579] A FREES(shell structuresyS H 5= Ut} o]
A 219 52 A F27} ulg- o dHolar EAHR] T+
Z=9] g Fejghs 3S AR Sk Sk Izt
eoldl A FEREEE A F glo] vdsial gon 9
© A FEEE Sl A vl dx Hdo] ot

32 A (finite element method)2 < FZE9] A3
2 A iAol 7P de] 2ol WO R A 4 d
S A FEEO feass|Ne] digh A7t s ol
Folx 31 UthBathe, 1996; =&, 2002; Chapelle
and Bathe, 2003; Noh, 2006). L2t} & FZE-S 49
B, BAEA, 3% Tl Wt ol et ATS Koy
53] o] FA7E gk AT Awe 540 wie ISR

7] dioll A FEEY fEedafdel oA FEAQ 4
ol ¥ =& sl tigh olsfi7t E5F o]tk (Chapelle
and Bathe, 1998; Lee and Bathe, 2002; Chapelle and
Bathe, 2003). ©J2|g & FxE9] AFol digt ol3le] 3
AL A FES FAPE el wet Yehve AEE
(asymptotic behavior)S AT3l= Z°|tH(Lee and Bathe,
2002; Bathe, Chapelle and Lee, 2003). & TZ&2| M
A2 Uukgo g FAHl(bending dominated) s, ZHAEH
(membrane dominated)”}'s, €3 (mixedAPIAS 522 Y
ol

IRFH o2 F8l(engineering)llX] TR TAIE E7] ¢
3 A A¥ (experimenty? - (investigationyS 5
sl B4 AsS AuE & 1 EYEAY] 83 54/
A Hopfjar 1o wE o] 7}A] 7S (assumptions)
S ARESt FAIE SEstAlA 48FE 9 (mathematical
modelyS T Rl Folzl EEEAIE ol8F o=

A2 5+ g WS AT Zoh FoEEe] e o
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4l whlow ol 4 glonk EaAd She BAVE ok
SYY W A FAh As) Bhsse SR
(numerical analysis)2 ©]-&3Pd Ex3sl E2EAe] ALY
(approximation)= 73+ = Y I A= A4 As
o} wlwsha Sehwdolt 4Xs14e) HY9HS HokY 4

£, &, 594 A, =g, &
el Mz GRS Ao Stk e, A =
9] frekaisis sl olslislr] Asixe A 7=
Eo] 5218 ATl thet o), W] 4=8}=dl (mathematical
shell model)el] T3k oJafie} 4 F3kasre thet ols)7} &
Alel] AAHolaL A% A o] FojAot gt M7EA] B0
gk AR o7t s AT A FEES 38 AEA
of oA Tt 2/E WY 4 Aok B =79 A
o] Z}z}e] AI7FA] Fgel gk ofsie} o]5o] A= ofEA
71402 FAE D JEAE HT T8 ATE(Lee
and Bathe, 2002; Chapelle and Bathe, 2003; Bathe,
Chapelle and Lee, 2003; Hiller and Bathe, 2003; Lee
and Bathe, 2005)S T2 Alsle] 123 ®Hal o dd
QA fekaie] Ay A fgkese] A WS
AABlRE Aotk 53] A &) AAE St fgkea
S G385k 7R (engineers)O L} kR AHS T
ATk P/RATAES] < FERES] f3ka4slAd o
St olall"E FaA}l skt 29 4S8 sl
feta el osf 4 x5S ¥ oZ sXsh] Sls)
M AEE el 4 fRle AE ARSS|lof Stk A2 A}
ottt dnbHo sz WHe ol ofs g4 3K(displacement
based formulation)® < F3t_Ah+= AFEE AN
(interpolation function)2] X[<=(order)oll d&glo] A8 2
SPIATE sk A FEE diste =g s v
EbAT}(Bathe, 1996; Chapelle and Bathe, 2003). ©]& %
& (locking phenomenon)°]2t 31 &2 A H3-Q
a0 sl lojA FE3lof & ofe TAlE T sht
oJt}. oAl A f¥aie oY 7] P kst

(sl

Foge] A FFAl AoiA TYFH A5+ (uniform optimal
convergence)S Koo ah ozl A f3kaAE Jlds}
T A -9 o dolrh.

E =ddae wA o] tiiEAQl eteds dustar
A FEREY FIAT gt 71EolES ATE £ o9
A FXE JIAEE o9 Lokl F ASAE golE
o 53k A ke QA erron)E W s A
HEI o]E uiEge R IR} WA A9 A f{ekasio]
FHY ddHAGHA el GolEnh. viAe R o]l
A fgkase} 4 f3kaso] sl sl =gt o
o7 =95t W& SHMIAIE (sotropic material)oll thdk
A&e (linear elastic)o] =0l =3HeT],

2. gllo| =& Hl(mathematical shell model)

718448} 9 (basic shell mathematical model)e 4 -
ZE9] ¥ (bending) 5, WU (membrane)H5, WA
(transverse shearing)}53} 1 A3 A (couplingyBAIS =
T 38T & e 7P GubE]l A FEedE 3k A
&7 getog e frd 7EH 4 #4324 (Ahmad,
Irons and Zienkiewicz, 1970; Bathe, 1996)9} TY3F Hy
£ 55 7HXal AtChapelle and Bathe, 1998; Chapelle
and Bathe, 2003; Lee and Bathe, 2005). =, 7]¥-&l4=3}
wdle 7P 4 {f3eao] FEEER] Aotk B ollA
= U735k} (differential geometry)yS ©]-85}o] &le] i}
(geometry)@} HEAF (kinematicsyS AR 1 7248}
do] f=5 HojFo

2.1 go| 34 (shell geometry)

1.2 A (thicknessy} QR 331 F-2Eolch, FA7} oF
th= 54 ujitol] o] e o] F4HeR o]Foid 2
2l @At FA oete] Fo] 2 & Stk A7IxE 7]
EAgsidlo)a 2rol= Ao] FAtol| #FE TS mlEY]

sjste Balof Hojrt

d(ge%e)=0E" &)+E%d, (8,87

O3 1. deo| Ed
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n)27)518le] HoBe §535ly] Y5l ollsrElel
AlTFek(Einstein summation convention)2 ARESI} o, B
A, p= 1914 78R WE i, ke 1914 3R] k=
A} (index)yE°|t}.

o] 4 (midsurfacey> 18 1914 Kol 221 3Y
o9 522 Al (mapping)& JERNE T4 g0l 2lsje]
Aol "o}, F4He] FH7IA ] E (covariant base vector)=
Thet 2ol vehfjelxint.

3 f( L&)

-

o

9le] 2o gl (covarianty’|AMIES] ThEaHE W]
(contravariant base vector)= Th2] FHA|o] SJate] dofzict.
“ag= 05 @)
A7 5= oot 7 2E W 10 gE 9 0
Kronecker symbolo|t}. €le] FA4lHe] 2191 WEH= F4
o] FH (covariant)? A HEIE-2] HIE}F (vector product)O-E
e €t

)

>
a

> U2
ayXap

a3 = 3)

||31><32||
o] 3z 718}
HE 8 E)= 4B+ Eds(d D) (4)
o7 W &, 2, 8] J9e g3t 1)
Q- {(él,fz, EeR (& Hew e [L(%é &%‘é}}
5)

e Ty Alos F3H
9

A71A = Ao FAC|t

f1o] FoES ol8sle] de] FAHAA surface BINE
(tensorsy= o] & 4= it} A WHA] 7|EEIAE 2D metric
A2 FHE (covariant type)y T 21 2T}

App= o dg (6)
] 2)o] WPAY (contravariant type)> Th23} 2o] YehdT],
aP=2%3 (7)

K

T A 71EeME FE (curvature) A ZA] & FAIH]
Eofl I3k HRE T Qo). FHE (covariant type)y T
7} 2}

bop=43-dap )
T3 9] 29] 3% (mixed) M= T 27 2t
)
A WA 71 TRt o] e B
2
c(){ﬁ: bl)(bﬂﬂ (10)

o] FAH Mol WMEE 3 2lar P o] WE]e] FH]|E
(covariant derivative)> Th3- 4]0 2 LjERAT]H

E274 E3AME - 20074F S5H

A
Woip~WapTop¥a (11)
o}714 Fiﬂ% Aol 4] Christoffel symbol®]T}.

= ldpd’ (12)

2 (925 339 T (covariant)? | EE 2& 5 ik

s _dB(EE 8 13

1

ERRIE Jozne e 45 oLy,
Ba=da-Eb (14)
2 =4 (15)

3%} WhH (contravariant)” |AHElE TR} o] o] Ht}.
§3-=0 (16)

2.2 &lo| HEH7{F (shell kinematics)

o] WEFPAFol oA 7o He 7ML HIdd A
SAH FAQ e e S fAs =
AW 201874 Bthe ZolaL, o o] W= vt
o] FE

2 >4

UE,E &)=+ Ea, .3 (.8 (17)

71w &)E Ao FAM] 12w ¢ (infinitesimal
translation)s YERIL eﬂ(éfl,gz)% o] ZAHo]| 2=2]9]
A 9] 1|43]A (infinitesimal rotationyS WERHATE. 0/131\—‘}
3 WE poln et e 1 B wEd] % WS
Yehdch 2489 7E ¥ (contravariant) 7| A1 H €] 31,
&, 2 iy )Pl 2se] FoiHe),

AP S 98k 339 Green-Lagrange FHHIE
(covariant strain) §IA4]9] AT TR} o] Ao ot

eii=%(§,-.z7,,-+§jﬁ,-) (18)
o714
— . 3
7, 2UE.E.8) (19)
&

204, (59 (1n& A (18l HAATIE 1EE 9N
o] F(covariant)FES AS 4= Utk

€up= Tof i) + € 2 D HE) K f D) (20a)
e 5= C(1,0) (20b)
e3=0 (20¢)
17141
ol ®) = Yty )b gt 2la)
K88 = 3O 5+ O b Vo) + € (21b)
Ko &) = 30360, b0, ) Qle)
L0 = 2O, us o+ ) @1d)

S A F (isotropic material)oll tH3F -3 27 (plane
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stress condition)S %-&3lH W 4
(3= 0) o7 S2In} W ES] JppAL The3t Lot

o = P, (22a)
P %D“‘e " (22b)
slel 4 @294
appu _ _ E (ga/i gﬂ,u + ga,u gﬂ/i N 2v gaﬁgﬁﬂ) (23a)
2(1-v) 1+v
ad_ 2E o
D= Ty (23b)

o714 Ee AFe] BdAISG(elastic modulus)O]al v E
o}<=H|(Poisson's ratio)©] ™ PRCATNPN (14)2] 3+ whA
(contravariant)” |AHIE1Z. |8 metriclA o]c} (g% = 3. §ﬂ) .

4 5o 785 (rigid body motion)o] Yojubx] ¢F
T5 AHe WAz 0] oA 2] (20014 (23)71A]
£ o]83l] 71E4l58%d (basic shell mathematical model)
9] RufHE-2] (variational equationyS &2 4 Utk

e ol e EE Y99 AlFEEr(test function)
Vol il T A (24)9 W9l AARAE BEATIE
nAHY TS = Aow Uehfold & otk

2 - > = >
[N CPMe  (Ohe, (DaV + [, D (e 5Ty

“ha

A7) FE 4 pxEo] 2831 2] (external loading)
ol AAgre HAGAZTS TEAA St

WE 8. 8) = )+ Eny & .80 .8 (25)

N

T
N

dv (24)

3. 4 Tzl IS

%l(bending), ZH(membrane), 2] TH(transverse shearing)
g5 A FxE es AAshkE 71EA A
(mechanism)e|th. 1822 k5 Als) Al & 3252 3§,
o, A URE 2 el Al "ok Ao FAE
Sfopgell wet ] A oUAls FAIE T oA B
A FEY] dquAle F2 g oux|e}l 7t ouxel] oa)
TG & 4 ok

A2 T FAVE gkl wet 543 SAAT - FAM
(bending dominated)1's, “}A|8ll(membrane dominated)”}-s,
3 (mixedAMIAT - & HolA =W o] A HIAF
(asymptotic behavior)°|g} i}, o] FA7} groldel uje}
A FxEo] F2 3 Aol il skss ARY A9 1
4 F2ES EA)] 2 (bending dominated shell) T+ZE©|

Fa2m Bl o) s ARY Ae A A
(membrane dominated shell) 7-==&°|g} S}, &3 A7}

Sfolel wet A FxEo] B3 U9AF F 7] 2R
3] Qe AT A9 EH(mixedAHl] A FEREC)E} 3
o A F2Ee FIASS A % (geometry), BAIF
(boundary condition), 3} (loading)oll W&l G2} TH(Lee
and Bathe, 2002; Bathe, Chapelle and Lee, 2003; Chapelle
and Bathe, 2003).

o Lo

3.1 HZNEe 2R

21 a)ollA el AF A o]&<] -2 (variational
formy& APl Thalel Aelste] o] wake AAH
T} o) Rklsle] Ue & 9o,

T
Find Ue ¥ such that

3. > > N -

E4,0, V) +ed (U, 1) =FV), VeV (26)
A7IM v Ao FAL} A A F2F A7 B/,
E4y(e 8 MAA, edy()e 2 R AL A|A] &
M AP 2 S(bilinear forms)ol™, U WF ] 3,
= AlggsE, ¥ = Sobolev B} (space)', 1?‘( = 9"

248 2] (linear form)yS VERATE dibdo =z 4
o] A ks wf A o= Bt ool Bisy wig-
ZoB R g 4,5 B AdUAe] B8k ot FE &
At

eo] Zopfo] W Ao HIAFS AW H7] S
£P(p=1load scaling factor)’} 37 22 (scaled loading)S
ARg-g,

F(h = "G(7) 27)

. 4 ool el 2t e £3 eol HlEElEE p
1HTh 2 23 3R AAG 2 259 & 5 Q.

1<p<3 (28)

$o E7Fe <% F(pure bending)S LERIE= w9)e]
ol T 4 Mgt UAE 002 TE F Ju BE
o] HE|E (patterns)yS EFSITE. ©] FZX(space)o] TA|
HOE 002 she W9l FEETS AT US o
TFEEAAN &F ATl FEEHJTAL S 1eg 4
<5 o] 75 A(inhibited shell)o]2} g}, whHo| 4o

He7F 091 el (patterny’} obd 5= & E=(mode)
AL & A 1A FRES &5 Hol 7EEA
22 4 (non-inhibited shell) FZEolg} o). o] HA

[ of

;

q
Ot @ i 1oAY

§

EEACIA W9 AAZEAS VAT Sobolev 37 H) 02 ¥7|EH Aol vt 2t}

1 55 o IV L
Hy(Q)=V: Ve L™ (Q); Ee L7(Q); V=0 at prescribed displacement boundary

J

3
A7 1@ =T [ Y. (v dQ<res OITK(Bathe, 1996).
i=1

of

5
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I 1. "o NS BF

A% o i

() FAAE

hul

(ii) QP TRl = S AT
(=0, Vie P

Admissible membrane loading
Lo (iii) 2R A
GeW¥n'

Non-admissible membrane loading
N (iv) A AE
Ge ¥n'

Zo g2 Flo| i el . i
e e Wori0h)e 5 A7 98 G7F B o dual spacedl] &3fjopat wRxufA

?Z«l A *‘ﬂ%e OlﬂOME} ojuf A3t po] Fhe o] =l 2 Ao AP W7 \0. 1o
o 4 eyl T oA Fol AN o A 4 jj)r 31;:17} ¢ s s B
26)2] 4 TAE thew) go] XEd & ok R
Find U’ e Wo such that G\ <efa, (7, 7, Vie ¥ (32)
4,0, T =GP, ¥ire Yo (30) o7 = Aoltk. 9 Ao Ak 9ol uwRgio

ofslol QAR F otk AL Eam oYl 20 WA

7= 9]#8 “admissible membrane loading”®]2}al F-ET}

T Ho] TEEHA B 739 A = skee] ¥

WAlE Aok dolg % sith. W shzel B8
AU 3 I el gige o) 74 Adst

27 =y o] A AL vl EQFY(unstable)ttt. 5,
ole ¢ A2 5]‘?«] tﬂﬁ}i@:ﬁ 5o FAsE ¢

2SN A ﬁZ]HHﬂE—E H]'% T Ak
35 Ho] THE ANE, Wom{0}), AAT pae 19]
”1 2} A °ﬂL‘V] s A e 93 (space)
¥, o oJal] T2l f%"] FP9 & vk 2ERE o]

FZk(space)e] 7= ¥ Hr} Aot 2RE|AEE] SHAIEA

t Ukt o] et

L oom =
Find U € ¥w such that

UE'ee)=u@,e)+8’6,(8', 6% a" (g,8%)
T8 2. do| WENS

E274 E3AME - 20074F S5H

Tk 9]go] “non-admissible membrane loading (8e o' y
olghd o] 7% A FAl= AY 2 4 glom o] A
2AEE I g £ Fel(mixed type)s WA Hrk

£ 12 9ol dFE A F2EY] JIATS HEQok
slo] RojErh. A FEE] AA Al olddt Al
g A2 wllg- f-8ahH DFolt}, ol slaell thated
A FEREO| FAL efol vlEet] Wit =, A FEE
o] Aol ol o5 Al wA 2 B FRES P
/Lyl vl sHAl =m wEAEel ofa AulE A9 A4S
t/Lo vlEEHA dot. 18eg gyl A FRES A
Fo] T o] “Lﬂic’ﬂ o3 Al FEREOIH A =

B2 AEIAES s AAISks 3lo] Hisitt. 5o
71 elge] EHOM o] P AARAS AH3] ARESHA
Zje] 718}k 734 (geometrical rigidity)S Z+2 = U&=
= 3lofof gith,

layer —

O3 3. do| HAFYY RESHEZ HEt ZAS
layer)

(boundary
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S 1 s} wjnele J9E
(smooth areasy?} 1HA] ke o7 FTF FTE(layers)=
rolzit), ZF(layery> 3E(curvature)e|d FAl9] s}
22 Ao A W, AdetA @S wAAz
(incompatible boundary condition), E-7&|3}F 3}5(irregular
loading) 5ol I3t ¥ th(Lee and Bathe, 2002). 3
(layerellX= S /MAFEMRS 5ol vl FkA wshe W
Follx]e] FFo] dojdt}, F2] EAZAo|(L,, characteri-
stic lengthy= & 29| 7ol w} WHahy o] F7(y)
o} AA A 728 Zol(1)e] FrE vehit
L=ct' '’ (33)
A7|A c& Aol 12 ] AS ol
3173 (Lee and Bathe, 2002)= d2] A7} gl
w2} YER= Scodelis-Lo roof shell problemollx12] 734
Z(boundary layer)?} *4=33ZEH (hyperbolic paraboloid)
TZEA 9] WS (inner layeryS Rt} Fa1E-3 (Bathe,
Chapelle and Lee, 2003)°4= & t} 2 Felo] ZA|S0]
deo] FAVL gloldd wet Wslele As BT 1%
32 do] HEYFF Y (deformed shape)d -5 (effective
stress 3ol UERE ZdA1S (boundary layer)e] oS HoF

BV

3.3 MEAHS 3N

o]2%2] WhHo g UnkzQl 4 FXES] HIATS Yol
W= A= LovadinaZ HIESH B A7R}E0 23] 4
PR o} 48 Uo] opJAck(Lovadina, 2001). <&l &
A Wi o3 AEATE Lohie It =
o f3taAslale B3 oy 71A] WHO] Lee} Bathedl]
oJ3] A|oF=ITHLee and Bathe, 2002; Bathe, Chapelle and
Lee, 2003). & w=rollMe 7P &4 V] RS &
1=

4 F2E9] p(load scaling factor) kS TSl =W 1
TEEY HEATS dold = Atk o2 Lee} Bathe
o oJaf AtH po] ZAF gL F3R= Aotk

_logE(e+Ag)—logk(€)
log(e+Ag)-loge

(34)

A7VM ET =/l dF FeraisiomRE Fafxl
A FxEo] WA (strain energy) |tk FoIz g9
et frekadafo] Byt =555 Bot A3 piks
DL 5 AUtk ARKE po] Frol 19 AY FEES A
ASE, 39 AT FAMIASS, 13 39 S Bl B
2} gl EFAMAES gt

Lovadina= R7}o]2 (interpolation theoryyS ARE-5le] 4l
TE=O HAIASES Ao pat A FEE] A%
He duAESe] #AE el ZWER AS Akt
AH(Lovadina, 2001).

lim R(e) =21 (35)
£-0 2

4714 Rere A 72 A ARl tig o ¥
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FouiAe] mlole}.

3. 0 >
£4,(U, U)

R(e) = (36)

£4,(U, Uy+ed, (U, U)
qoz 4 7= ReE AR =3 A9 HaES
S F AT pits & 7 Aok

Lee?} Bathew 4 3849 %S %7Hbenchmark)s}
7] 93t 4 EA= da] g#A Y= Scodelis-Lo roof
shell problems WO sl pgks ALFeINom™ 1 4
TZEO HITATS HoFRItH(Lee and Bathe, 2002). ~L
o] Lovadina= ©124% WS o83l 22 FA19] pak
< Tl 7 Ade gAEIth A FEES] FAEAE
I R AT g Bk AAGE dES FaEd(Lee
and Bathe, 200214 & 4= glom, A F7] wslol] u}
2} pto]l s (fluctuationysh= 7S 4 1259 HA
ol gt o] FFH(Bathe, Chapelle and Lee,

2003)ell A= Aot

A FEO fIessioA At 7P 2 olEee
A& (locking phenomenon)o|Th, A& 4 F1259]
FAZY kS 5 FeasEe] 2xKerronE 9 WEA
F7PIRITE £ elMe Ao HIAs digh ofsiE vk
o= 4 fekaso] AN FAHHFH tiete] A
HE

41 4 [8teac ERe} FHUSA

A f3are FHe TA HW A(flat shell) o4
53 777 “d(degenerated shell or continuum mechanics
based shell) F3t24A IE9F H oA TtHAhmad, Iron
and Zienkiewicz, 1970; Bathe, 1996; Choi, Lee and Park,
1999; Z*<Z, 2002; Chapelle and Bathe, 2003). HH 4l
ek B fehedol WasE {3kaae] Agtel ¢
3] grsolzitt. o] A FERES oY /o] HHoE
ol gtk =214 Jideld S8kt e gt
84 GAs7F g3 WY WA= (drilling degrees of
freedomyS Al =ste] A F o7lle] AH=E 7
dom a7 3] HH 7 o] AHFEE 2t W(beam)
I 2 e aET Ade] At Aot 12y, 7]
wHog axdAle) Gyo] Weloly] W] Bie Su
Fele] de] I O ATES AEsHA xds] ol
=1 A 7= dH A o] =gn Azl 4
o Adfsk= A7 sk GRS 7EAL ok whd 3
Al AEA| Aol 2A% A A b= R 7 49
s 7L Qo] Wt 22 f3tessae] A% Al
S8 A91HQ1 o] dasiARE A o] Bigh =
% O ATE F xPM E ol AR TS
Erb wEnk BEgh 27llx] ArE ukeh o] 7P dnkA
ol 4 <=8}2dl(mathematical shell model)3] 7124817
dlof] ZAgH

A {3 E /3240 FASH(formulationyHol Wt
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B FA MW (displacement based method)ell 2]k
4 G349l E3PH (mixed method)ol] 23+ & F3QAT
s 4 Qo) W9l A% A f/3k8 A (displacement
based shell finite elementy= ZFAB] TZEE2] 34990
oE oPFAl AsS BRIt 1y 840 TR 2AL
Z}<=(interpolation order)ol] ZF3glo] FA7} SR FAn)
(bending dominated) F== E3HAl (mixed) & FREES
iAol AolA Frekeisiale] a7t vie- =EjA FHske
AEAR] s 7L ded olF 4 (locking)@ dol2}
a1 g, ol 8 A% (mesh)oll dhste] frgkadiafo] &gt
‘go] o] FATL gollel wil §553] WA= S
b FHote] 73g- Ao FAPL grollel wh WMol o
o g8k "k

FAA3E 2 (membrane locking)?t T (shear
lockingy@do & tprold = lom I3 d o] dojuk=

.

‘F

o WY, BAZA, 0] SRl HIRBIEe F8L
711 4 PR Bskn BERe) A TREA

3
= TSR Fout Ae@dde 28l vAgle] 2A
5

ofl

e @) 2 EFHEIAE Al A (21a)9F (21d)
FHEIFEZHE S, FarE3d (Bathe, Lee
and Hiller, 2003)%} (Lee and Bathe, 2005y A7 &Ato]
frekadsafol ol9A Uep=AE Bofsal Zdldo] A
A7) ol ZEARI o5 & AdWsla St

A A kel QoA AR FS Hoig A4
Te T2 QI A% W9, Y, HIE 2 d¥uRE
vepdt}. 1eje2 FAVE gk A FEES A Al T
Sl 2EskA] ek f3H8 e AMSSlY sijae A9E
o8 7F-(d30] A= o]) AN oR/E W
g itk ol9} o] fitasale] ex e HIgwr) 4
TEE] T wel Wehs Q] ARG A FE2E
o] f3kaAdlde] QojA] RIS dojur] wiie] A

zge] slol b AR TRk ol BAolc).

=2
%2
rr
14

o

N

42 FeteAde 2XEH

2= wet A f3ke o] sl ARSE 849 4 5
7ekel el 2o A AR E A fghade] 3t
(mathematical shell model)9] “d&3l|(exact solution)ol] 4=
Hafook ap LS dolir] ffsiMe A Fekas
3lle] 4=-d=14 (convergence curveyS TAS|oF S} 74
A f3hese] s S| S8kl A-g 11 (norm)
S AREshRE Zo] e F231 I < (norm) 3 ol
A B4 EE#F Z(point-wise value)?] o] o} 2
TEE A Gl Y s AT = Jofof g
ot dukzo = g Hollxo] WM EMIFE TS VAL
TS S48k o] Bol AREHAREH o= A
Aol Xo] S sk org Adsehr| oty Wy

E274 E3AME - 20074F S5H

oA e] 2k&A Apo] Tt FEoE ARES 4 QIANE W
H A2t 2AT A3EeAT) ofd Zfelle dRbEe
2 ARE (U] wiiol FAske] whHel AIgle] YRk
2oz »d F e o] FLsith

Hiller?} Batheoll &Jafl AIFE s-norm(| - |, )& & =&
AAY] ASS B9 5 dS Wk ofet EEF<l Ui
SHE FEEA7] whited A28l W] BAglo] AL

<= JthHiller and Bathe, 2003).

[T - [ AF AZdQ 37)
A7) T Ao, Uy HIeadol). 29} 3
A 2215354 (global Cartesian coordinate system)ollA 73
ol WY E WE e} 34 Wl

s T
E= & &,y £, 26,,, 26, 26, ] (38a)
> _ T

6= [Gxxa nyy czza nys Gyz’ GZX] (38b)

2 (3701 WEET Sl Uizl Atslel fakaialel

2}o] (differencey= TRk o] 78l 4= ok
AZ=2-2,=33)-B, G0 Un (392)
A8 =3-8) = 3()-C, G B, G0 Ui (39b)

714 ce A5 $EH-MPE AA WL (matrix)o| 3L
BT= WH3E -S| (strain-displacement)®A] $32E}(operator)©]
ok AXME 39k 3= A4 A A FREY 99
(domainy?} oJikskE f3ka A REe] JYo gig-HTh. F
HE o] A= YUY AMd(injective mapping, TT)ell £J3}
Aeg & .

=T (40)

Ll
glall
QA
normS A
IRt

ol 4 .

e
(N
[t o
ﬂilO >‘)lt

A FEEA gold oEHA WS olgalel
ohfie Ae Ad BrbssEE v 208 f
Aol AN ShE e Telste] s
ke o] WA gl sz nel®

od

¢

o ox

= ==

- = T
Urer—Uils = Jo,, A% 8342, (41)

o714
A=y = B,«gf(}ref)gref_Bh(;h)gh , (42a)
- >
Ag— = 3-ref_a)-h = Crgf(}ref)Brgf(}ref) Ul‘ef_ch(}h)Bh(zh) Un,
(42b)

?Cref: H(}h) (42C)

oefst A AL o Ao A FA st f3h
L4080 FEE A% vl 7FsEHl sh] flaixE e
ZHrelative error)s ARS-SIodof Sk, A Q2K E, )= that
o] gejEr).

Eh _ |Zref—3h"f (43)

- |2
Urefls
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V4
A

bl il

2L

(a)

J8 4. 4 F=EME: (@) Ul Hol 238 P58 WH & 1%

paraboloid) & TZ=&X[(L=1.0)

0.8 N — —
04—
O —

= 04}

S

o -0.8

(0]

2 12+

®©

O 16+

8 -2

- £ tIL=1/10
-2.4 - B85 t/L=1/100
28l -A—A- /L.=1/1000
e -6—6- t/L=1/10000
_32 | T T |

-2 -16-12-08-04 O
log( h)
(a)

O8 5 59 Halo g 428y ¥ fEleasSe FHIM: (a)

2 f-MITC4 &l 24
Rzl olgael fele thes) ur.
£, =ci (44)

A7 = A, hE AR F8Ae] 37, ke §
Q49 M9l ZAFKFE(displacement interpolation function)
z2leolt), & £ A¥(linear) DA E AMSSh= 348
A 2 48y A fF3add tete] k=109, 2319
(quadratic) TARE AMESRE 684 2 08A 4 93te
Zrol] sl k=20]t}. S-norme FXIZRQ1 WHHel 28| A
2k 4= 9Jth(Lee, Noh and Bathe, 2007).

4.3 TEIFM FUAX[XTH
ooz wlo] FAm| A FEREAEY oE Hold I
Aol snormE o83l R ] ofgA U}

2X(L=1.0), (b) B Ho| M5 F&E WZTZE20 (hyperbolic

04+
0 —
= 04|
S
o -0.81
(O]
2 121
©
O 16+
g -2
- ©— t/L=1/10
-2.4 - B-5 t/L=1/100
28l -A—A- t/L=1/1000
4 -©—6- t/L=1/10000
_32 | T T |
-2 -16-12-08 -04 0
log( h)
(b)
aZsalo| o m-QUADS & 24 (b) RZisiato] Lo{LIX| ¢t

optimal
convergence)l] thale] Lol

H(plate) 7= FEC] 9 A FEEEA 4 729
7Y o= Felolth. A WA o2 I8 4(apl Bzl
u] Ho| s8] 74 e F(plate bending) TEAEA0
tate] 4 f3hassle] FHEAS ARl ANSE B
AGE 1.7472x107, Eol=HIE 03, Zo] L=1.0, 35
o9 WA 900] -z ke s AgIth FES Y,
sk, MeAAIZRA] Ao R <lsl 18 4] AHE
gk A=l

Folzl Het 3 FAE E7] 9k HeH (displacement
based formulation)®l] &3+ 4473 7EH A {3384
(QUAD4)?} &3H¥ (mixed formulation)ol] 2]+ 485 7+
A A FAAMITCA)E A8t Ahmad, Trons and

BU=AE BRoFu  FY 325 uniform

SMITC(Mixed Interpolation of Tensorial Components) WH-S- o83l 7t ndy & /38AS MITCn F3kAEk HE20).

2 MITC4= 487, MITCo= 6387 4 §-3k8 Aot}
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0.8 I R —

04 _
08| -
1.2 - -
-16 —

2k _

log( relative error )

=5 t/L=1/100
-A—A- t/L=1/1000
-©—C t/L=1/10000

-2.4

-2.8

3.2 | | | | |
-2 -16 -12-08-04 O

log( h)
(a)

J8 6. el Hslof e 6™ 4 FetessSe)
o - MITC6 & @&

Zienkiewicz, 1970; Bathe and Dvorkin, 1989; Bathe, 1996).
2zte) A9 T skl WE SEIHN BUEo] o]
A e =A1E e

a% 5= T b 498 A ekl ekl A 5
A9 W3k¢/L=1/10, 1/100, 1/1000, 1/10000)°] W& <&
21415 (convergence curvesye> HAFT) o7|M pE AMEH
frekasne] A71E veElH et Akt et s-
norm& AHBSISITH hsh Aol logh ATOZA A
@40 olEH FRBA TR AT SRS vl
@ % 9o 19 5o 47e] aehe) oEHel SuA
o Z1E71@kyt FAPY e ANeRE a8A it

I% Says 0] dojd wo] AFHRI FHEIAE
olch. o] FA} glollel wt A} (relative error)7}
TFoole S & 4 Aok v I8 5(h)e] FREIAE
M= AT A APl B WA B 24 2
Ae] Z7] pllRt TAIFS & & Aok =S 17 5(bpllA
= FEIAEC] o|EZQl 7I1E719k Ak 1" 5(b)ek 22
P A f3hessle] FHYHE FYHZTH (uniform
optimal convergence)°|2kal SH},

T WA dAR OY 4bye 3 Wo] FEE AEEY
(hyperbolic paraboloid) & -FZFEAo|t) el FAHA
(midsurfacey> That 2o] A=t

X 3
v|=1| &
Ny

BAZRALE X=-0.5%] WS we} hds] FEE A (self-

weight)o] -7 Weko & 285k}, FxEo] 4a} He %

BAZZ0] ¥=0%1 B weh thgelng I3 4b)e] AF

B 3 SUECE AR B 2.0x10', Foke

H](Poisson's ratio)= 0.3, Z°] L=1.00]H 252 T3

2 800|c}.

FolA FAWEAES =7 el HH(displacement

& e[ AT (45)

E274 E3AME - 20074F S5H

0.8 T T 1
0.4 4
oL i
0.4 _
0.8 4
12 4
16 -
oL i

log( relative error )

2.4 — =+ t/L=1/100
-A—A- t/L=1/1000
-2.8 - -©—G t/L=1/10000
3.2 | | | | |
-2 -16 -12-08 -04 0

log( h)
(b)

$HIM: () HASA0| Lo If-QUADS & 24 (b) EUSAS 2EIAZiS

based formulation)] 23+ 6dH A2ty A fan
(QUAD6)9} &3P (mixed formulation)oll 2J3+ 6474 4tz
g A /IR AMITCO)E AHE-SFTH(Ahmad, Trons and
Zienkiewicz, 1970; Bathe, 1996; Lee and Bathe, 2004).

a8 60l #/Lo] 17100, 1/1000, 1/1000090 AI7FA] 73%-
of Hate] 684 Y A FBakEY FUFUE
(convergence curvesys RAFT), ZHzZke] Te)=of o]2H<1
TR TRk FAE e AdeR A Sl
J9 6= QUADG FEaAT) 4le] o7} slolel w
2 AR sl oA} Sole A%, %, HRARL 4
R AL HolFETh I 6(b)elME MITC6 F384s
AR o i de] €3] AIAEAE 224 QUADS
Freka o] vlste] F3s] AstEeS veRdT

AN = F 7R A FEREAIES WdeE 4 f
sk Asalle] Fe=Ada RSl tiete] YolRdtt T8
g e oW A f3esvt 2 7] A FEAIE] dist
o ELE Jo7|A] et diM T A FREAE
o sl TGS AR eethar 28 = gl

= = T
£ ol F, R 7 A FRRAS) tjsle] #UARS
¥ Holr] YRS YorlA Pt FRAAT TE A
FEEAES] A FAES B F glon] wE 4
TEEAS tislel FRATE oA g A FaL
&E PEsRE RS T3] oldth. B} Tk A FREA

Sol ol faadale] FasAel tig ot FnEd)
U= Lee9t Bathe®] w=-solA 2k& 4 Qlth

4 fakadke] FUPPS Sohar] Slehe dde B
2 7R B 8 EPA A FERAC slel 19 59% 6
o Bel At o] o] FAS WA S A%
Sjelol @) @ 54 4 247} PAEA] £ AT
2 Boltk s SAEEA] tAME FE AL Hol
A ohich, ABHOE TR F49) A FREASS
efale] Rt mAleks % 7bA) el ABAA oA
FHE ol A 43827} 71 sk o 4l
dase ERAM A PR delelE 2 AL

4
it
4

o2 Ko w
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HY Zoltk. &, ol 4 faast o8 A B2
3 ATL ol TR ¥Ae) A FEREASI tise]
FIHAGRE ne Folof ).

5. &l et dsHIto| cistod

sl o 4 8 0
A WGHL_A 587 g

Baled ool sich. & Folfe VA9 4

o] 233 LS d7e ES sk A #

3L A0 AEHr)E Q3 PHES Zﬂ}\]?:ﬂ—]:]—.

2o 4 faessol A
Re o= szl Wy

to }:1

ti

F

51 OIgI'IOI %'_I-
fretas PRI 2 1 = U]—Jql e
form)© 2 Uepfold 4= Slok

Find Uhe ‘Ph such that

HE-2 (variational

N
Ah(gh, f}h) = 1_%(1_}/1), ‘v’f}he Y, (46)

A7IM A k8RO R o)iks)(discretization)El 73
218 A(bilinear form)©] 3l @ TT%L 9 wWeFe
ZH(space)°|th. E& ‘Phc‘}’ o] A™si),

4T, V= Vi [, B1C;B,a2, )T @7)

Sobolev &

A7 The %?}.& 3l|(finite element solution), I_}h =
fRaz A, e FERL WA T P
= ¢8-S Yehlle 32 (linear form)olth. & ke A3
Y 739 4 46y 2 (26)2] FElZ EHE 5= Uk
Que) 4 FEES] EAAS) FEALAE 2 4
= oP3Hel 4 fRade] e oS ofele elnh
Vg 4l frhace] 2L Theat o] HelF 4 9l
AA, A F3eAE ARG R E=(spurious zero
energy mode)s 22| Zolo} gt} WHYAAZ0] F01A]
2] e o] S e JIHY A fkads EeF
e el k= 712 FollUIA = (zero energy
mode)7HS- 7EAoF Sk}, o] ZAS ellipticityEFd&)e} 3
o Thaa 2ol Aejgi),

- 2
Ja>0 such that V?Ihe Y, Ah(ﬁh, ?fh)Z&“ﬁh"l (48)

A71M o= d5eolH | - |, & 12} Sobolev norm*o|T}.
o] L & f3keA A3 (stiffness matrix)e] I
A& (eigenvalues) & 021 7} 1ol 83l fHEHE
(eigenvectorsyS AHEO ZH Al 4= St} SAAl= 7
Alg-go] obd wielel el MRS AAgict. 2]
48)2] & WIEATIR] HEole f3keAhE Ale-5o| o}
d AL diste] AFAUAE A 5 flom
gHoz AgetA] Kslt.
o =4, A fokadv 4l F8hRdel 2ASI 7] el 2

ole =

412} Sobolev norm®] AF

17 - yzmdm;g [ax]im

ij=1

- 286 -

o g} o] FelHtkBathe, 1996).

frekadafale] sie Folxl A FEREAel et AR
229 F7)(hyt Eolwoll W B AME 240 7}
Z7Vsto) wie} A Sstkwde] Aslafo] SdEsjof 3}, o]
Z71S consistency(F-RA e AT Fan thea)
o] goldrt.

lim Uh*U or 11m Ah(Uh, Uh) A(U U) (49)
h—0

A7NA 4oy A FEtRde] Fegk HME A (exact
bilinear form)°]™ U= A3l (exact solution)°|T.

o] o] YEHA| k& AT A f3heio 5H% ol&
el FHskA X sleE /C_i]ﬂ' et AaiE = 4}tk
AlF A FIeAE RE 7Y 3 @ 3N A 7%

vrxﬂoﬂ sl A A-H ( niform optimal convergence)

< Hojof gt o] 2UE TEAPIE 4 fgkade H

24 Ao FAL} 4 glo] AR o2 E

AHrEE AT "ok ol B =9 4304 A

g e os AlRE 4 vk el o8 A28t

(mixed formulation)® % f3kQ40) thsle] o] 7S

“infsup condition”®|2} F-ETHBathe, 1996; Bathe, Iosilevich

and Chapelle, 2000b).

oA A5 AV 23S 5 RSk o)dzo] A
RS Wdsle AL 53] ofHrh. 282 4 ﬂgrﬁ]'i’-
ZefAollMe Bt ke thgo] 2AES WA 4
Q40] Algo] HAETHLee and Bathe, 2004).

— ARG A YA EE(spurious zero energy mode) $-

(ellipticity=7] W)

— Consistency=71 T

=3 A1) el oA A S
-1 AE A o) Ut ddHHS
-3 9 EIAE A FEE] disle] 4 o’—q‘i’l t/L°]

HL1(1/10~1/10000)004] 212 4= = A}

— 1A el lolx] mEZQ1 FAs)

5.2 &2 Hof

z]ur FA 3 B A f3kese] JAEES Aloler)

98] me HhHESo] yiokEolgit). o1 WSS T4 AR
= 14—r01 T ok

— A @7 WEEY) W AR B,E WEs] A
@ 2 9 H"IFELY] AFE FAF= U, (@)
reduced integration, ANS method, MITC method

4 @7l Bl A 2 Fslel Ae 2 9w
FEA] FH(spaceyS SHFE= WH, (01]) EAS method

— 4 (46pPlA 82 WA Un ) BIH(ES BT
+ W, (@) non-conforming method
A fekaie] NS S3A17] 918k difte] W

E2 919 M EF-E(categories)dll £33 A WPHES B3
Ao g o]g3t &% Ut
7P A% HE A8 E (reduced integrationyS AE5}

Rt A e sk



= WHoltkBathe, 1996). &L o] R AR GAAA
R =(spurious zero energy mode)S A7 XA
S AU A oflSs S5 flete] 24 st
(stabilization)”'Ho] AR&-%IT),

H] A3 = (non-conforming or incompatible mode)yS
1o EMN 840 3 HEs Hosle 4 fikase]
s g3t 5 Sk o] WhHE 84t Wele] A
(inter-elemental compatibilityys TEA7|A] HEdle @}
HE P EE 317 8 42-85(static condensation)
S ARESE] wiEel] B s o= St Al o] Bt
A= WS 7HAaL ATH(Choi, Lee and Park, 1999; 3%
2, 2002).

Hele HEES 474 2 ZARkE S8 (mixed
formulation)?]] <A WHES A ket AAGS
A= deizl s F 7P S5eitiar ke
% MITC(Mixed Interpolation of Tensorial Components)
WS olF o Z gYEo] o gt FAdYe
2 A3 Aolel wie- &aH o] USEH ATHBathe
and Dvorkin, 1989; Bathe, 1996; Bathe, losilevich and
Chapelle, 2000a; Hiller and Bathe, 2003). &9 A7E
< MITCER 93] wheold Aty A f3hesEo] o
7291 A fekadeel] ] el AeS BoEThHiller
and Bathe, 2003; Bathe, Lee and Hiller, 2003).

MITC ¥l 9l ZA% 4 f3kare] 543
XS (tying points)ol| Al FHMEE S (covariant strainsyS
ol g3l YU FH(covariant)HFEL] ZARRFHTE B2
258 HEEZS ZAK(interpolation)gth, Ltz oz ZA}
e e ARSI Aolol o EHol A3
W e A A S ot A TERAR 2
o F3Le2d7} o] Esfell FHskAl REh=(F, consistency
24 WEAPIA 2IE) BPE HEAT A3 B9
AAGAAARES YA ellipticity=317H] TH5A]
& A weth aes MiTedge 4 3 2
EAIAS A RS FAFRN BMIAE A S
4 A=, consistencys WEA71E) 7@ 3
Fao) 2AE Zohie Aol

A H S E L (assumed  strain  field)y > AFE-3}= ANS
(Assumed Natural Strain)®dH2 MITCHHI F-AF5HH,
EAS(Extended Assumed Strain}d< ANS &= MITCY
Holl F714Q WEEdS st WEEde] %8 7Fs
3t FHlS(patterns)d] 5 35 WOtk EASHHS
HIZREE ARSShs W RIS S HEEde
ZHEE AAS] S8l AAES e dvke S

q r

e rr

oot

(R o ol

7HAEL om 71ES] ANSH MITCHE O Hlgte] 4 £k
a4 FEAS NAAZE F JAT 1 Bt FAE &
ol &EA Aok

e oy 7] WS ARSSt f B SR 4
FEA 0] tisle] B} 599 (flexible)dt A5S dhe A f
Sk AE el 21 ofHA| Y. v 18k FAl
consistency®} ellipticity =58 E5F TEATE AL 44
2t} ko= o] TR MdE A fekese] tiste] 4
o]29 HEE F A% e ASAIE(benchmark test)}
A7 Dasit.

5.3 &l fRsleao| MsHI}

IRk o Z [ AHES AMESte] A FRES sk
tFEe] 71&AlS (engineersy S 731 dje] 2 X} (error)oll
tigk B} glo] s das wolsol7] wiie] A /34
£ Miske A7 Ml A f3ke s A sl
AREBIZ 1O SA Ass B7IslaL 1 AdE Hastolof
o 7 A fskede] eAEAo] WS dexivhd
ARAES Folxl A f3HaAE of9A gulEA| ARSSE
F JEAE FHE = JA Art A feke o] et
= ol EAE ARFES a1Eisie] o]Fojxof g
o 71EAE

A fetede 1 26 A HAJE 71EAIPE(basic
tests)S FHsIolof gtk 7IEAEES BHSIA] Kske A
ek o] ARG ulghAslA] Faict.

o sH7PHY

4 fgte s A5S Frlshr] feire oeket A 7=
TAEC] ARgEoloF St A f3taAEe] oS Hlay
7k flete] 23 AFH B2 A sAEAEe] At
STk, AAEA] 7P dE] 2role A7 PR 19850
MacNeal®} Harderol] 9J3l A2]E o2 577 A 2
7] A FREAES st Azl KRl TRl W
¢ 2 SHMFE 7Y AHAES esAs 243 o)
WA vl Zloltt, ofn] AFgh uie} o] 2E HEo
A9l sl9] e Sgske A2 A fekeadle] A
sulEA 9dE 4 glok A dolu 3 RiEES] B

£ fRassle) AAH FYPEE HlZ 5 glow] o]

ASS vashe e v F& nehpyolth. Jet of
Yo I fRALI} o= AR FUREAE 27

T 71 AZE S /9] FoE HAFTle gids] ofHt
JHeE, Y WEE AREEERE TRl s-norm
A Feasls wgshes $2 2549 el "4
HEFE 4.380lx] AdrgEh nie} o) FAA|0 WakE e A

[0

2 4 feleso| 7|2AIH
AlE o A
5 AP A ke
oA A& (Zero energy mode test) )E}ZL% 2 §3am Bathe, 1996
22 AE (Pach testy) N 4 ke Bathe, 1996
— Membrane patch tes T A Ot
_ Bending patch test A28 & {3k 4 Lee and Bathe, 2004
22~ 59 Al (Element isotropy test) 2218 A 83k A Lee and Bathe, 2004
278 HIAW - 20074 SH - 287 -



(Q) (b)

2| 7. GaussianZE0| [ME JMo| EF: (a) Positive Gaussian curvature, (b) Zero Gaussian curvature, (c) Negative
Gaussian curvature

3 4 Feteso MsHIIE st & 2XEXM 9 o E(Bathe, losilevich and Chapelle, 2000; Lee and Bathe, 2002; Bathe,
Chapelle and Lee, 2003; Bathe, Lee and Hiller, 2003; Chapelle and Bathe, 2003; Hiller and Bathe, 2003; Lee and Bathe,
2004; Lee and Bathe, 2005; Lee, Noh and Bathe, 2007)

4l FZFA| (shell problems) Gaussian =& AEAE ()

Fully clamped plate problem Zero A (p=3.0)

Scodelis-Lo roof shell problem Zero 3 (p=1.75)

Modified Scodelis-Lo roof shell problem Zero 228 (p=1.0)

Free cylindrical shell problem Zero A (p=3.0)

Fixed cylindrical shell problem Zero 22]8) (p=1.0)

Clamped hemispherical cap problem Positive 220 (p=1.0)

Monster shell problem Positive Not well-defined

Partly clamped hyperbolic paraboloid shell problem Negative AP (p=3.0)

Free hyperboloid shell problem Negative Al (p=13.0)

Fixed hyperboloid shell problem Negative 22]8) (p=1.0)
SIS AHesE o] v, & VIR BABEAM, R, EIAB)S A 1
* Z(layer) Atk ZHzte] HEASS BT AR & =S SRR

Qo] $YMPEMIS] FA3) W F(aven] F,  ASS T4 Folok Bk, 531, DA L EPNAF

=, 57340 (characteristic lengthy= 9] F7 w2} W3l A FEEZAISAIME B0l doju=AE Aldstlof
ot ke o SAZole o) AL el wieh 4 sh A A FEREASNAE S AFT

(33)l 23l F43] Zolet). FolA9 JduA] FAFHEAN consistencyZ=10| WEEEA|E AuHolol 3t} # 32 4
wiZol] o] Fo] WA= A FEREAE F e ddst {3k AeEE g A FEREAY dES BT

FEeads AHgst] BdHHFES 4] ek 424 3 gith

o] BAHOIE N fraasS ARgSledof gtk =, e 24T (mesh)®] P

Fo] WYk FHelx] By U HFaige] ARgo] FEarsde] sl FReLds ofgA PR

2 7-#THBathe, losilevich and Chapelle, 2000a). ©]2|gF  w} 2 FE5AC] Wl "t a4dde] ®1ell

TGS “graded mesh™2} F-Et}. WS ¢aL T FEAS ke A fesE N

o F4We 35 3R 21 A &2 doltk. webd MAIFRAIE S TeF
A FEE] FAUL FE(curvawre)S 7L ok F §F kel wE 4 f3kade] FEEAAS wads

e Gaussian8<] Fool we} AZAZ Uold 4= 3l oo} Jtk. 53], WIS (non-isotropic) AHAE 4 ke

th 53] GaussianzEo] 5191 FHE /e A RS 29 AlRldXe foasde] el opt ex]

fFakasidel] ox Adet ofeigo] FmEthLee and Pl W} FESAC] WEER 940 WY g ey

Bathe 2004). 4 f3t849] Fes HrIsl7] 1k 3494 ofof 3} (Lee, Noh and Bathe, 2007).
A S (benchmark test setyS TF3F 53 112isle] -

deolok gt o= ofd 4 et ST FES L 6.8 B

A= A FEEANA T FEALS Bltal sl gE

TES e TREAC YElds 2L 43S Hol:= A v gollx A miel 2ol A FEEe fieasiie
2 oh)7] WEoltk I8 79 GaussianDZEo] Tl IZwo) [ olslislr] siie A B B4 Aw, 435t
= WolF 9} 29 5 4 fessidel] ek olsizt FAlel AlAF i
o AOAE] 28 A= Sl o] Folxjof gt} & =RelAE o] A7 FiE

VoI el 4 TERe] FAP) gl wel et o B olsle} ole] Nz olg 1Moz wAlE U

— 288 — Kig T ARB G E



i QEAE AT F8 ATES EUE sl a1l
1) 01*“401 d fratase] Jdv) A fikase] 45t
& AN

lé wEolXe A A st} JAAT, U]
HAE, ERAAE o2 troixs A TR A2
A&l High 7IREAS olgst O HIATE FAHCE &
ohfi= WS dobEgith E=F fAu B ERAE] A
A ehde 4 fRese] IR T sl we

FEFLE Bl nFent UW“LE oPFERl A
Frahe] 20 RG] Aofshe WS dopsia 4
fFaie] As/hius zﬂ%}%lv}

A 780 FeEd HoATe Ao I AsE
ofelish=tl] Sjarfos A TS AAlske Tleht @
faasiie Ayshe A7Akse] sl dolor & v
F F83 FRoth AP8ANS olgsle d TE=S ¢
Asprlel 9 TR Harlsd ok e A f
o] Al 3t ofsls BEoltt. FHA ©f
aie] wigo] o1& wf A Wik A {80 sfdo] o]
Fold 5 2lor A 7RI fR8AsNE B Lo
R Aas Aol oleld = ek

INEE

=5 9o B =79 e 7IEdES Bk 4
o= %2 7L_ 1S 41 MIT(Massachusetts Institute

of Technology)2] Klaus-Jirgen Bathe =23} KAIST(F

Ty HAAT WA 2 A=Y YTH
D23
AR (2002) BEIAY. H T w3z y X,

Ahmad, S., Trons, B.M., and Zienkiewicz, O.C. (1970) Analysis of
thick and thin shell structures by curved finite elements. /nter-
national Journal for Numerical Methods and Engineering, Vol.
2, pp. 419-451.

Bathe, KJ. (1996) Finite Element Procedures. Prentice Hall: New
Jersey.

Bathe, K.J., Chapelle, D., and Lee, P.S. (2003) A shell problem
‘highly sensitive’ to thickness changes. International Journal for
Numerical Methods and Engineering, Vol. 57, pp. 1039-1052.

Bathe, K.J. and Dvorkin, EN. (1989) A formulation of general

E274 E3AME - 20074F S5H

shell elements - the use of mixed interpolation of tensorial
components. International Journal for Numerical Methods and
Engineering, Vol. 22, pp. 697-722.

Bathe, K.J., Tosilevich, A., and Chapelle, D. (2000a) An evaluation
of the MITC shell elements. Computers & Structures, Vol. 75,
pp. 1-30.

Bathe, K.J., Iosilevich, A., and Chapelle, D. (2000b) An inf-sup test
for shell finite elements. Computers & Structures, Vol. 75, pp.
439-456.

Bathe, K.J., Lee, P.S., and Hiller, J.F. (2003) Towards improving the
MITC9 shell element. Computers & Structures, Vol. 81, pp.
477-489.

Chapelle, D. and Bathe, K.J. (1998) Fundamental considerations for
the finite element analysis of shell structures. Computers &
Structures, Vol. 66, pp. 19-36, pp. 711-712.

Chapelle, D. and Bathe, K.J. (2003) The finite element analysis of
shells? fundamentals. Berlin:Springer-Verlag.

Choi, C.K., Lee, P.S., and Park, Y.M. (1999) Defect-free 4-node flat
shell element: NMS-4F element. Structural Engineering and
Mechanics, Vol. 8, pp. 207-231.

Hiller, J.F. and Bathe, K.J. (2003) Measuring convergence of mixed
finite element discretizations: an application to shell structures.
Computers & Structures, Vol. 81, pp. 639-654.

Lee, P.S. and Bathe, K.J. (2002) On the asymptotic behavior of
shell structures and the evaluation in finite element solutions.
Computers & Structures, Vol. 80, pp. 235-255.

Lee, P.S. and Bathe, K.J. (2004) Development of MITC isotropic
triangular shell finite elements. Computers & Structures, Vol.
82, pp. 945-962.

Lee, P.S. and Bathe, K.J. (2005) Insight into finite element shell
discretizations by use of the basic shell mathematical model.
Computers & Structures, Vol. 83, pp. 69-90.

Lee, P.S. Noh, H.C., and Bathe, K.J. (2007) Insight into 3-node tri-
angular shell finite elements: the effects of element isotropy
and mesh patterns. Computers & Structures, Vol. 85, pp. 404-
418.

Lovadina, C. (2001) Energy estimates for linear elastic shells. Com-
putational Fluid and Solid Mechanics (Bathe KJ ed.), pp. 330-
331, Elsevier Science.

MacNeal, R.H. and Harder, R.L. (1985) A proposed standard set of
problems to test finite element accuracy. Finite Element in
Analysis and Design, Vol. 1, pp. 3-20.

Noh, H.C. (2006) Nonlinear behavior and ultimate load bearing
capacity of reinforced concrete natural draught cooling tower
shell. Engineering Structures, Vol. 28, pp. 399-410.

(A=Y 2006.7.18/441: 2007.1.16/AA KR Y 2007.3.27)

- 289 -



