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History of Finite Element Method

« Matrix Algebra, 1858, invented by Cayley... also by Grassmann
« Matrix Structural Analysis, 1930 (World war [), by Collar ad Duncan

 First electronic commercial computer (UNIVAC 1), 1951




Delta Wing Challenge, early 1950s, by Turner & Clough

- "Finite element" was first named.

Energy theorems and structural analysis: Basic concepts of FEM, early 1950s, by JH Argyris
First book on FEM, 1967, by Zienkiewicz

Mathematical foundation, 1973, by Strang > generalized and applied to various

engineering fields
Most commercial FEM software were originated in the 1970s

- ABAQUS, ADINA, ANSYS ......



What is Finite Element Method?

» Physical problems in engineering and applied science
« Mathematical model (PDE, Partial Differential Equations)

« Simple problems > Exact closed-form solutions

« Most real-world problems: Very Complex (geometry, properties, boundary conditions)
» Exact solutions cannot be obtained.

« Approximate solutions are necessary!



* Finite Element Method (FEM)

v One of approximate solution techniques. (actually, most successful in solid mechanics

and structural engineering)

v" One of numerical solution methods (ex. FDM, FVM, BEM.....)

 FEM can easily handle very complex geometry (key to success), boundary conditions,

linear/nonlinear and static/dynamic problems.

« "Commercialized”



Applications of FEM

« Stress and thermal analyses of industrial parts such as electronic chips, electric devices,

valves, pipes, pressure vessels, automotive engines and aircraft
« Seismic analysis of dams, power plants, cities and high-rise buildings
« Crash analysis of cars, trains, ships and aircraft

« Fluid flow analysis of coolant ponds, pollutants and contaminants, and air in ventilation

systems
« Electromagnetic analysis of antennas, transistors and aircraft signature

« Analysis of surgical procedures such as plastic surgery, jaw reconstruction, correction of

scoliosis and many others

 Fluid-structure interactions of wind turbines, floating structures, and many complicated

mechanical systems



1. Tensors and Solid Mechanics

Vector, Matrix and Tensor

« Scalar « : A physical quantity that can be completely described by a real number.

(Ex) length, temperature, ...

« Vector a : A physical quantity that can be completely described by an array of numbers.

(Ex) force, velocity, moment, ...

 Matrix A : A physical quantity that can be completely described by an array of ordered

numbers.
(Ex) stress, strain, curvature, ...
What is Tensor? - “Generalized quantity”

Tensor = Scalar U Vector U Matrix U more ... etc
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(1) Vector algebra

e (Cartesian coordinate system)
|

Geometric vector in 3D (position vector)

X =Xe, + X8, +Xe, with e,e,e, : base vectors of the Cartesian coordinate system

Note that the geometric representation of x depends completely on the coordinate system

chosen.
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In general, the geometric vector is given by components and base vectors
3
X = éxiqi 2 X=X, + X0, + X0,
Summation convention (Einstein convention)
3
X =2.%0; = X0
i=1

Tensorial representation of a vector
X = Xd;

In the Cartesian coordinate system given,

12



Vector sum
c=a+b — c.=a +h

Scalar multiplication

b =aa

b=caa —
Dot product
a=a-b=ab +ab,+ab, —

Cross product

c=axb=(ab, —ab,)e, +(ab, —ab;)e, +(ab, —a,b )e, —

& Is "permutation symbol” defined as &, =1 1

13

C. = gijkajbk

0 fori=j, j=k or k=i
for 1, j,k €{(1,2,3),(2,3,1),(3,1,2)}
-1 for i, j,ke{(3,2),3,21),(2,1,3)}



(2) Matrix algebra

A set of linear equations
3X, +3X, — X, =1
2X, + TX, + 3%, =-3
X, — X, =X, =4

In matrix form,
3 3 -1ix 1
2 7 3| X |=
1 -1 -1[x,| |4

Ax=Db

In 3D geometry,

Aziiaij(ei ®e;)=23;(e; ®e;) (a

i=1 j=1

: Components of matrix A)
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(Note) ®: Tensor product

1 0 1 O
e,®e, =0 [0 1 O]: 0 0O
0 O 0 O
A=a,(e, ®e)+a,(e,®e,)+-eeee-- +a,,(e,®e,)
1 0 O O 1 O
:all 0O 0 O +a12 O O O|+--veeeeeenn _|_a33
O 0O O 0O
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Matrix sum

C=A+B— C; :aij+bij

Scalar multiplication
B=aA — Db =ag
Matrix multiplication

A=BC — aijzbikckj

ldentity matrix

]

1
I=|0
0

o O

A set of linear equations

0
O — 5 =
1

(Kronecker delta)
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Review of Solid Mechanics

(1) Deformation and strain

€

X =X (X, X,,X;)
X, =X, (X, X,, X;)
X, = X5 (X, X5, X5)

Initial

o dX

17

Current

N
\dx

X+u=x

u=x—X



Let us consider material vectors dX and dx in the initial and current configurations.

dX, dx,
dX=|dX, |, dx=|dx,
dX, dx,

Then, the following relation is given

dx = FdX,

in which F is “"deformation tensor” (deformation gradient).

oXx, OX, 0OX

oX, 0X, 0OX,

F:ﬁ(ei(@ej): oX, OX, OX,
oX oX, 0X, 0OX,
OXg  OX;  OXg
| OX, 0OX, OX,

18



Strain is the geometrical measure of deformation representing the “relative displacements”

between material points.

Green-Lagrange strain tensor

1 Ell E12 El3
E=§(FTF—I)= E,, E, E,
E31 E32 E33

When deformation is “small”, the small strain tensor ¢ is defined as

o Low A, Lo o,
OX, 20X, OX 20X OX

o =t My | Tou oy, Lo, o,
2 0x; 0OX 2 0%  OX, OX, 20X, OX,

|2 0% OX; 20X, OX OXq |
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(2) Momentum balance and stress
( Newton's law )

F=ma

T:Tij(ei®ej): Tor Ty Ty

Ty1 T3 Tg3

v

( Momentum balance )

Linear momentum : mv

Angular momentum : xxmv

(Cauchy stress tensor)

20



(a) Traction
=T or Tn=T

(b) Local equilibrium

r,,;+f2=0 or div(t)+f®=0
88711 n 0ty n 0ty n le -0
X, OX, 0OX,
88721 + 0Ty + 0Ty + =0
X, OX, OX
0Ty N 07, N 07T, F P =0

oX,  OX, OX,

21




(3) Elasticity and material law
t=7(e) or ¢e=¢g(1)

For linear 3D elastic material:  t=C:e > 7, =Cy&, with C,,: 4™ order tensor

Isotropic linear elastic material

c
e “Linear”
» “FElastic”: loading path = unloading path

r; = A 0; +2Gg; with Lame’s constants 2 and G

22



(4) Governing equations

« Equilibrium in V and on S,
. +f%=0 in V (Local equilibrium)

1], I

r;n, = f° on S (Force BC)

« Compatibility
u=0 on S, (Displacement BC)

« Material law (stress-strain law)

Ty =T (€a)

23
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2. Matrix Structural Analysis

Hooke’s law

Free
Single DOF spring system: Jm\‘—' F
-

Fixed

liforce
ku=F
| |

stiffness of spring displacement

Degrees of freedom (DOFs):

DOFs are the set of independent variables to describe a system. In mechanics, DOFs are the

set of independent displacements and/or rotations.

24



A spring with free boundary

OO0

U

k., k F
{ . 12}{%}:{ 1} : 2 DOFs system
kZl k22 u2 F2

Stiffness matrix 4,

Force vector

Displacement
vector

KU =F ; “Equilibrium egn of a spring”

25



Let us find the stiffness matrix K of the single spring.

FBD 1 FBD 2

f — —p P +— — B
L’Ul L’uz

P :internal force ( tension +, compression - )
FBD : free body diagram

Equilibrium
F,+P=0 forFBD 1
—P+F, =0 for FBD 2 -> . FKF=-P, FLb,=P

Stretch kinematics

u, —u, = Au

26



Hooke's law

A set of 2 linear equations
—k(u,—u,)=F
k(u,-u)=F,

In matrix form

N

:{ } ; symmetric K= K'
FZ

27



Two spring system - I (Parallel connection)

Rl m R2
k2
0900 000
Free body diagram
ul(l) ugl)

28
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Compatibility of displacement

Equilibrium of force

29

-+ (eq. 2.1)

2 _>R
(2)
2
_ 000
... (eq. 2.2)



Stiffness matrices of each springs

ufl) Fl(l) )
2 |1=| _, | forspring 1

_k2 U£2) B F]_(Z) f ) 2
)|y = e or spring

30

... (eq. 2.3)



Applying the compatibility and equilibrium
I(1 _kl U1 n kz _kz U1 . R1
_kl k1 Uz _kz kz Uz B Rz

Finally ki+k, -k -k ||U | [R
—k -k, k+k, [[U,| |R,

| Symmetric : K = I(-r

31



Two spring system - II (Serial connection)

Ul R U2 U3

- ), -
r— —000000 — —000000 *— — =,

k, k,
000 000 000
Free body diagram
1 1 2 2
) L u? ul?
—2,
R ——» <—F]'(1)—> —»]72(1)4— -« F;(ZLr — F2(2)<— — R,
k k,

32



Compatibility of displacement

Equilibrium of force

A set of linear equations

K, -k ofu,] |R”

&,k 0[U,|=|FY
o o0 olfju,| |o

0o 0 o7]u] | 0]
(

N

U
0 k, —k,|U,|=|FR?
U, F

for spring 1

for spring 2

|:(1) n |:(2)

33

9
Finally,
I(1 _kl
-k, Kk, +K,
0 —k2

Fl(l) (0 | R,
FY |+ F? |=| R,
0 FZ(Z) R,

0 ||U, R,

-k, [|U, =R,

K, J[U, R,

Symmetric & Singular



When U, =0,R, =0, R, =10

U, o
e e
— 000000 — —000000 — — & =10
k, k,
R 000 _ 000
:r_k_l““_—_];] _____ ollrol T R 1_ _i —> The first row gives the reaction R =—kU,

—k, {k+k, —k, U, [=] 0| k+k, —k, |[U, 0 U [k+k, —k 0
I : 9 = 9 =
01 —k k, |LU; R, | —k, k, LU, R, U, —k, k, R,

In this study, we found that the equilibrium of the entire system can be obtained from assembly

of the equilibrium eqgns of individual springs.
34



Direct stiffness method

k,
k, F,

s
F’ Ul’ 1 }_' UZ’RZ T U35R3

bk, +ky k) ~k,) U, R — T i
—k3 +k3+[k4] —[k4] U, |=| R, N |: | TR, Ry Thy TRy }[ 1}:{ 1}
“* W ko] (R b hrhrk U] LA

35



3. Principle of Virtual Work (PVW)

(undeformed volume)

External surface
S,: Displacement boundary

u

S;: Force boundary

s=s,USs,, S,NS, =0

36



f*=|f;|: Surface force [force/unit area]

f°=| 7 |: Body force [force/unit volume]

u=|u,|: Displacement vector

T Tz Tg
T = T,, T, | : Cauchy stress tensor [force/unit deformed area]
sym Tan

37



The solutions should satisfy:
(1) Equilibrium in V and on S,
(eq. 3.1)

r+ =0 in V

rn = f° on S,

u =0 on S

(3) Stress—strain law

Ty =7 (&)

38

Small strain tensor, £ =

1

2

|

Y

OX.

]

OX.

|



ou

ou.: virtual displacement & “zero on S, arbitrary otherwise, but continuous”

(1) Multiplying ou, to the equilibrium equation (eq. 3.1)
(75, + £.°)ou; =0
(2) Integration w.r.t the total volume V (=V, when displacement is small)

. + f%)Su. dVv =0
J-V( ij, i ) i

J

39



(3) Integration by parts

[ @y 00+ f2su)dv =0 € 7, ;6u,=(7;6U,) 76U,

1

K Iv(z-ijéui),j o _IV (70U, )dv +.[v( fi%5u,)dv =0 (eq. 3.2)

(4) Divergence theorem and small virtual strain

(a) Divergence theorem is used for the first term of (eq. 3.2)

[, (zy0u,) AV = | (z;0u,)nds & s=s,Us,
= .S ( 7 J)5udS+ u.ds < Thy = fis on S; and o6u =0 on S,
= |, f*ou,ds

40



(b) Small virtual strain is defined for the second term of (eq. 3.2)
[, (7504, ;)av :%L 7, (Su,; +ou)dv € %(5% +4U,; )= s, virtual strain tensor (sym.)

= IV Tijégijdv

(5) Substituting the results of (a) and (b) into (eq. 3.2), PVW is obtained

[ (e OV = ] (10 )V + ] (10 )

(Real terms: z;, f°, f° €= Virtual terms: éu;, )

 So called "weak form”

* “Internal virtual work” (LHS) is the same as “external virtual work” (RHS).

41



« Each term of PVW produces “scalar value” (scalar equation).

PVW for linear elastic materials

]

[ (708, )av = (fou)dv + Sf(fiséui)ds & 7,=Cysq

[ 05,ChgqdV = | f°5u,dv +  frouds

42



Solution procedure with strong form

Solution procedure with weak form

Find the solution which satisfies:
(1) Equilibrium in V and on S,
(2) Compatibility

(3) Stress—Strain law

Find U such that

"Principle of virtual work” is satisfied for all

possible ou

43




4. Finite Element Formulation

PVW: | zy05,dV = [ fPsudv +[ f°suds

Let us assume

@ Small displacement: V, =V

@ Linear elastic material: 7, =C,, &,

44



In the finite element formulation,

T &
Ty €9
T33 €33
T - 1 8 = !
T1o V12
T3 V23
| 731 | Va1

Material Law: T =Cg

PVW in vector/matrix form:

jv 5g"CedV = jv SuTfedV + Lf SuTfsdS

45



Finite Element Discretization

Node j

element m

(m) . ~ (m)
e, V™ Volume of element m, V ~;V

Let us assume that S, =S and S,=¢ > "PVW still works.”
U

Nodal displacement at node j > |U.,
U

i+2

46



Nodal displacement vector (nodal DOFs vector),

U= '/, N : number of the total DOFs

Pyw: [, 8&™ CMedv ™ Z Ly OU™ R v<m>+z Jo. o Susm gsmgg ™.

where S{™...S!™ are surfaces of “element m” on boundary.

47



Displacement Interpolations

u™ =H™U (interpolation of displacement)
su™ =H™sU (interpolation of virtual displacement)
where
u™ : displacement field of element m
su™ : virtual displacement field of element m
U  : nodal displacement vector
sU :virtual nodal displacement vector

H™ : displacement interpolation matrix for element m

(Note) The same interpolation is used for real and virtual displacements.

> “symmetric stiffness matrix”

48



From the strain-displacement relation,

¢ 1 %+% > (M _ gmyy
2l ox, o
Og; = 1) oou | oou, - og™ =B™sU
2 e, o
¢™ - strain field of element m

o™ - virtual strain field of element m

B™ : strain interpolation matrix for element m

Using the displacement and strain interpolations in PVW, the following equation is obtained

5UT |:Zjv(m) B(m)TC(m)B(m)dV (m) } U= 5UT |:ZJ‘V(m) H(m)Tf B(m)dv (m) + Zj‘s(m)ms(m) Hgm)TfS(m)dS(m)j|

(eq. 3.1)

49



Substituting sU=[10 --- 0]' (8U, =1, others =0) into (eq. 3.1), we obtain a linear equation
KU, + KU, +---+K, U, =R,

Substituting sU=[010 --- 0]' (8U, =1, others =0) into (eq. 3.1), we obtain another equation
KU, +K,U, +---+ K, U, =R,

We can do this task N times.

This process to apply “virtual displacement vectors” is the same to

V|:Zjv(m) B(m)TC(m)B(m)dV(m) :| U= J/|:Zjv(m) H(m)Tf BMyy M 4+ Zj‘s(m)ms(m) Hgm)TfS(m)dS(m):|

50



Finally, we obtain a set of N linear equations. > “static equilibrium equations”

KU=R |

where K=Y K™ with K™ =[ B™cMB™Mdv®

Ry =Y R with RYY = [ HM Femgy ™
R=R, +R, z

Ry =Y R™ with R™ = |

Sl(m)~~~Sém)

H (m)Tfs(m)dS(m)
S

m

K : Stiffness matrix
U: Nodal displacement vector

R: Nodal force vector

51



Dynamic Equilibrium Equations (Equations of motion)

v
c:

pu

Inertia force

o/

RBM :j H (M § B gy/ (M
v (m

FB(M _ §B(M (_pu(m)) — u™m_H™yY and ™ =HM™

(m)

RE(M _ H (™" F B g/ (M) _[
\

V(m)

H(m)Tp(m)H(m)dV (m) ] 0

H(m)T p(m)H(m)dV(m)

KU=R-MU with "mass matrix" M= M™, M™ = o

MU+ KU=R

52



Imposition of Zero-Displacement BC

Note that K is singular because S, =¢ is assumed.

The displacement BC is imposed by simply getting rid of the columns corresponding to zero-
displacements (U, =0) and the rows corresponding to zero-virtual displacements (6U, =0) in
the stiffness matrix K.

Ex) When U, =U, =0,

| Ky Kp ktw kt14 Kis | _Ul 1| R, |
Ko Kai Hu Kygl|U, R, Ki Kp Kg U, R,
K Ko Ke (U =R > K Ky ||U, |=| R,
Sym KoK= 19 R; sym. Ke || Us R.

L Kes J|Us | [ Rs ]

Then, K., Is reduced to KNXN (N =N—(# of prescribed DOFs)) and the displacement and
force vectors are also reduced into U and R. Finally, we get KU = R.When the displacement

BC is properly applied, the equilibrium equation can be solved.
53



Imposition of General Displacement BC

In general, if U, =U, is specified, we have
ﬁk = KkkUI:l
R=R-KU;, K =K,=0  with i=12,--- k—=Lk+1---,n (i =k).

This procedure is repeated for every specified displacement.

Ex) When U, =U; is specified,

Ku Kp Ky Ky Ky ||U; R, Ky, K Kiu K || U, R,
Ky Ky Ky Ky Ky ||U; R, Ka Ky Ka Ko || U, R,
KR KK e =R K 0 0K~ 0 01U, = K0,
Ko Ko K Ky K ||Uy R, Ku K K K [|U, R,
K Kg K Ky Ky [[Us | [R] | Key K, Kes Ko ]|Us] | Ry |

Then, K, is modified to K, and the displacement and force vectors are also modified

into U and R. Finally, we get KU =R.
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Properties of Stiffness Matrix

@ The i column of K represents the forces needed at the nodes to impose the unit

displacement corresponding to the it" displacement DOF (U, =1) and keep all other DOFs
equal to zero (U, =0, i = j).
@K is a symmetric matrix, i.e. K' =K or K, =K.
"Betti’s reciprocal theorem” and “Maxwell's theorem”
® KU=R
External work :%UTR =%UTKU >0 (strain energy stored)
When U =0 or U is the displacement vector corresponding to rigid body motions,
%UTKU =0.

When U =0, %DTKD >0 forall U. > K: “positive definite” matrix
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FE Solution Procedure

Principal unknown: U

Step 1) Geometry, material properties, applied load and displacement BC are given.

- Construct “FE model”.

FE model has information on

nodal positions

element connectivity (a set of
—> nodes to construct the element)

material properties (g, v)

BCs (force & displacement) are

only applied at nodes
FE model

Step 2) Calculate K™ and R™ of each finite element (element matrix)

56



Step 3) Assemble K and R (total matrix).

K=>K™, R=>»R™

Step 4) Apply the displacement BC.

~

K - K

Step 5) Solve the linear system.

KU=R > U=K'™R = U is found.

Step 6) Calculate solutions
- Displacement field of element m: u™ =H™U
- Strain field of element m: ¢™ =B™U

- Stress field of element m: ™ =cMg™ — cMBMy

57



Example — 1D bar problem

A =1cm?

% :
\
1
1
B :
f*— |
]
!
d »
o >

100cm 80cm

f®=f,N/cm®> f°=0.1f,N/cm’

FE model

Al D9 @ 1o u,

58



Element (1)

@) 1) (1)
u® U900 | u _
U, U,
» 1
§ x Q) 3 uy Y,
Node 1 Node 2 Local DOFs  Global DOFs
X (locally defined coordinate)
X X
u(x)=|1-— [u? + —uf’
100 100
Ul

)
u
uakx):[y_;ﬁ_ ;ﬁ} ) :[1__5_ x O}Lb Y
100 100 ]| uf’ 100 100 U

fL[L L} [i 1 o} U, |=B®U
Y B 100 100 || u 100 100 UZ
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Element (2)

Node 1

U (x) = 1- = u@ + 2@
(x) 20 1" Taot

2)
u®(x :[1—i i} . :[O
¥=11"%0 50 ]u

g :_au(Z) :[_i i} .
X 80 80| ul?

u'?
uPe— U,
(2)|¢ U
u l
Node 2 2 3
Local DOFs Global DOFs
Ul
X X
-— —||U, |=H®U
80 80
3
Ul

_lo -1 L U, |=B%U
80 80

60



Stiffness matrix

Ul
KU=R with U=|U,
U3

2

K = ZK(m) — KWL K®

m=1
- [ ,BY EBYdv +[ ,B® EB®dv®
v v (2
e o
100 0
2
K= ["1x| = E[—i L o}dx+j8°(1+ij L E{O ERNE R
o 77| 100 100 100 o " 40) | 80 80 80
0 L
L 80 _
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13E o0
— 0
240

0 -1

0 24 24

1|=E | 24 154
240

0 -13
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Direct stiffness method

S
K(1>=r°° 100 g1 1 ,_E
o 77| 1 |7[ 100 100] 100
| 100 _
-
oL
K<2>_j8°(1+ij «| 80 E{—i i}
o (""20) 7| 1 || 80 80
| 80
. . i
= = 0
100 100 ’4
< | E E 18 -13| E| .,
100 100 240 240 | 240|
138 13E
I 240 240 |

1

-1
-1 1

13| 1

-1
240/ -1 1

—2.4
15.4
-13

0
-13
13
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Load vector
R=R, +R,

R, => Ry with RY” :.'V(m)H(m)Tf(m)dV(m)

m

m : m _ [ (MTgS(m)yg(m)
R, =R with R{ = [ HITMds

m

_X
100 170 [1s0
100 X 80 X X
X
- O - %

64



R=R, +R, =

24 24
E —2.4 154
240

-13

Equilibrium equation

0 [u,
~13|| U,
13 || U,

50,
621,

% f, +100f;

65

(Surface force)

(KU =R, K is singular.)



Imposition of displacement BC

U,=0 (and oU,=0)

E [154 -13[U, 621, N
_— =| 68 (KU=R)
240| -13 13 ||U,| | =f,+100f,
3
Ul
Nodal displacement vector is found: U =| U,
U3

- Displacement field: u™ =H™U

- Strain field: & =B™U

-> Stress field: 7\ = EB™U

66



Mass matrix for dynamic analysis

2
M :ZJ.V(m)H

m=1

M= 1

200
M=2
6

sym.

T(m)p(m)H(m) dv (m)
o X

100

X [1_L X
100 |°|*" 100 100
O -

100 0

584 336

1024

O} dx + _[080[
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Example — 2D plane stress problem

\L \L J/ q=0.5N/cm?

2cm

4cm

P=07N

Y

4cm

Thickness =1, E : Young's modulus, v : Poisson’s ratio

Plane stress condition

E 1 |4 O _Txx_ _gxx_
1‘=1_V2 v 1 0 |¢ with t=|7 |, e=|¢,
0 o 1=V Ty | Yy |
i 2
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Finite element model

U, U, U
|>| U, U, U,
—> *—>
©), ® ©),
(2) (4)
u, § Uy \ U
|> U, ‘_,Ug ‘_>U15
@) ®
(@) 3)
U, U, U, |
U, U, U,
[>04 *~—> *~—>
@ @

Number of nodes : 9

Number of elements : 4

Number of total DOFs : 18 (9x2)

Displacement BC : U, =U,=U,=U,=U,=U, =0.

69




Element stiffness matrices, K™

Us U, Véz) V1(2)
‘ U, U, uéz) u1(2)
® ® @

(2) (2)
U Uy, v® v
4 3 4
U, U, u;2) 1 u§2)
@ ®
<Global DOFs> <Local DOFs>

u® : Nodal displacement vector of element (2)
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(-1) @ o (L1
» X
Local coordinate
system
-1-1) @ e (L-1)

Displacement interpolation:

u®(x,y)
u(x,y) = {V(Z)(X’ y)}

u®(x,y) = a, + X +a,y + aXxy

U@ 1) =u?, u?-=11)=u?, u®1-1)=u?, u?@1-1)=u?
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4
u@(x,y) =D h (YU =h (x, y)u? +h, (x, y)us? +hy(x, y)us? +h, (x, y)us?

with “shape functions”

1 1 1 1
hl=z(1+X)(1+ y), h2=z(1—x)(1+ y), hszz(l—x)(l—y), h4=Z(1+X)(1_y)

(Note) h =1 at node i, and h =0 at other nodes.

4
@ _ ) _ py®@ (2) (2) (2)
v =3 h(x, YV = hyvi? + hv? +hvi? + hyy,
i
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lJ(Z)
V(2)

£ _

XX

[h h, hy h, 0 0 0 O
|0 0 0 0 h h h h
ou®” [oh oh, oh, oh, 0 0
OX OX OX OX OX

u?

(2)
u2

ud?
2)
u
é) _HOL®@
Vl
v

(2)
V3

v

0 O}uﬂ)

€§§)=8V(2) oo oo M o o dh| o

oy gy oy oy oy
7(2)=8v(2)+au(2) _|oh oh, oh, oh, oh oh, oh oh,
Yoooox o oy oy oy oy oy OXx Ox OX  OX
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oh, ah, oh, oh,

- u1(2)

0 0 0 0
e OX OX OX OX
@ _| @ |_| g 0 0 0 oh, oh, oh, oh,
y{é) oy oy oy oy
Y oh oh, oh, oh, oh oh, oh, oh,
oy oy oy oy oOx oOX oOX OX

ul®

)
Vl

(2)
_V4 i

_B@y®@

1 1
K® _ I\/(Z) BATCORB®@ gy @ :tLLB(zﬁ (x, Y)C@B®@ (x, y)dxdy

1 v 0
with C(Z)z%v 1 0
0 0 17V
i 2 ]

K® KD —k® — k®
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Stiffness matrix, K : KY, K@ K® K®_ K

®8)  (8x8)  (88) (8x8) (18+18)

UfZ) uéZ)
@K@ K
5u1 Kll KlZ

(2) — 57112 (2) (2)
sts - 5“2 K21 K22

U1 Uz Us U11 U18
ouU, | |
ouU, | |
: | |
K =
e 5U11 - - - Kl(zz) - K1(12) o
: | |
5U18_ | |
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Load vector: R

RUZ y RV1
4 A
Ru2 Rul
y=1- @ ®
» X
(4)
@ L J

R=R, +R,

R, => Ry with R{” = [ H™Tf™dy ™

v (m)

(m)

R, =Y R™ with R{" =

.Sf

H (MT£5m 4g (M)
S

f* =-0.5e,
RV
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Lo _[Mhoh hyoho 0 0 0 0 Xyt
0 0 0 0 h h h h

[a+x/2 @-x)/2 0 0 0 0 00
|0 0 0 0 (1+x)/2 (1-x)/2 0 0

£504) _ 0
-0.5
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R _RW -

S )5,

HTEOds® = 1x [ HOTFOdx =

U, Uy, UlSI_)
[: ’ U, L—,Ull U,
® ® ®
(2) (4)
u, Uy, \ U
U, HUQ I_>U15
@ ®
@) 3
U, U, U,
U, U, U,
D—\ *—> *—>
@, @ @

va y vl
A
Ruz Ru]
y=1- @—> >
» X
(4)
@



-0.5 |« R,
0.7 |« R

| —0.5 |« R,
We obtain the equilibrium equation.

KU=R

Imposition of displacement BC
Displacement BC: U, =U,=U,=U,=U,=U =0
KU=R
12x12
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Strain and stress

(M _ gm,m

™M = cmgmyym
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Consideration of a point load

RvZ y Rl]
A
Ru2 Rul
y=1->@ ®
» X
(4)
o ®

0
£54 — with Dirac's delta function &
—Po(x—a)

o(X)=+0 at x=0 and &(x)=0at x=0

[T o(dx=1, [ f)s(x—a)dx=f(a)
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4 _p® _ (HT£S(4) 44
R _RS_LwHSf ds

=1x jllH(:)TfSM)dX =1x

“(L+a)/2
(l-a)/2
0

o O O o O

82




5. FE solutions and Convergence

Global equilibrium at nodes

The internal forces acting at nodes are in equilibrium with the external forces.

Ex) f f T
’ { XF. =0
@ | @ A | 2hETP
(1) (3) s NS \M > F =0
Y F, =0
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Let us consider the internal forces of element m

¥2 '

F
> F

(m)

e

F”=[F, F, F, F, F, F, F, F,I';the vector of element nodal point forces

x2 x3 x4 yl y2 y3

PVW is satisfied in element m
Lo (Ge0) 00V = SUFY > s, (B7) TV = s F
F(m) :J‘ (B(m))T T(m)dv(m)
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Z F(m) — Zj-vm (B<m>)T T(m)dV (m) é T(m) — C(m)B(m)U

— ;va (B(m))T C™mB™Mdy ™ :IU

=KU =R
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Global equilibrium in each element

Each element is in equilibrium under its element forces, F™.

E, F,
F
I > I—» F
>F =0
F =0
(m) 5
F F:,4 ZMZ = 0
A F\__‘ A
o—> *—> F,

F(m) :J' (B(m))T T(m)dv(m)

SUTF™ = Ul [, (B™) T™dV ™

where ou, is a virtual nodal displacement vector corresponding to “rigid body motion.”
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Rigid body motions in 2D: two translations and one rotation

Su,=[l 1. 1. 1.0 0 0 0]

Su,=[0 0 0 0 1 1 1 1]

==\

su,=[-1 -1111 -1 -1 1]
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5“2F(“1) = 5“;{ -[yw) (BU”J )'f' T(m)dV(,.“)
= J‘yw) (B(rn)é‘uk )'I'T(m)dV(m]

—— g =0 : Virtual strain in rigid body motions

R

SUIF™ =0 > Su F"=YF =0, SuF”=3F =0, Su F"=YM, =0

Ex) su,=6u, > ou,F"=F +F,+F,+F,6=0

To satisfy this property, rigid body motions should be contained in the element displacement
interpolation. That is, the displacement interpolation function should represent rigid body

motions.

88



= i(l +x)(1+y)

1
h=—1-x)1+y) u=>hu,
4 g ,
1 v=>hv
=, (1=)(1-) ,.
b=+~

Let us assume u. = A (rigid body translation in the x-direction)

U=YhA=AYh=A > >h-=1

_au
= = A=AY =0 > Y =0 Y=
“o - OX Zax Z Zax Zay

- “Basic requirements for shape functions”
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P @ Compatibility

@ Stress-strain law

> are satisfied exactly.

:2;:@ ® Global equilibrium at nodes and in each
) element is satisfied.
%:(-D @ Equilibrium on differential level is not
y satisfied.

ku: displacement field
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As we take a finer and finer mesh, the stress/strain discontinuity becomes smaller and smaller.

= =

ol nl Wl
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Principle of Virtual Work

PVW : [ s&’tdV = [ su't’av+[ su't°ds
V V S,
deg(u): virtual strain, t(u): exact stress (solution)
ou: virtual displacement, u: exact displacement (solution)

® Space of function

— Find ue¥ such that jV5a”'rdV:jV5u”‘f’de+L Su’f’ds for YoueV

= Find we¥ such that a(u,v)=(f,v) for VveV

@ Linear form

@ Bilinear form

@ Linear form (f,-)
- Linear form is linear in the second term.

- Linearity : (f,7,v, +7,V,)=7(f.v)+7,(f.v,)
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@ Bilinear form a( -, -)
- Bilinear form is linear in the first and second terms including all derivatives, material law and
integration.
a(yu, +7,u,,v)=ya(u,v)+y,a(u,,v)

- Bilinearity :
a(u,7Vv, +7,v,)=na(u,v,)+y,a(u,v,)

® Solution space of function v

—

; V:{V|VEL2(VO|); —Svi
X.
J

e *(Vol),i,j=1,2,3; v, =0, i=1,2,3},

i=1

where L*(Vol) = {W |w is defined in Vol and |w

v = IVO.[i(Wi )ZjdVol < +oo}

- P (Vol) is the space of square integrable functions in the volume.
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Ellipticity
If a body is well supported (no rigid body motion is allowed),

2
!

Ja >0 such that a(w,w)>a|w vw eV,

h 2 3 2 3 oW, i
whnere ||W||l = J.Vol E (WI) dVol + vorl E 87 dvol .
i=1 i=1, j=1

j

- This is an important property of a( -, - ) and 3 denotes “There exists".

- a(w,w) is twice the strain energy stored in the body when the body is subjected to the displacement

field w(e\7).

- Strain energy is greater than zero for any w different from zero displacement.
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Convergence of FE Solutions

Let u, be the FE (approximated) solution obtained from the following procedure.

Find u, eV, such that a(u,,v,)=(f,v,) for vv, eV,,

. oV, ).
where V, ={vh |v, eL?(Vol); évh)' e’(Vol),i,j=12.3; (v,),|. =0, i:1,2,3}
X, u

V. is the function space of the FE solutions and V, V.
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(Note) Function space for the FE solutions V,

A set of functions that can be represented by FE basis functions.

Ex) Bar problem modeled by 3 elements

U, U, X U,

Ele. (1 Ele. (2) Ele. (3)

U (x) = (1—E)u2 +Eu3 —h (U, +h, (U,

i
U,

["T_‘- j 3

Ele. (1) Ele. (2) Ele. (3)
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When U, =1 and other nodal displacements = 0, a FE basis function H, is defined.

(8

hat function

Ele. (1) Ele. (2) Ele. (3)

Ele. (1) Ele. (2) Ele. (3)

Here, the function space of the FE solutions contains all the functions represented by

u=H,xXU,+H,(x)U, + H,(x)U, + H,(x)U,.
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Considering the FE solution u, and the exact solution u, we have the following important

properties.

Property 1.

Let the error e, between the exact solution u and the FE solution u, as e, =u-u,. Then, the

first property is a(e,,v,)=0 for vv, eV, . (orthogonality of error)

(Proof)

PVW: a(u,v)=(f,v)
a(u,v,)=(f,v,) because v, eV, cV (eg. 5.1)
a(u,,v,)=(f,v,) (eq. 5.2)
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Subtracting (eq. 5.2) from (eq. 5.1), a(u,v,)-a(u,,v,)=0.

Due to bilinearity, a(u-u,,v,)=0

Finally, a(e,,v,)=0 with e, =u-u,.

.. The error is "orthogonal in a(+,+)" toall v, in V,.
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Property 2.

The strain energy corresponding to the FE solution is always smaller than or equal to the strain

energy corresponding to the exact solution: a(u,,u,)<a(u,u).

(Proof) ///t.m)\

! I
! I
L
_ ! I
G(U,U)——a(uh—kehﬂyj+eh) i |
e
I
, T
p (
|

v

0
a(u,,u,)+2a(uxe,)+ale,.e,)

orthogonality
=a(u,,u,)+a(e,.e,) v, 7

a(e,.e,)>0 from ellipticity

. a(u,,u,)<a(u,u).
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From "Property 2", the following convergence directions are obtained.

FE solutions > Exact solutions
Energy E, < E
Displacement u, < u
Stiffness K, > K
Strain & Stress g, 1T < e, T
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Property 3.

The FE solution u, is chosen from all the possible displacement patterns v, in v, such that

the strain energy corresponding to the error (e, =u—u,) is the minimum:

a(e,.e,)<a(u-v,,u-v,) for vv, ev,.

(Proof)
Let us consider w, eV, .

a(e, +w,,e, +w,)=a(e,.e,)+a(w,w,) for vw, eV,.

Due to ellipticity a(w,,w,)>0,

a(e,.e,)<a(e,+w,,e,+w,)
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Let w, =u, —v, and then e, +w, =u-v,.
a(e,.e,)<a(u-v,,u-v,)

ﬁ(e."r‘e.fr ) $
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Principle of Minimum Potential Energy

A structure or body shall deform or displace to a position that minimizes the total potential

energy: (Total potential energy) = (Strain energy potential) — (Force potential).

_1 T T¢B TgS _1
H(u)—EIVs cst—UVu f dV+qu f dS}—Ea(u,u)—(f,u)

Then, the exact solution is given by

u=minII(w) for vweV.

The solution procedure for linear elastic problems is represented by

Find ueV such that 1I(u)<Ii(w) for vweV.
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Let w=u+v.
IT(u) <IT(w)

IT(w)-I1(u) >0

%a(u+v,u+v)—(f,u+v)—Ea(u,u)—(f,u)}20

a(u,v)—(f,v)+%a(v,v)2 0
. a(u,v)—(f,v)=0: PVW

The principle can be used to find the finite element solution u, .

Find u, eV, such that 1i(u,)<ri(w,) for vw, eV..
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Rate of Convergence

N x N mesh
f Eh
N = 4 A
A4 A4 v .
7 Exact strain energy £
7
y
y
7 s
7 |
y E
y |
y :
y :
7 | e
ij_’: : =i : : : N
| h | L ~ '_ ; » I
h= N=4 N=8  N=16 log% oel gk

log|E — E,|=logC + 2k logh
where E : FE strain energy, h: element size and k: order of convergence

E—E,|=Ch™: Rate of convergence

L» Constant depending on geometry, element, etc.
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Convergence for displacement gradients, strain and stress: He

\/I.i () )avol =Ch'

|:1

Convergence for displacements: e[, :\/jw(zgl(ei )z)dVoI =Ch“

In 2D quadrilateral elements,

Q4 Q9 Q16
° ° ° o ° ° ° ° °
° ° ° °
) ° )
° ° ° ®
° ° ° ° ° ° ° ° °

4-node element: k=1, 9-node element: k

2, 16-node element: k=3
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Pascal Triangle

Q9

Q4, T3: k=1
Q9, Te: k=2

Q16, T10: k=3

Q4 1
X y
: T3
X Xy yz
- : T6
x-—" x y xyz y}
x3y xzyz Xyl y4

with k: degree of complete polynomial
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0.5
-05 |-

p(8)/p, ©

-1

Fixed

L [ L
R KX N\ X
Wi e NS5
e IR\iAEee s
T T
Unlinaasnansansy Abiannpninass
- S T
T T
_ [ o e R I
N © N OV
D N

Fixed

-1

-1

-0.5

Example - Hyperboloid shell problem

Fixed

0 90

6

30
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log(relative error)

-2

-3

-4

-5

-7

-1.8-1.5-1.2-0.9 -0.6 -0.3

Fixed-fixed boundary

B8+ t/L=1/100
—A—4A- t/IL=1/1000
-©—6- t/L=1/10000

log(relative error)

-2

-3

-4

-5

-7

log(2h)

log(relative error)

-1.8-1.5-1.2-0.9-0.6 -0.3

log(2h)
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-7

-1.8-15-1.2-0.9 -0.6 -0.3
log(h)

log(relative error)

-7

-1.8-1.5-1.2-0.9-0.6 -0.3
log(h)



log(relative error)

Free-free boundary

-4

-5

-6

7

-1.8-1.5-1.2-09-0.6 -0.3

MITC3

B8+ t/L=1/100
—A—4A- t/IL=1/1000
-©—6- t/L=1/10000

log(relative error)

-2

-3

-4

-6

-7

log(2h)

log(relative errar)

-1.8-1.5-1.2-0.9-0.6 -0.3

log(2h)
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-1.8-15-1.2-09-0.6 -0.3

MITC6

log(relative error)

7 I

log(h)

-1.8-1.5-1.2-0.9 -0.6 -0.3
log(h)



log(relative error)

Fixed-free boundary

-2

-3

-4

5

-7

-1.8-1.5-1.2-09-0.6 -0.3

B8+ t/L=1/100
—A—4A- t/IL=1/1000
-©—6- t/L=1/10000

log(relative error)

-2

-3

-4

5

-7

log(relative error)

log(2h)

-1.8-1.5-1.2-0.9-0.6 -0.3

log(2h)
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-1.8-15-1.2-0.9-0.6 -0.3

log(relative error)

7 I R

log(h)

-1.8-1.5-1.2-0.9 -0.6 -0.3
log(h)



The convergence behavior depends on
- Problems: geometry, material properties, force and displacement BCs ...

- Finite elements used: element order (degree of complete polynomial), element

geometry (triangular elements, quadrilateral elements...) and so on.

- Meshes: regular meshes, irregular (distorted) meshes ...
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6. Isoparametric Finite Element Procedure

Let us consider a 2D 4-node element m

@ (x2, ¥2)
U1
Uy
@ (x1, y1)
® (x3, ¥3)
|
@ (x4, ya)

Interpolation of geometry

4 4
XM =>hx, y"=>hy, where x, and vy, are nodal coordinates.
i=1 i=1

Interpolation of displacements
4 4
u™ =>"hu;, v™=>"hyv,, where u, and v, are nodal displacements.
i=1 i=1
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The same interpolation functions (h,) are used for geometry and displacements.

Shape functions are defined in the natural coordinate system: h, =h (r,s)

S A
Q———@ -
Mapping
St e
- _1 ‘a x :fz;hl,.(r..s)xf
< Natural coordinate system > < Global coordinate system >

1 1 “lana- _1 _
hl:Z(1+r)(1+s), hZ:Z(l—r)(l+s), h3—4(1 r)l-s), h, 4(1+r)(1 S)
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Since the same shape functions are used for coordinates and displacements, we call the

element an isoparametric element.

(Note) The element must give a unique correspondence between (r,s) and (x,y).

116



0]
u2
u3
u(r,s){u(m)}z[hl h, h,b h, 0 0 O o}u4 _ Hymym
v(m)OOOOhlhthh4V1
VZ
V3
_V4_
In order to construct B™ and K™, we need to calculate Zi;:i Z;z:: 2\;: and 2;:;

(m)
‘However, u™ is

(Note) If u™ is a function of x™ and y™, we can directly calculate 0
X

not a function of x™ and y™, but a function of r and s.
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Jacobian matrix J

u™ =u™(r,s) and v™ =v™(r,s)

x™ =x™(r,s) and y™ =y™(r,s)

“Chain rule”

au(m) ~ 6X(m) 6U(m) s ay(m) au(m)
or or ox™  oar oy™

(m) (m) A (m) (m) Ay (m)
ou ox'’ ou oy’ ou

= +
s os ox™ s oy™

118

Cou™ ] [ax™  ay™] ou™ | ou™ ] Cox™  ay™ ]
OX OX :
a(rm) = a(rm) a(rm) m =] 5 m | With J= o
ou OX oy ou ou ox™  ay™
L os | Los os Loy ] [ oy | | ds  0Os




Similarly,

_8V(m) T _av(m) ]

or | _ 3] OX .
8V(m) 8V(m)
05 oy |
'au(('“; | ou™ ] ov(m™ ] [ ov(™ ]
ox"

(m) =J" a(rm) and 63) —g| o
ou ou oV ov(™
_ay(m)_ . 0S| i oy ] | OS
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Strain-displacement relation

Cou™ ] Cou™ ]
ox™ _g1| or
ou™ | 7 | au™
oy™ | | os
T A M T i
ou oh oh, o b o o o
or _ or or or or u‘™
(m)
. 0s | Los 0s 0s  0S _
With u™ —[u u, u U v v, v v
[ ou™ | oh, oh, oh, oh ]
_ hooh, ohodh g g g
OX _ 3t or or or or u(m):|:a1 a, 8,
out™ oh, oh, oh, oh, 000 0 b, b, b
oy™ | ds O0s 0s  0OS i
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Similarly,

_av(m)
ox™
ov(™
ay(m)

XX

yy

7/xy

oh, |

or
oh,

0O 0 0O oy
or
0O 0 0O oy
i 0S
oum™ ]
ox™
ov™ %
ay““) =0
@U(m) 5V(m) bl
+
ay(m) 8X(m)

0S
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Stiffness matrix

KM _ J‘B(m)TC(m)B(m) dym =tfjlfle(m)T(r,s)C(m)B(m)(r,s)detJdrds
Vv

with dv™ =detJ xtdrds

Gauss Integration (Gaussian Quadrature)

fx)1

=~ T

[ feyde= 21 0 f(x)

x,: Gauss points, w,: Weight factors
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2-point Gauss integration in 2D

[k =w,f () + 5 (x,)

1

—, W
\/g 1

, Xy = =w, =1

L
e

[ Xt =1x (-—2) +1x () = =
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| SA |
S e G N o1
i i r
Sy - ——}-— o e L
271! @
i i/- T‘1 - Sl - 1/\/§
T
2 1 rp =58, = _1/\/§
Wij =1
Using “2x2 Gauss integration” in 2D,
2 2
K(m) ztzzwijB(m)T(ri!Sj)C(m)B(m) (rilsj)det‘J(rhsj)
i=1 j=1

=w,K'(r,s,) +w,K'(r,s,) +w,K'(r,,s,) + w,K'(r,,s,)

with K'(r,s)=t B™"(r,s)C™B™ (r,s)det J(r,s)
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Load vector
R=R, +R,

H m m m m Lol m m
R, :Zm RM with RIM = V(m)H( TEMgy ¢ ):tLLH( T (r,s)f™(r,s)det Jdrds
m) i (m _ (MT£5(m) 4g (M)
R; =Y R with R —Lf(m)Hs f>(™dS

- |
RM = 11H§m)T(r)fS(m)(r)2—dr for surface load on s=+1
J- r

- |
RM = 11H(Sm)T (s)fs(m)(s)g—ds for surface load on r=+1
J- S

Mass matrix
M=>M™

M(m) ZJ' )H(m)T,O(m)H(m)dV(m) ZtJ._llJ. H(m)T(r,S)p(m)H(m)(l’,S) det Jdrds

1
y(m -1
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Example — Stiffness of a 2-node bar finite element

b ]

X, =0 X, =100 @ o
\/‘ 100 \I Mapping L ]

( 0] — ( 0
— > |
1 2 r=-1 r=0 r=

< Global coordinate >

(m) X X
u’ =01- u, + u
( 100)1 100 °

du™ 1 1 { 1 1 } u,
Exx = = u, + U, =| ——— =

dx 100 ' 100 100 100 || u,
K™ = [ B™TEB™dx = — Lo

0 100| -1 1
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Isoparametric procedure

2
X" = Z hx =hx +hx,,  x™ =x"(r)
i1

2
u™ =% hu;=hu +hu,, u™=u™(r) with hlzé(l_r)' h, :%(1+r)
i=1

du‘™
‘9xx:dx(m)
dx™ d d(1

= — +hx)=— O0+h,x100)=—| —(1+r)x100 |=50
ar dr(h1x1 ,X,) dl’(hlx h X ) dl’(Z( ) % j

detJ =50
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du™ dx™ du™ _ du™
dr dr dx™ dx™
du™ 1 du™

dx™ 50 dr
e @l el
dr dr dr J|u, 2 2]y,
EXXZdU(m) :i|:_1 1:| u, _g™ u,
dx™ 500 2 2]u, u,

B(m)(r):ili_i l
50 2 2
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K™ — I_lls('“” (r)EB™ (r)det Jdr

=w, (B™"EB™)

1 x50 +w, (B™TEB™) 1 x50

& &

r=

with w, =w, =1

) 1 -1
K““)=2(B<m>TEB<m>)detJ=2xi l-X ]l.s0-E
50 50 100[-1 1
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Higher-order Finite Elements

1D elements

(1) 2-node bar element

h2=_(1_r) h’l

1 1
4 hl =E(1+T)—Eh3

1 1
h2 =§(1—7‘)—§h3

\h;=(0-1r)1+r)




2D quadrilateral elements

(1) 4-node element

(r,s) =(—1,1) (r,s) =(1,1) e 1
@) © h1=Z(1+T‘)(1+S)

s 1
h, =2 (1-r)(1+s)

: <

1
hy =—(1-r)(1-5)

@ L] 4‘
® @ 1
(r,s)=(-1-1 (rs)=(1,-1) _ he=70+1A-9)

< In the natural coordintate system >

S

r

< In the global coordintate system >
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(2) 5-node element

9= 01 [ h —1(1+ (1 + _1y
rns)=(-11) @ @ @ (r,s) = (1,1) 1 =304 +s) = 5hs

1 1
SI h2 =Z(1—T)(1+S)—§h5
1

r < h3=Z(1—r)(1—s)
o 3 1
(r,s)=(-1,-1) @ @ (r,s)=(1,-1) h, ZZ(l +7r)(1—y5)
1
< In the natural coordintate system > \ hg= 3 (1—-7r>)1+5s)

< In the global coordintate system >
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5node h1

1 1
h, =Z(1+r)(1+s) _Ehs

4node h1

1
Z(l +7r)(1+5)

133

Snode h5




(3) 9-node element

®C @ O®
L

®y © > +®

@C C;) O@

< In the natural coordintate system >

< In the global coordintate system >

134

y 1 , 1
hc =§(1—r )1 +5s) —=hy

( h, =%(1+r)(1+s)—%h5—%h8—%h9
1 1 1 1
h, =Z(1—r)(1+s)—§h5—§h6—zh9
1 1 1 1
h, =z(1—7')(1—5)—§h6—§h7_2h9
h, =i(1+r)(1—s)—%h7—%h8—%h9

2

1 1
h6:§(1_5 )(1—7‘)—5}19

1 1
h; = 5(1 —r?)(1-s) —5ho

1 1

\ hg=(1-r)(1-s?)



4 to 9 variable-number-nodes two-dimensional elements

Include only if node i is defined

i=5 i=6 i=7 i=8
=100+ 1+s) | -3hs -3hg
hp=| (1= (1+s | -1hs -3hs

4

1 hy=| 101-r1(1-9) -the | ~1m
hy=| 21+ 0 (1-3) -z | -7hs

hs={3(1-r)(1+s)

hg=| 311-s)(1-n

h=|31-A(1-9

- hg=| 311-8%) (141
hg=|{(1-r(1-5%

{b} Interpolation functions
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Note: Alternative approach

h=Cr(1+r), h=1whenr=1 — Clzé

h,=Cr(1-r), h=1whenr=-1 — C2=—%

h =C;(1+r)(1—7r), h3=1whenr=0 — (C3=1

®Q @ o® 1=s hy =Cir(1+ T')S(l +s) - (=
S
®r © l® s h,=Cor(1—7r)s(1+s) - C,=
r .
& & @ 1+s  hy=C(l-r)(1-52) > Co=1

1+7r r 1—1r
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2D triangular elements

< In the global coordintae system > < In the natural coordintae system >

Area coordinate system

A+A+A=A — ﬁ+&+§:1 L, =h,=A,/A=r
A A A B B B
> L.=h,=A,/A=s
A. = = —
L+L+L,=1 with Li:X' L=h,=A/A=1-r-s
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3D elements

s 1
h, = 5(1 +7r)(1+s)(1+1¢)

h, = %(1 —)(A+s)(1+10)

" hgzé(l—r)(l—s)(1+t)
@/i. @/ |
| hy==01+r)A-s5)1+1¢)

. 8
% < .

L hs == (1+1)(1+5) (1 - 1)
o 1

g he =< (1= (A +5)(1 = 0)
® ® .

h; =§(1—7”)(1—S) 1-1t)

1
\ hg =§(1 +7r)(1—-5)(1—-1t)
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Compatibility between finite elements

Hanging node

C

A 4

|

-

9 — node element 4 — node element

or

/

\

8 — node element 4 — node element

Gap or Overlap

U, 5 uq

® *
Ug o *Ug ¢ Ug
u3 u;

139

7

9 — node element

o

with
constraint

Ug = E(ul +uy)

4 — node element



Gauss integrations

TABLE 5.7 Gauss numerical integrations over guadrilateral domains

Integration Degree of Location of integration
order precision points
2x2 3
TABLE 5.6 Sampling points and weights in Gauss-Legendre
numerical integration (interval —1 to +1)
n i Ll 3x3 5
1 Q. (15 zeros) 2. (15 zeros)
2 +0.57735 02691 89626 LOOOOO 00000 00000
3 +0.,77459 66692 41483 0.55555 55555 55556
0.00000 00000 00000 (.BBBBE ©BE888 HEREO
4 *=(0.86113 63115 94053 0.34785 48451 37454
+(0.33008 10435 B4856 0.65214 51548 62548
5 +0.90617 98459 38664 0.23692 68850 56189
+(.53846 03101 05683 0.47862 B6704 09366 A% 4 4
0.00000 00000 00000 0.56888 8EREE RERES
(] +0.93246 95142 03152 0.17132 44923 79170
+0.66120 93864 66265 0.36076 15730 48139
+0.23861 91860 83197 046791 39345 72691 r=0861...
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TABLE 5.8 Gauss numerical integrations over triangular domains ([ F dr ds = § Zw; F(r;, 5)]

Integration | Degree of Integration . .
order precision points r-coordinates s-coordinates Weights
/s
. ry = 0.16666 66666 667 S1=n wq = 0,33333 33333 333
3-point 2 r; = 0.66666 66666 667 s=n wy = Wy
iR=n =0 W3 =w
"
/ o r; =0.10128 65073 235 51=0r wq = 0.12593 91805 448
rp = 0.79742 69853 531 S=r wy = Wy
) rpe=n S3=1r Wy = Wy
7-point 5 ry = 0.47014 20641 051 Sy =g w;y = 0.13239 41527 885
f5=1ry Sg= 1y W5 = Wy
rg = 0.05971 58717 898 Sg= Iy We = Wy
. r; = 0.33333 33333 333 S =107 wy = 0.225
ry = 0.06513 01029 022 S1=n wyq = 0.05334 72356 088
r; = 0.86973 97941 956 S=n wyg = Wy
n[=n S3=1r2 wy =Wy
ry = 0.31286 54960 049 Sy=1rg wa = 0.07711 37608 903
rs = 0.63844 418485 698 S5=1ry W = Wy
. rg = 0.04869 03154 253 Sg=1r5 W =Wy
fB="ry Sg="r5 Wy = Wy
rg=1rg Sg=r Wg = Wy
ryp = 0.26034 59660 790 S10 = Mo wyg = 0.17561 52574 332
ry = 0.47930 80678 419 S11=ryp W1 = Wy
f2=no S12= M w2 = Wy
ri3 =0.33333 33333 333 S13=ry3 w3 = —0.14957 00444 677

\
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Finite Elements

1D elements

o Truss elements or Bar elements (stretching)

v
u
in1D:u v <~ — ~_ U
in2D:u,v -
XX
in3D:u,v,w X <] T é )
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Beam elements (stretching, bending, shearing, twisting)

in2D:u,v,0 rv, P
in 3D:u,v,w,0,,6,,6, v < (%U»Px
0,M
— —
Txy T,y Txy

=3 .

B e

[ “-'w:"‘?_’;":"’* s

s
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2D elements

o Plane stress element: u, v

. Tyy
s
[ ] [ ] [ ] v /F ; Txx
. L—* T
u xy

. Tyy
=
[ ] [ ] [ ] UI /F ; Txx
. T
u Xy
8n220_> gzz:yxz:yyzzo

=0

XX yy !’ 7/xy

XX

yy

Xy

TXX

Xy

EQl-v)

T =
W1 (L)L 2v)

_5m_
gyy
_yxy |
Y0
1-v
1 0
0 1-2v
1-v

XX

yy
Y Xy
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Axisymmetric elements: u, v

v' Geometry, loading and boundary conditions are axisymmetric: 7, =7, =0

ZX

QIO —> =
Do) A O

unit radian

R === ===
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o Plate elements (bending, shearing): v, &, , 0,
v’ 2-dimensinal extension of beams
v" used in analysis of slab or deck structures

v 7, =0, other stress components are not zero.
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o Shell elements (stretching, bending, shearing): u, v, w, a, g
v" used in analysis of general curved thin wall structures like domes, hulls, etc.
v X, y, Z:global Cartesian coordinates, and X', y’, 7' locally defined coordinates
v" Shell elements have 5 degrees of freedom per node.
v a, f:locally defined rotations at nodes

v' 7,,=0, other stress components are not zero.
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3D elements (Most general element)

o 3D solid elements; 8-node hexahedral element, 4-node tetrahedral element
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Modeling Hierarchy Map

Plane Strain Element

2D Solid Elements

Axisymmetric Element

/

3D Solid Element

Plane Stress Element

_ Shell Element

Plate Element

30D Bar Element

\. 30 Beam Element <

Z0 Beam Element

2D Bar Element
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Structural Elements




Selection of finite elements

(1) Scale and complexity of the problem

(2) Scale, interest and objective of behavior

(3) Availability of computational resources and time

7 ] R \ A\ il i/t /
\ \ ‘ RSl

N

A

== a ”v—"
N3
X )
! : Argtk : ,,—,////f'//
1 — —
R
2

b=,

%

N

/\

AN Ay

A
o /\/ WA
T S VBt SV B S VA i

W
A

2

[

[
A
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7. Introduction to Variational Analysis

Functional

A real valued function F whose domain is a set of functions is called a functional

Function y(x)

r — (v — v

real number mapping real number

Ex) y=x+1, y=sin(x), ......
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Functional F(y)

yix) — |F(yv)| — F

function mapping real number

Functional F is a mapping from function(s) to a real number.

ob b
Ex) F= f(y)dx:j ydXx

N b 5
F= f(y')dx:J' 1+ y'2dx

F = 'bf(y,y')dX=IdeX
Ja a y

Note: A bilinear operator a(-,-) and a linear operator (f,-) can produce functionals, and the

vector functions are the input for them.
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Variation of Functional F

"y1 and y, can be the inputs”

a b
Let f be a function of three variables, f = f(y,y' x). The functional is F =j: f(y,y' x)dx

and the BCs are given as y(a)=a and y(b)=g2.

In variational analysis, we want to find a function y which will make the functional F an

extremum, or at least give a stationary value.
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When the input function y(x) is changed into y(x)+en(x) with a small value &, the term
en(x) is called the variation of y(x). The variation is denoted by Sy (change of the input

function).
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The variation of functional F due to &y can be expanded through Taylor series

AF =F(y+0y,y+oy' X)—F(y,y'x)

. OF oF .
=F(, Y\ )+ —=0y+——=dy+---=F(y,y'X)
oy oy
:a_F§y+a_F§y'+ ......
oy oy’
in which
oF oF . . : : : L
oF :8—5y+?5y - The leading term is called the first order variation.
y y

The functional F :Ib f(y,y' x)dx is stationary if and only if its (first) variation vanishes for

every permissible variation Sy.

OF =0| - We can find a function that maximizes or minimizes the functional.
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Some Rules

S(F,+F,)=6F +6F, S5(FF,)=F0F,+F,0F

F, ) F,0F -F6F
S| L= 2 S(F")=nF"'SF
I:2 FZ

Note: “5 and “." can be calculated with the same rules even though their meaning is
X

completely different.

iéyzé(d—y) :"6" and w9 commutes.
dx dx dx

f:éydx:5j: ydx :“8" and “j:dx " commutes.
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1D Bar Problem

v

v
v
v

Strong form of G.E.

d?u
dx?

EA— + f>=0, 0<x<L (equilibrium equation)
u(0)=0 (displacement B.C))

EAd—u =R (force B.C)
dx|,_,
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Weak form (PVW) of G.E.

jdﬂEA—d _I f°sudx+Rou|

The virtual displacement éu is the variation of u.

jdﬂEA—d —j f°sudx —Rsul

l: J EA(duj dx—.fobudx—Ru|_ }=
dx 0 x=t

Note: o{ j EA(Z”) } j EA{G“H x:%jOLEAzd_”dﬂd _ILdﬂEA—d
X X
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2
> S6I1=0 with a functional H(u)zi_fLEA(d—uj dx — ILfbudx—Ru|
270 dx 0 =t

(potential energy) = (strain energy potential) - (force potential)

From PVW, we can obtain the principle of minimum potential energy.
o0I1=0: Principle of minimum potential energy
v u=minII(w), weV

v' Find ueV such that 11(u) <I1(w) for VweV
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8. Introduction to Nonlinear Analysis

Almost all real phenomena are basically nonlinear. In other words, the relationship between

inputs and output is not directly proportional.

Linear Analysis

Input (load) i
. . . A Linear
Assumptions for linear analysis Nonlinear
- Small displacements
: 1, 0u Ou,
- Small strain: ¢ == (—+-—)
2 0%, Ox S

- Linear elastic material Output (displacement)
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Load-displacement relation is directly proportional.

KU"=R" 2 U"=K™R" in a single DOF system,

KU =R" 2 U =K'R" in a multi DOFs system.

R

The principle of superposition is applicable.

KU®*=R?* and KU"=R" = K(U*+U")=(R*+R")
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Nonlinear Analysis

If any of the assumptions about "Linear Analysis" do not hold, we are faced with a situation

where we have to analyze nonlinear phenomena.

Classification

Kinematic nonlinear analysis: Large displacements & small strain, large displacements
& large strain)

Material nonlinear analysis: Inelastic material (plastic material, nonlinear elastic material,

Kinematic + material nonlinear analysis

Contact analysis
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Example — Cantilever Beam Problem

P(MN)

0.8

0.6

04

02

Prescribed force(P) or displacement(d)

|

7 102m

/] —

/ 0.2m

10m
Force-displacement
—— Linear elastic
—-—=— Nonlinear elastic
-e—e- Nonlinear inelastic
0.5 1:5 25 35 45 5 b5 6 6.5 75 8.5 9 95 10 10.5 1" 1.5 12
3(m)
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Load-displacement relation

Incremental equilibrium equation (at U®)

KOAU®D —R* —g®
with K®@: tangential stiffness (known)
R™: external force (known)

F®: internal force (known)

AU D incremental displacement (unknown)
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Example — Nonlinear Spring

W R’ U

, Internal force: F=+U +1-1 (We do not know its inverse relation.)

Stiffness: K =
2 U +1

When R =1, find U". (Exact solution: U" =3)

Newton-Raphson method: A root-finding algorithm which  produces successively

better approximations to the roots of a real-valued function.
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https://en.wikipedia.org/wiki/Root-finding_algorithm
https://en.wikipedia.org/wiki/Numerical_analysis
https://en.wikipedia.org/wiki/Root_of_a_function
https://en.wikipedia.org/wiki/Real_number
https://en.wikipedia.org/wiki/Function_(mathematics)

Step0 | i=0: KAUP =R —F® with K=———, F=JU +1-1

2JU +1

K“”:%, R'=1 F”=0 2 %AU(O):L AU =2

1.4
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Step1|i=1: KPAU® =R"—F® with K= L F=4U+1-1

2JU +1°

U®=U@+AU@ =2 (error = 33.3 %)

K® — 1

23

1.4

1.2

0.6

0.4 -

0.2}

R =1 F¥={3-1 > iAu<1>=1—(\/§—1), AU® =4/3-6 (~0.9282)

243

0 05 1 15 2 25 i3 35 4
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Step2 | i=2: KPAU® =R —F® with K= L , F=4JU+1-1

2JU +1

U@ —UD1AUD =43 -4~2.9282 (error = 2.4 %)

K® ~0.2523 R =1 F?=0.9820 > 0.2523xAU® =1-0.9820, AU® ~0.0713

1.4

1.2

0.6

0.4

. AU®
0.2} L UG 2@ AU
: : =2.9282+0.0713=2.995
Dr;o 05 % 15 2 25 '3 35 4
AU® u® U®=20923
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9. Large Displacement Kinematics

Deformation Tensor

time t (current configuration)

/ time O (initial configuration)
xZ

t t, 70, 0, O
X = XX, X, X)
t t 0, 0, 0
% ="%(°%) — X, = X, (X, Xy Xg)
t t, 70, 0. O
Xy = Xs( Xy Xy, X3)
tui = ui(oxi)
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(initial configuration) (current configuration)

[ d°x, | (d'x, |
Material vectors: d°x=|d°x, |, d'x=|d"x,
d °x, d'x,
Chain Rule
t t t t t t
d'x, :—aox1 d°x, + 80)(1 d’x, + 80x1 d°x,, d'x, = 60x2 d®x, + 8ox2 d®x, + 80x2 d®x,
a Xl X2 X3 XZ X3
0'X 0'X o' X
d'x, = po 3 d°x1+ao 3.d°%X, 60—"’d°x3
Xl XZ X3
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Matrix form Tensor form

d'x =, Xd°x
with
BX=2;X d'x, =¢x;d°x,

X

_atxl atxl atxl ] With
%%, 8°x, 8°x, - o',
t t t 0%j = A0
OX, 0OX, O0X, 0°X;

0 0 0
0'X, O0X, 00X
t t t
OX, OX; O0Xg
0 0 0
0'X, 0OX, 00X

(deformation tensor)

(deformation matrix from time 0 to time 7)

“Length, angle and volume changes can be calculated using deformation gradient tensor”
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(i) Length change

time 0 time ¢
(initial configuration) (current configuration)
d°x=d%s’n d'x=d's'n

d’, d's: lengths at time 0 and ¢ respectively

°n, 'n: direction vectors at time 0 and ¢ respectively
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d's
d’s

The stretch is defined by ‘A=

(d's)’=d'x"d'x ¢ d'x=} Xd’

(d's)? =d%" ;X" : Xd°x =d %" ;Cd X,

with !C=!X"'X: Right Cauchy-Green deformation tensor
0 0 0 g y

(2 (d's)? d°%  Cd°%x d%" . d" . d_°x=0n

S (d%)?  (d%)*  d% ° d% d’s

ty :(OnT tC0n>1/2
0
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(i) Angle change

time 0 time ¢

(initial configuration) (current configuration)

The angle ‘9 between d°x and d'k at time t is calculated by

OnT (;Coﬁ

cos '@ = 00

176



(iii) Surface change

d’s=d%"n,
'p
d's=—=/X"d"
o,

time 0 time ¢

(initial configuration) (current configuration)

d's=d's'n

p

t

Jo,

‘nd's=—-/X""nd’s
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(iv) Volume change

7

d'V
time 0 time ¢
(initial configuration) (current configuration)
dv = °p
det(;X) = == & pd % ="pd'V : mass conservation
d%v p
t "p
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Example - Simple Shear

A(1,1,0) A(l+a,1,0)

a a —— time 0

1 —— timet?

le
|‘
v
=

o -
O O
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Length change in the direction of °n=[1 0 0]' (at °x =°x,=0)

1 0 0|1 a O 1 a 0
iC=,X"X=la 1 0|0 1 Of=la a*+1 0],
0 0 1/l0 0 1] |0 0 1
1 a o][1])"
Y=(’n"icn) =[[L 0 0]|a a’+1 Ofo0|| =1
0 0 1|0

Length change in the direction of ®A=[0 1 0]' (at °x =°x,=0)

12

1 a 0}/0
=(°ATCA) =|[0 1 0]la a’+1 O||1|| =+a’+l
o o 1]0
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Angle change between °n=[1 0 0] and °A=[0 1 0] (at °x =°x,=0).

Volume change

det(,X) =1: no change of volume
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Deformation Tensor in Isoparametric Procedure

time 0
) S
time r A
!
OX
T
x .
<Natural coordinate> time ¢
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X = h.(r,s)x, °x =h.(r,s) °x.
u=h(r,s)u, = < ‘x=h(r,s)'x
h =h(r,s) ‘u="%x="x=h(r,s)('x, -°x,) = h.(r,s) 'u,

t

0 X

d'x=.Xd’% | with (X =

N (e, ®e;) : deformation matrix

]

{r, N {rl, r,
X, Y X,s X,

o oy x X
or, or OX. .
32| s g NS 3 Re e ), 0T =P o)
ox oy % 0% o, | o, ‘
L 0s 05 | or, o, |
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S "X, t
We can identify 'X=°3"= aXI (e, ®e;) and X=J"= (ZX
r r

J i

/OT__I\A time 0
Xy
(")
time » £

E)X:tJT(OJT)_l

v

<Natural coordinate>

(X = JT time ¢
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Green-Lagrange Strain Tensor

Polar decomposition

o X =R oU=(R U

R : Rotation matrix (orthogonal matrix: ;R"{R=1, (R" ={R™ =/R)

U : Stretch matrix (symmetric matrix)

time ¢

v

time O .
time 0

185

=V

time 7

‘R

=V

time ¢



Green-Lagrange strain

ga=%(ng X —1) (eq. 9.1)
:%((gRgU)T(gRgU)—l)
=%(guTgu—|)

- under rigid body rotations: | X=R > £=0
- under rigid body translations

'x =°¢6+c  with c: constant vector
0°x

L X I 2> ,e=0

- under no displacement
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o'x 0 o'u
t 0 t
OX = 50)( = —aox( X + u) = + 1 (eq 92)

Using (eq. 9.2) in (eq. 9.1), Green-Lagrange strain w.r.t displacements can be derived as follows

P at—“+| U]y
21l 8% 8°x
1{(au) ou (ou) (éu
=5l 700 | TR0 | Ao 0
210X 0 X 0 X 0 X

Tensor form Matrix form

t
0ij =

1
’ ( U+l + Uk.on,j) 0825

0™i,j

£ \' t t. \' / At
ou N ou N ou 6_u
d°x °x | 8% ) | 8%
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Example — One directional stretch

K L 5
/\ i 5
L ' =— "% +°x,
| time t L
: tXzzoxz
. : t _ 0
time 0 . X3 = X
1 X1
o
t t 0 0 t_t,
U =X - X1=I X U2—U3—0
1 .
t . _
Ley = 2( Uy + U ol ol ;) Gl-strain
1 diu, o
t t t t t _ 1 _
011 = ( u, +u +u110u + oUrroUys + oUsto 3,1) < by =—0- =7
2 d'x L

)
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10. Total Lagrangian Formulation (TL-formulation)

Equilibrium equations at time ¢

or.. t

—+f°=0 inV T e in v
< OX; > 0'X; '

| gn = onS, ‘r,'n,='f° on 'S,

(Note) The configuration of the body at time t is unknown!
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Second Piola-Kirchhoff Stress & Cauchy Stress

time 0 time ¢
i (initial configuration) (current configuration)

Let us define a fictitious force d°T
d'T=Xd°T or d°T=Xd'T, (eg. 10.1)
d°T =,S°nd"s, (eqg. 10.2)
where d'T is a force applied in a small area in the current configuration.
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'S is the stress tensor, which is in equilibrium with d°T.

s> “Second Piola-Kirchhoff stress (2-PK stress)”

d'T="t'nd's (Cauchy stress is in equilibrium with d'T) (eq. 10.3)

0

'nd's :t—prT ’nd’s (Transport of an oriented surface)  (eq. 10.4)
p

0
Using (eq. 10.4) in (eq. 10.3), dtT:t‘rt—’O?XT nd’.  (eq. 10.5)
P

Substituting (eq. 10.2) and (eq. 10.5) into (eq. 10.1), the relation between the 2PK stress and

Cauchy stress is obtained

0 0
gsopﬂfzfx%ffx”pﬂ% > gS=f$x%$xT
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(Note)

The components of the Second Piola-Kirchhoff stress do not change under rigid body motions.

Tensor form

Matrix form

te _ Po, o, t
OSij t _t le t Xjn z-mn
P
'p
t . t t t
Ton = OXmi Oan OSij
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Variation of Green-Lagrange strain (Virtual Green-Lagrange strain)

Bgij = %(:)in I)ij '5ij)

Variation of GL strain

1
t ty t t t
00 = E(goxki 0% To X 5oxkj)

', o'u, o5'u; ddu; o' .
5ix, —5[ ']=5[ '+5..J: UM T sty €S, > du, Sy, =200

0
! a°x. x. o°x,  d'x, 8%, toim 0%mj o'x_

] i

1
t t
50‘9ij —5(5 Uy m 0Xmi Oij + X O Uy Oij)

1( Xt O (U 0% + 06X O Uy 6%y ) € M and k can be switched.

0 mi

1
2( X 8 Upy s 6% + 6% 81Uy 6%y )
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1
= X I:_(é‘tum,k +0 U, )})ij < se =%(§tumlk +8,U,,, )¢ virtual strain at time ¢

2 km
= Xkl 5ekm 0“*mj
Tensor form Matrix form
t t
5 Ij OXml Oangtemn 538=BXT5teBX
0 0 t
5temn —t Xim Xjn5 glj 5,[@ = ?XT558 ?X
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Principle of Virtual Work at time ¢

atz'ij t¢B -t
+f°=0 InV
o'x !
j
t t t S t
r; n;=f> on 'S,

su : Virtual displacement imposed on the current configuration
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Applying Su, to the body in the configuration at time t, PVW at time t is obtained.

LV '7,68,d'V ="R | (in tensor form)

where
.[tv tTijé‘teijdtV . internal virtual work at time t

'R : external virtual work at time t

t

r; - Cauchy stress at time t

1 1]

1 1( a8u, 0du;
s.e; - virtual strain at time t, og; :E(gtu__Jrgtuj’i):_[ L JJ

ou, : virtual displacement

Itv '1-6edV ='R | (in matrix form with ‘t-5,e =" 7,6,€;)

t™i)
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t t
t t Pi, ty t t t P Ly Ty !
LV Tkl5tekld V= _LV (o_ 0 Xy OXIj oSij]( pk thI 5 )d < Ton = o_o mi o X nj oS
P p
o to
é‘temn = pm thn5
Xklt ka - 5p| 10 X|Jt qu - 5qj

t
ZLVo—pBS Gotd'V < 'pd'V ="pdV

|J

=I 0 S 00&; dV

_[ 0S;0p,dV = or IOVBS’5$8dO\/:
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(Note)

T < > 5,6 . energy conjugate
0S < > 5,& . energy conjugate

‘t : Stress measured from the current configuration (time = t)

S : Stress measured from the initial configuration (time = 0)
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Principle of Virtual Work at time #+At¢

known

t+Atu — tu+u

time 0 time 7 + At

PVW at time t+At (Configurations at time 0 and t are known)

t+At t+At _t+At
[, 086 Mg dV =R
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t+At
0

t+At
0

Si =0 S;+0S; € S, incremental 2-PK stress (,S; is known)

_t
& =y &

L . t .
i i T o€ < ,¢g;- incremental GL strain (,¢; is known)

Separation of GL strain

t+At
0

i,] N 1 1 [ 1]

1 1
t t t
= 05ij +E(Oui,j + Ui+ oUyi Uk, T ol Ouk,j)+§(0uk,i Ouk,j)

=0 & + o < &, =€ +,7; :incremental GL strain

_t
=0€ij To & o 7l

where

oUy i ol + oUi oUy ; © initial displacement effect (yu, ; is known)

.€; - linear part of the incremental GL strain

o77; - honlinear part of the incremental GL strain
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Then, PVW becomes

t+AL t+AL _ AL t+At t t+At ot -
i, 68,0 e dV =R e s SUs s 6y = 0l 0,8, == 58 + Oy

jov(gsij +5 S )(5Oeij + Oyl )do\/ ="' R

LV(ESU 08} ) Sij Oty +o Sij 08y o Sy Ol ) 4o =t R
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t [ . _ . .
USU 50ey. 0Sy. - known Virtual terms are given.
known ~ known - Principle unknown is u.
1
Sye; = 5(50%_/. + Sy, 50uk’_j + 5uk1) : known
t t .
0S; O, T oS; - known
Linear
1 L
S, = E(é'ouki oy ;o Uy 50%,_;) . linear
-/
unknown
0Sii 508, 0S,; = Cp 0, linear known
Linear \ 1 .
K & = E(Oui,j To Uj; Ouk,j To uk,i)
I 50eij . KnNown T 7 \ ]
unknown unknown
0Si Oty oS, - linear
nonlinear
Sonpy - linear
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To linearize PVW, the nonlinear term is neglected.

j (OS,Ja“e

[

Using ,S; ~, C

0Yij

ijrs 0 rs/

+o Si; Sl +o Sy 508 +O/SM)d0\/ _teat g

J

dV +, 58,0, dV =" R=], 1S, d,e,dV

the total Lagrange formulation is obtained

J., 3,8 oCy

e, dV +, 58, dyp, dV =" R-{, 1S, o, dV

ijrs 0°rs
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Finite Element Discretization

Using ,e™ = B{™U and 5™ = B™ sU in (eqg. 10.6),

0y (m) 0L

t (m)T (m) t p(m) (m) t (MT te(m) tp((m) (m) __t+At t (M)T t (M) (m)
ZU B(™" ,C™ B AV ™+ [ LBET 1S™ LB dV }u =AM R-Y LSBT S™ dv ™)
m m

where B! is a matrix utilized to calculate sn'™.

Finally, the following incremental equilibrium equation is given

KU=""R-LF

with

t N\t m) tp M _t M tpem te_ NXOtem
oK—Z:oK r oK = K+ K\ oF—ZoF
m m
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where
U: incremental nodal displacement vector
K : tangential stiffness matrix,

F: internal force vector

te(m _ tpmMT ~(Mm) tp(m) (m)
OKL _J.Ov(m)OBL OC OBL dv
tpe(m _ tp(mT tg(m) t p(m) (m)
0 KNL - J-Ov(m) 0 BNL 0S OBNL dv
te(m) _ tp(mT tg(m) (m)

OF o Iov(m) OBL 0S dV
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Updated Lagrangian Formulation (UL-formulation)

Total Lagrangian formulation

Ji, 3585 oCirs o8 0V + [, 08, 0y AV = R= [, (S, 5y, dV

ijrs 0™rs

In the TL formulation, set time 0 > ¢

Ji, 5 Ci €0V + [, 1S, 0mdV =" R~ S se,dV

tij t™ijrs t™rs t ~ij t i) Tt

'S

tlj_ j

x = x +'u > 'x=x+u, ‘'u=0

1 t 1
teij Z(tulj+ U + K,i tuk,j +uk,i %) Z(tulj+t ujl)

t

Updated Lagrangian formulation

[, 08 Ci AV +[, 'r omydV =" R=, 7, S,V

tij t™ijrs trs v
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Example — Large displacement of a 2-node bar element (TL-formulation)

X, U,
t :
@ (‘Lcosd, 'Lsing) ,
ul
(%1 %)
time t
time 0

——» I @(OL,O)

(ng>r ’ I————>X1 Th
=oAL (%)

[« ql =

L <DOFs>
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Interpolations

°x =h.(r) °x,
‘x=h (r)x,

‘u=h(r)'u,

u=h(rju,

ou=h(r)ou.

. OX oXi
: Geometry at time=0, {0 l}:hi(r){0 T}
X X
tX1 txi
: Geometry at time=t, {t }:hi(r){t i}
tu T _tul
: Displacement at time =t, { Y 1=h(r) ?}

. u, | U]
. Incremental displacement, =h(r)|

X, X,

tuZ u2

u, u,

2

Su Su,
: Virtual displacement, | _ ' |=h(r)|
i ]

m=§a—n,m=%a+n
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Linear part of the incremental GL strain

1
0 t t
€ = E(Oui,j o Uji to Uiioly,j to Uy, Ouk,j)

T T ou, {8tuﬂ ou, | | au, o'u,
11 -0 Y11 "0 Y110%11 "0 Y210721 T | AO 0 0 0 0
3°x,| 8°x)0°x,| |8°x,8°x,

a] ][

2 ty2 "L+AL)cos6 - L
ul t ul (

2 2
ul w2 | [(°L+AL)sing




2 or 2 2
N 0'u, _d'u, or z[ 1 l}it —OL+ALsm6'
o, or 9°x 2 21°L °

2
—U=-—[-1100]U
a°x| or d°x, ‘L [ |
uz{o 0 Lia-n l(1+r)}u, %_{o 01 E}U
2 2 or 2 2
ou,| ou, or 1
502 2 —=-—[00-11]U
x| orox L
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0

am@—i}%ﬂ—llO(ﬂU+[ LAl

oL

°L+AL

oL

Oglzétpilo(HU+( smejgtm()—lqu

_L+AL

(")

[-cos@ cosd —sind sind]U =, B™U

L+AL

(")

(B = [-cos@ cos® —sind sind]
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Nonlinear part of the incremental GL strain

0 1
i = E ok oUk j

2 2
1 2 2) 1| ou ou
s -] + (3]

ou, dou, 0ou, dou
507711: O1 . 1_|_ 02 . 2
OX 0X 00X 0X

_ au, _
oou, oou, aoxl TtpMT tp(m)
|:80X1 80)(1 :| auz 0= NL O™ NL
| 9°x, |
_ ou, _
o 1/-11 00
B U = 8X1 =% u -
u, Ll 00-11
|0°%,
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Tangential stiffness matrix

0

tp(m _t (m)  t p(m _
oK _OKL +0KNL —j

C > E

2
i AL 1(AL
BS( ) - IE)Sll = Eotgll = E[O—L-FE(T] ]

t (m) t (m)T t p(m) t (m)T t t p(m) (m)
OK _IOVOBL EOBL dV+IOVOBNL 0811 OBNLdO\/

1 m m OL 1 m m OL
- Af jermeier| o farea ] etis, e o

tpmMT  ~(m) tp(m) qy/(m) tp(mMT tg(m) tp(m) 4y /(m)
V(m)OBL oC OBL dv +J.0V(m)OBNL oS OBNLdV
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Internal force vector
te(m) _ t p(MT ta(m) v/ (m)
0 F - J-Ov(m) 0 BL 0S dV

m m m 1 m OL
E)F( )= IOV(m) BBE_ : 5811 dv ™ = Abj_lgBi a 2)811 [7jdl’
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Newton-Raphson Method

We iterate the following equations for i=0,1,2,3......

t+AIK(i) U(I) :t+AI R _t+At F(I)

trat @i+ _teat |y Ly

with initial conditions at i=0: "*U® =' U, "*K? = /K, "MF?9 = 'F

until a convergence criterion is satisfied.
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(i=0) (i=1)

R I-I-AIK(I)
N
{+AL
R ____ L
—T———r————~-
I I I I
| | | | {+A!R Y F(l)
[ [ [ I
_—Ir_ _I AR A R(0) HNF“)_—{__—I : B
"F = I I I I
UF I : I I I
IR: t+A1F(0) B I v B | |
[ I [
I I I I I
I I I I I
I I I I I
. ! > U ' ! ! > U
—_—
/ 1 U(O) I\ : U(]) :\
t+At U(O) ! U f+At‘U(l) r+ArU(1) :+AtU(2)
@ KO YO =+ R e RO) @ "MKD P = R A D
@ t+AtU(l) Y U(O) +U(0) @ f+AtU(2) _1+A U(l) -I-U(l)
@ I+AE‘U(]) N t+Al‘F(]) @ 1+Al U(Z) N I+AIF(2)
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Convergence Criterions

- Displacement criteria

U(i)
t+!t U(iJj) ‘ . € with ”U”z = \/(Ul)z + (U2)2 +ooot (UN)2
2
- Force criteria AR
tratp _teat F(i)H A (@)
2

<

. . _ HAE(0)
- Energy criteria ‘R=""F
U(i)T (t+At R t+At F(i))
<e
U(O)T (t+At R _tHAt F(O))
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Start

)

X

Read inputs & initialize variables

v

Update “current external load vector.”

Ti=0

Assemble “tangential stiffness matrix.”

'

Solve “incremental equilibrium eq.”

!

U

pdate “geometry” & integrate “stress.”

v

Calculate “internal force vector.”

No

No

Converged ?

End of load step ?

C

Write outputs & stop

)

218

0

X,BCs, L, v

1+AfR

f+AlK(I)

[+AIK“]UU) :HAI R _f+AI‘ F(.')
H—z\.'S(H-I)

I+,’\.'U(.'+|) _I+A7 U(i) 4 U(i]
- b

1+AL F(f+l)

Convergence criteria <e



11. Dynamic Analysis

Static equilibrium equations

KU =R

Dynamic equilibrium equations (equations of motion)

MU(t) + CU(t) + KU(t) = R(t)

with M: mass matrix, C: damping matrix, K : stiffness matrix

Nodal DOF vectors:

U : displacement vector, U : velocity vector, U: acceleration vector

Initial conditions: U|_ ="U and U|_="U
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Mass matrix

H(m)Tp(m)H(m)dV(m)

(m)

- Consistent mass matrix: M= M™ & M™ =J'
m \

mll

: m
- Lumped mass matrix: M = 2

Damping matrix
- The damping matrix C is related to “energy dissipation”.
- It can be obtained through experimental tests.
- In engineering practice, mass and stiffness proportional damping is frequently used.

C=aM + pK
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Solution Methods

— (I) Explicit scheme (equilibrium at time ¢)

~ Direct integration Ex) Central difference method (CDM), ......

(linear & nonlinear)

(I Implicit scheme (equilibrium at time ¢+ 4¢)
Ex) Houbolt, Wilson-8, Newmark method, ......

— (111) Mode superposition

(linear)
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I. Central difference method (Direct integration — explicit scheme)

Let us consider the dynamic equilibrium at time t

MU+C'U+K'U='R  (eq. 11.1)

t-At/2 | t+At/2
I I

t-4t t at t+ At

< Discretization of time>
tp — 1 t+At t-At
U_M( U-"u) (eqg. 11.2)

.01 .1
t-At/2 U - tU _ tat U ) t+At/2U - t+at U _ tU
i ) il )

. 1 . .
t — = (trav2 _ tat/2 —
VSt (7#0-0) (A1)’

(t+Atu_2tU+t-AtU) (eq 113)
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Knowns: variables at time t- A4t, t

Unknowns: variables at time t + 4t

Substituting (eq. 11.2) and (eq. 11.3) into (eq. 11.1), the following equation is obtained

12|v|+ 1 C|l"™U="R-| K- 22|v| 'U- 12|\/|— ! C |"™U
(At) 2 At (At) (At) 2At

9 |\A/|t+AtU=t|Q

- In practice, M is lumped and C is mass-proportional. M becomes a diagonal matrix

and thus the inverse of M is computationally cheap.
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- In CDM, 4t must be smaller than a critical time step 4t _.

. T, 2
At<4at,  with 4t =—=—

T, : the smallest period of the FE model with N DOFs

w,: the highest natural frequency of the FE model obtained solving K¢ = o’Mg
- o, is bound by the highest natural frequency of all individual finite elements in the model.

- In practice, for most element types, the critical time step can be estimated by

L : E - :
At =— with ¢= \/% (L: characteristic element length, c: material wave speed),

224



and also

L 121 , E
At =— [, [1+—; with ¢=,/— for beam elements,
TcC AL p

L
At =— with ¢ = ~ for plate and shell elements,
Tc p(l-v°)
=S with o= ——=2  for 3D solid element
T with ¢= L+ 0)(1-20) or 3D solid elements.
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Il. Newmark method (Direct Integration — implicit scheme)

Consider the dynamic equilibrium at time t+ 4t

thtU _I_Ctth + Kt+AtU — t+AtR (eq 114)

Using “Taylor series expansion”,

“0='0+4t[@-0)'0+6""0]  (eq. 11.5)

”MU=‘U+AttU+(At)2K£—5th+a”AtU}
2 (eq. 11.6)

1 1 . . :
When a:Z and 5:5, it is called “"trapezoidal rule”

Knowns: variables at time t- 4t, t

Unknowns: variables at time t+ 4t (External force at t+ 4t is known)
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Substituting (eq. 11.5) and (eq. 11.6) into (eq. 11.4), we obtain

K + M+ clrsyomig M|ty by I8y
a(At) aAt a(At) alt 20
.- A .
+C iIU+5—O‘tU+—t[é—2jtu
aAt o 2\«
S If‘(t+AtU:t+At|Q

- K is not a diagonal matrix in general.

- Unconditionally stable: no condition on At for stability.
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TABLE 9.1 Step-by-step solution using central difference method (general mass and damping matrices)

A. Initial calculations:

1. Form stiffness matrix K, mass matrix M, and damping matrix C.

2. Initialize °U, °U, and °U.

3. Select time step Ar, Ar = Af,,, and calculate integration constants:
Ry I
Ar?’ LA
4, Calculate “~U = °U ~ At°U + a, U,

5. Form effective mass matrix M = aoM + a,C.
6. Triangularize M: M = LDL",

a, = a; = 2ao;

2
n
=

B. For each time step:
1. Cakulate effective loads at time r:
R ="R - (K - a:M)'U - (@M ~ 4,C) U
2. Solve for displacements at time 1 + Ar:
LDL7 *#U = 'R

3. If required, evaluate accelerations and velocities at time 1:

U = g{"¥U - 27U + "*~U)

U = a(-"¥U + %)
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TABLE 9.3 Step-by-step solution using Newmark integration method

A. Initial calculations:

1.
2.
3.

3.
6.

Form stiffness matnix K, mass matrix M, and damping constant C.
Initialize ‘U, *U, and *U.
Select time step Az and parameters aand dand calculate integration constants:

& 2 0.50; az 02505+ 48)
1 1 1 ;
e = aar 4 = aAr: a, = @Ar a, =3
asf-t a=H{Ia) a-mO-): o -ou

Form effective stiffness matrix K : K = K + a,M + 2,C.
Triangularize K : K = LDL.

B. For each time step:

1.

Calculate effective loads at time ¢+ Ar:
“MR=*R+M(a,'U+a,'U+a,'0)+C(a'U+a,'U+q'0)
Solve for displacements at time 1 + Ar:
wa IONU :IONﬁ
Calculate accelerations and velocities at time 7 + Ar:
il | =a.(""U-'U)-a,'(J-a,’i3

”“l:] 310 +a.'fl+a, nuﬁ
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lll.Mode superposition

Dynamic equilibrium
MU(t) + CU(t) + KU(t) = R(t)

Coordinate transformation

U(t) = PX(t) with P: transformation matrix

X(t) =

[ X, ()
X, (t)

Xy (D)

. time dependent vector (generalized coordinates)

Rayleigh-Ritz procedure
P'MPX +P'CPX +P'KPX =P'R
> MX+CX+KX=R (eq. 11.7)

230



What P is used?

MU + KU = 0: free vibration equilibrium without damping

Solution: U(t) =gsinw(t -t,)

K¢ =w’Még: eigenvalue problem
Eigen solutions: eigenvalues (natural frequencies); o, <@, <--+--

eigenvectors (mode shapes);, ¢,,¢,, - Py

P=®=[¢, ¢, -~ ¢,]: eigenvector matrix
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Let us use @ in (eq. 11.7).

M=0"MD=1= . (mass orthonormality)

K=0"K®=Q°= _ (stiffness orthogonality)

> | X+®'COX+Q’X=d"R with initial conditions °X=®"M°U and °X=®"M°U

232



Assume that

20,
A T 20,6, :
C=0Ch-= N , & modal damping parameters.

i 20,6 |

() |
A r,(t
R=0®'R= 2:( )

v () ]

%, (1) + 20,E % (1) + @7 %, () = 1,(t)
.o - 2 _
-> XZ(t)JrZ@ZéXZ(t?erZXZ(t)_ (D) . “decoupled” N single DOF problems

Xy (D) + 20\ &y % (1) + a’ij Xy (1) =1y (t))
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Using “Duhamel integral”, we can solve each single DOF problem.

x.(t):_jtr.(r)e“fi“’i“‘”sin@(t—r)dr+e‘fi“"t(a.sina_).t+ﬂ.cosat) with @ = w J1— &2
, ol i [ [ i [ i i i

1
2

Then, U(t) =® X(t).

Note that, in this method, we do not need to include all eigenvectors in the transformation
matrix @.

U(t) = @ X(t),

ut)=[¢, ¢, - ¢N]X(t):ZN:¢ixi(t) (when all eigenvectors are included)

ut)~[¢, ¢, - ¢M]X(t):i¢ixi(t), M <« N (for many practical cases)
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Example — Partly clamped plate subjected to a pressure

L
z
A p
N NENNEN
Y h Young’s modulus: E =200GPa
I ; Poisson’sratio: v =0.3
Density :  p = 7850kg/m®
L L Thickness: h=0.01m
f(t) Length: L=1m
Ay Pressure :  p(t) =10° f (t)N/m?
1 5x5 mesh of 4-node shell elements
X A
> O > £ (sec)

0.01

Dynamic analysis is performed using the following three methods.
— Direct integration (explicit, CDM)
— Direct integration (implicit, Newmark)

— Mode superposition
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(Explicit, Central difference method)
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0.06 0.08 0.1 0 0.0005 0.001 0.0015 0.002

0.04

0.02

time (sec)

Lumped mass is used. (Using a consistent mass takes too much computation time)

Critical time step: At, ~3.8E-5

— The time step should be smaller than the critical time step: At<At,

— For the plate and shell elements, At =L/c
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Direct integration (Implicit, Newmark method)

%107

Reference( At =1E-3)

. oo Ar-1ES3
---- At=1E-2

0 0.02 0.04 0.06 0.08 0.1

time (sec)

Consistent mass is used.
Newmark parameters: «=0.25 and 6§=0.5
Unconditionally stable

- More accurate solution with a smaller time step
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Mode superposition

3 x 10 . . . r

Reference(Full modes)

. - ---Five modes
----0One mode

Mode #9

0 0.02 0.04 0.06 0.08 0.1

time (sec) Degrees of freedom (DOFs) : 125

Consistent mass is used.
We can predict the response by using only a few modes

— More accurate solution with more modes
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A1. Research Area Map

Generalized FEM
PU FEM _/ Extended FEM

Enriched FER

Smoothed FERM

Isogeometric analvsis
Stochastic FEM
Coupling methods

20 solid elements

Bar & Beam elements

Solid elements <
Elemen’[s< 3D solid elements
5

Crack tructural elements
fac {Plate & Shell elerments

Contact
Modeling I Fluid—structure interaction

[ Composite
\ Solution procedure

Mesh generation

Solver

Implicit

Direct time integration i
Explicit

Stress integration

todel reduction

Error estimation

Biomechanics

Crash analvsis
Uesign optimization

Applications
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A2. Implementation of FE Code

FEM_edu_2018.m : Main program

Read_Input.m
Set_DOF_Number.m
Assemble_K.m
Assemble_Load.m

Solve_Equations.m

Plane_Stiffness.m

Plane_Load.m
Gauss22_Point.m
Material_Law.m
DHrs_Matrix.m
DHxy_Matrix.m
H_Matrix.m

Shape_Function.m

: Read the input file

: Set DOF numbers (numbering)

: Assemble the total stiffness matrix using Direct Stiffness Method
: Assemble the load vector using Direct Stiffness Method

: Solve the linear equations KU=R

: Calculate the element stiffness matrix

: Calculate the element load vector

: Give positions and weight factors at Gauss points

: Calculate the material law matrix

: Calculate the derivatives of displacements with respect to r and s
: Calculate the derivatives of displacements with respect to x and y
: Calculate the displacement interpolation matrix

: Evaluate the shape functions

Strain_Displacement.m  : Calculate the strain-displacement matrix

Nodal_Displacement.m
Stress_Calculation.m
Write_Ouput.m
Stress_Post.m

Plot_Result.m

: Find the nodal displacements

: Calculate the element stresses

: Write the output file

: Write the output file for plotting deformed shapes and stress contours

: Plot the deformed shapes and stress contours

241



1. Pre-processings+

FE code flow chart

2. FE Analysis+

Ii

3. Post-processing+

FE modeling+ -——

stiffness matrix « -

—{ Load wectors+ -—
—| ElI=R+ -—
Stress, Strains o —
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FEM _adu_201 8. m+

Read_|Input m+
Set DOF_Mumber.ms+

Assemble K.m+
Plane Stiffness.m+
Mlaterial _Lawe. i+
GaussZ Z2_Point m+

Strain_Displacement m+

D Hxy _Matriz i+
DHrs Matrix. s+

Assemble Load. m«+
Plane Load.m+
Gauss22_Point m«
H_Mlatriz. mi+

Shape Function rm+
DHrs_ MWatriz. mi+

Schre_Eguaticns. m+

Modal _Displacement m+
Plot Resultm+

Stress Calculation. mi+

Wrrite_ Cuput m«+
Stress Post m+




input.txt

Nodes

px Py

u v

0.0 0.0

1
0
0
0
0
0

0.0 0.0

0
0
1
0
0

1.0 0.0
2.0 0.0
0.0 1.0
1.0 1.0

1.5 1.0

1.0 0.0

0.0 0.0

=1

fx

n
>

0.0 0.0

1.0 0.0

6

Elements

fy
-1.0

fx
0.0
0.0

connectivity

#

=1

f

»

4 1 2
6 5 2 3

5

X

.0

-1

2

Thickness

1.0

Young
1.0e5

Poisson
0.3e0
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F

o° o0 d° d° de o° o°

o

o o° o o° P o o

o°

o0 o de

o°

o° oo

o°

o

oe

cl
cl

[
di

[t
di

[K
di

3
g

EM_edu_2018.m

KAIST MES535, Finite Element Analysis of Structures

FEM code for educational purpose (2D plane stress analysis)
PS Lee 1998-02-19

HD Seo 2017-10-01

HT Jung 2018-10-30

node n : Number of nodes

element n : Number of elements
node x(node n,2) : Nodal postions

node bc (node n, 6) Nodal displacement BC
node_pm(node_n, 6) : Nodal force BC
element cn(element n,4) : Element connectivity
element g(element n,2) : Uniformly distributed load on element
element thickness : Thickness

material young : Young's modulus
material poisson : Poisson's ratio

total dof n : Number of total DOFs
free dof n : Number of free DOFs
fixed dof n : Number of fixed DOFs

node_eqgn (node_n, 6) Equation numbers assigned at nodes

K(free dof n,free dof n) : Stiffness matrix

R(free dof n) : Load vector

U(free_dof n) : Displacement vector

n_displace (node n,2) : Nodal displacement matrix (obtained from U)
(o

ear all;

[1] Read "input.txt" file
sp('[1/6] Read input')

[2] Calculate # of total DOFs, # of free DOFs, # of fixed DOFs

otal dof n, free dof n, fixed dof n, node eqn] = Set DOF Number (node n, node bc);

sp('[2/6] Assign equation numbers')

[3] Calculate K (stiffness matirx)

]=Assemble K(free dof n, element n, node x, element cn, material young, material poisson, element thickness, node_eqn);
sp('[3/6] Caluate K (stiffness matrix) ')

[4] Calculate R (load vector)

node x, node bc, node pm, element cn, element g, element thickness, material young, material poisson, node n, element n]
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Read Input();



[R]=Assemble Load(node n, element n, node x, element cn, element g, node eqn, node pm);
disp('[4/6] Caculate R (load vector)')

% [5] Solve KU=R (linear equations) and find U (nodal DOFs vector)
[U] = Solve Equations (K, R, free dof n);
disp('[5/6] Calculate U (displacement) ')

% [6] Post process
[n _displace] = Nodal Displacement (node n, node eqn, free dof n, U);
Plot Result(n _displace, node x, element n, element cn, material young, material poisson);

Write Output (U, K, node n, node bc, n displace, element n, node x, element cn, material young, material poisson)
disp('[6/6] Post process')
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Read_Input.m

©

X

o

o

Read "input.txt" file

o

oe

node n
element n

oe

o

node x(node n,2)

node bc(node n, 6)

node pm(node n, 6)
element cn(element n,4)
element g(element n,2)
element thickness
material young
material poisson

oe

o0 00 oo oo oe

o°

# of nodes
# of elements

Nodal positions
Nodal displacement BC
Nodal force BC
Element connectivity
Uniformly distributed load on element
Element thickness
Young's modulus
Poisson's ratio

ae

function [node_x, node bc, node pm, element cn, element g, element thickness, material young, material poisson, node n, element n]=Read Input ()
% read input file input.txt
fid = fopen('input.txt','r");
bufs = fscanf (fid, '%s',1);
node n = fscanf(fid, 'sg',1);
bufs = fscanf(fid, '%s',7);

% read node information
for i=l:1:node n
nodes (:, 1

) = fscanf (fid, '$*g %g %g %g %g %g %g\n',6);

node x(i,1) = nodes(1l,1);

node_x(i,2) = nodes(2,1);

node _bc(i,1) = nodes(3,1);

node bc(i,2) = nodes(4,1);

node bc(i,3:6) = 1;

node pm(i,1) = nodes(5,1);

node pm(i,2) = nodes(6,1);

node pm(i,3:6) = 0;

end
% read element information
bufs = fscanf (fid, '%s',1);
element n = fscanf (fid, '%:g',1);
bufs = fscanf (fid, '%s',4);
for i=l:1:element n
elements (:,1)
element cn (1

fscanf (fid, '$*g %g %9 %g %g %g %g \n',6);
it )
element cn(i,2 )

) = elements (1,1
) = elements (2,1
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element cn(i,3) = elements(3,1i);

element cn(i,4) = elements(4,1);
element g(i,1) = elements(5,1);
element g(i,2) = elements(6,1);

end

% read material information

bufs = fscanf (fid, '%s',1);

element thickness = fscanf (fid, 'sg',1);
bufs = fscanf (fid, '%s',1);

material young = fscanf (fid, 'sg',1);
bufs = fscanf (fid, '%s',1);

material poisson = fscanf (fid, '%g',1);

fclose (fid) ;
end
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Set_DOF_Number.m

)
)

3 Assign equation number

> tn : # of
% fn : # of
% cn : # of

% node egn (node n, 6)

function [tn, fn, cn, node eqgn]=Set DOF Number (node n,Node bc)

tn node n * 6;
fn 0; cn = 0;
for i=1:1:node_n
for j=1:1:6
if Node bc(i,]j) ==
fn = fn + 1;
node eqn(i,j) =
else
cn = cn + 1;
node eqn(i,j) =
end
end

end

end

total DOF
free DOF
fixed DOF

fn;

tn - cn + 1;

: Equation numbers assigned at nodes

-

Node u v w 0, 0, 9,
1 36 35 34 33 32 31
2 1 2 30 29 28 27
3 3 4 26 25 24 23
4 22 5 21 20 19 18
5 6 7 17 16 15 14
6 8 9 13 12 11 10
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Gauss22_Point.m

function [r, s, weight]=Gauss22 Point (i, 3J)

gauss_point (1)
gauss_point (2)
w(l) = 1.0;
w(2) = 1.0;

-0.577350269;
0.577350269;

weight = w(i)*w(J);
r = gauss_point(i);
s = gauss_point(j);

end

Shape_Function.m

o° oo

o

% Position of node & shape function
% s

% 2-———|----1

% | | |

5 —————- to————= r

% | | |

% 3-———|----4

function [H]=Shape Function(r, s)

H(1) = 0.25 * (1.0 + r) * (1.0 + s);
H(2) = 0.25 * (1.0 - r) * (L.0 + s);
H(3) = 0.25 * (1.0 - r) * .0 - s);
H(4) = 0.25 * (1.0 + r) * (L.0 - s);

end
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DHrs_Matrix.m

function [dHrs]=DHrs Matrix(r, s)

dHrs(1,1) = 0.25 * (1.0 + s); ah
dHrs(1,2) = -0.25 * (1.0 + s); i
dHrs (1,3) = -0.25 * (1.0 - s); ar
dHrs(1,4) = 0.25 * (1.0 - s);
dHrs(2,1) = 0.25 * (1.0 + r); ar‘
dHrs (2,2) = 0.25 * (1.0 - r); _
dHrs (2,3) = -0.25 * (1.0 - r); as
dHrs (2,4) = -0.25 * (1.0 + r);

end

DHxy_Matrix.m

% Calculate dH/dx and dH/dy

% dHrs(2,4) : dH/dr(l,:) and dH/ds (2, :)

% jacob(2,2) : Jacobian matrix

% det j : Determinant of Jacobian

% dHxy(2,4) : dH/dx(1,:) and dH/dy (2, :)

function [det j, dHxy]=DHxy Matrix(r, s, node)

[dHrs] = DHrs Matrix(r,s);
jacob = dHrs * node;
det j = jacob(l,1) * jacob(2,2) - jacob(l,2)

jacob(1,2)
jacob(2,1)

-jacob(1,2);
-jacob(2,1);

buf = jacob(1l,1);
jacob(1l,1) = jacob(2,2);
jacob(2,2) = buf;

jacob = jacob / det j;
dHxy = jacob * dHrs;

end

* jJacob(2,1);

oh.

OX
oh.

oy
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H_Matrix.m

function [H, det j]=H Matrix(r, s, node)

% shape function (H)
[H]=Shape Function(r, s);

% dHrs = deriavtive of shape functions (dH/dr, dH/ds)

[dHrs]=DHrs Matrix(r, s);

% Jacob = Jacobian matrix
jacob = dHrs * node;

% determinant of Jacobian matrix

det_j = jacob(l,1) * jacob(2,2) - jacob(l,2) * jacob(2,1);

end

Strain_Displacement.m

o o o de

o

det j : Determinant of Jacobian
dHxy (2,4) : dH/dx(1,:) and dH/dy (2, :)
node (4,2) : Nodal positions of element

function [det j, B]=Strain Displacement (r, s, node)

[det j, dHxy] = DHxy Matrix(r, s, node);

B = 0;
B(l,1:4)=dHxy(1,1:4);
B(2,5:8)=dHxy(2,1:4);

B(3,1:4)=dHxy(2,1:4);
B(3,5:8)=dHxy(1,1:4);

end

oh.
OX

oh,
oy
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Material_Law.m

o

young : Young's modulus
poisson : Poisson's ratio

o° o

function [C]=Material Law(young, poisson)

C(l,1) = young / (1.0 - poisson”2);
C(2,2) = C(1,1);

C(l,2) = poisson * C(1,1);

C(2,1) = C(1,2);

C(3,3) = 0.5 * young / (1.0 + poisson);

End

Plane_Stiffness.m

% C(3,3) : Material law matrix

% det j : Determinant of Jacobian

% Ke(8,8) : Stiffness of element

% node(4,2) : Nodal positions of element

function [Ke]=Plane Stiffness(young, poisson, thick, node)

% Calculate material matrix
[C] = Material Law(young, poisson);
Ke = zeros(8,8);

for j=1:1:2

% Gauss interation point and weight factor
[r, s, weight]=Gauss22 Point (i, J);

% calculate determinant of Jacobian and B-matrix
[

det j, B]=Strain Displacement(r, s, node);

% integration

Ke = Ke + weight * thick * transpose(B)*C*B * det j;

end
end
end

K

(m) _

V(m)

1-v? 1-V?
VE E
1-v? 1-V?

B(m)Tc(m) B(m)dv

B, =B(r.r)

(detJ), =detJ(r,r))

K™ =t> w,B""c!™ B (detJ).
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Plane_Load.m

% nodal load(8,1) : Nodal load vector of element
% det j Determinant of Jacobian

s g(2) Nodal load of element

% node (4, 2) : Nodal positions of element
function [nodal load]=Plane Load(node, q)

nodal load=zeros(8,1);

% numerical integration

for i=

for

end
end
end

1:1:2
J=1:1:2

% Gauss points
[r, s, weight]=Gauss22 Point (i, J);

o

% determinant of Jacobian and shape function (H)
[H, det j]=H Matrix(r, s, node);

% equivalent nodal load vector

nodal load(l:4) = nodal load(l:4) + weight*abs(det Jj)*H(:)*qg(l);
nodal load(5:8) = nodal load(5:8) + weight*abs(det j)*H(:)*q(2);
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Assemble_K.m

% K(free dof n,free dof n) : Total stiffness matrix

% free dof n : # of free DOFs

% element n : # of elements

% node_x(node n,2) : Nodal positions

% element cn(element n,4) : Element connectivity

% material young : Young's modulus

% material poisson : Poisson's ratio

% element thickness : Element thickness

% node_eqgn(node n, 6) : Equation numbers assigned at nodes
% eqn(8) : Equation number vector of element
% enode (4,2) : Nodal positions of element

oo

function [K]=Assemble K(free dof n, element n, node x, element cn, material young, material poisson, element thickness, node eqn)
K = zeros(free dof n);
fid = fopen('stiffness.txt','w');
for i=l:element n
extract element nodal position

for k=1:1:2
enode (j, k) = node_x(element cn(i,J),k);

end
end
% calculate Ke (stiffness of each element)
[Ke]=Plane Stiffness(material young, material poisson, element thickness, enode);
fprintf (fid, '\r\n Siffness matrix of element : ');
fprintf (fid, "$g \r\n',1i);
fprintf(fid, '---"----m \r\n');
for j=1:1:8

fprintf (fid, '$+e %+e Ste St+e Ste Ste St+e S+e \r\n',Ke(J,:));

end
eqn(l:4) = node_eqn(element cn(i,1:4),1);
eqn(5:8) = node_eqn(element_cn(i,1:4),2); Local DOF = Global DOF
% assemble total stiffness matrix
for j=1:8
for k=1:8
if (egn(j)<=free_dof n) && (eqn(k)<=free dof n)
K(egn(j),eqn(k))=K(eqn(j),eqn(k))+Ke (J, k) ; H H
a < Direct stiffness method
end
end
end
fclose (fid) ;
end
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Assemble_Load.m

% Assemble Load vector

% node n : # of nodes

% element n : # of elements

% node x(node n,2) : Nodal postions

% element cn(element n,4) : Element connectivity

% element g(element n,2) : Uniformly distributed load on element
% node eqgn(node n, 6) : Equation numbers assigned at nodes

% node pm(node n, 6) : Nodal force BC

% enode (4, 2) : Nodal positions of element

o

function [R]=Assemble Load(node n, element n, node_x, element cn, element g, node egn, node_pm)

% assemble load vector for nodal load
for i=1:1:node n

for j=1:1:2

R(node eqn(i,j)) = node pm(i,J);

end
end
% assemble load vector for body force
for i=l:1:element n

% nodal position of element
for j=1:1:4
for k=1:1:2
enode (j, k) = node x(element cn(i,Jj),k);
end
end

% calculate equivalent nodal load from body force
[nodal load]=Plane_Load (enode,element g(i,:));
% assemble load vector
for j=1:1:2
for k=1:1:4
R(node_eqgn(element cn(i,k),3j)) = R(node_eqgn(element cn(i,k),J)) + nodal load(4*j+k-4);
end
end
end

end
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Solve_Equations.m

% K(free dof n,free dof n) : Stiffness matrix
% R(free_dof n) : Load vector
% U(free_dof n) : Displacement vector

function [U]l=Solve Equations (K, R, free dof n)

% solve equations
U = K\transpose(R(l:free_dof_n));

end U= K-lR

Nodal_Displacement.m

o oo

o
o
o
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function [n_displace] = Nodal Displacement (node n, node_eqn, free dof n, U)
n_displace = zeros(node n,2);
for 1 =l:node n
for j= 1:2
if node eqn(i,j) <= free dof n
n_displace(i,j) = U(node_eqgn(i,Jj));
end
end
end

end
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Stress_Calculation.m

% C(3,3) Material law matrix
% enode (4,2) : Nodes of element
% ele U(8) Element nodal displacement

o

function [stress]=Stress Calculation(young, poisson, row U, enode)

rd (1) 1.0;

r4(2) = -1.0;

rd4(3) = -1.0;

rd(4) = 1.0;

s4(l) = 1.0;

s4(2) = 1.0;

s4(3) = -1.0;

s4(4) = -1.0;

% calculate a material matrix
[C]=Material Law(young, poisson);

for i=1:1:2

for j=1:1:2

o

set positions where stresses are out
= r4((i-1)*2+j); % at nodal positions of element
s4 ((i-1)*2+73);

n B

% calculate B-matrix
[buf det, B]=Strain Displacement (r, s, enode);

o

% calculate stresses
stress (i*2+j-2, :)=C*B*transpose (ele U);
end

end

end
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Stress_Post.m

% Stress post processing

% element n : # of elements

% node_x (node_n, 2) : Nodal postions

% element cn(element n,4) : Element connectivity

% material young : Young's modulus

% material poisson : Poisson's ratio

% displ (node n,2) : Nodal displacement matrix
% enode (4, 2) : Nodal positions of element
% ele U(8) : Element nodal displacement

o

function Stress_Post (element n, node x, element cn, material young, material poisson, displ, fid)

for i=l:1:element n
% nodal position of element
for j=1:1:4
for k=1:1:2

enode (j, k) = node x(element cn(i,Jj),k);
end
end
eqn(l:4) = displ(element cn(i,1:4),1);
eqn(5:8) = displ (element cn(i,1:4),2);

% calculate stress of element
[stress]=Stress Calculation(material young, material poisson, ele U, enode);

fprintf (fid, '\r\n Stress of Element : %g\r\n',i);

fprintf(fid, '----mmmmmm \r\n');
fprintf (fid, 'Node Sxx Syy Sxy\r\n');
for j=1:4
fprintf (fid, '%g S+e S+e $+te\r\n',element cn(i,j),stress(j,1),stress(j,2),stress(3,3));
end

end
fclose (fid) ;

end
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Write_Output.m

% Write the ouput file

% free dof n : # of free DOFs

% element n : # of elements

% U(free dof n) : Displacement vector

% K(free dof n,free dof n) : Stiffness matrix

% n_displace(node n,2) : Displacement for post process
% node bc(node n, 6) : Nodal displacement BC
% node_x(node n,2) : Nodal postions

% element cn(element n,4) : Element connectivity
% material young : Young's modulus

% material poisson : Poisson's ratio

o

function Write Output (U, K, node_n, node bc, n_displace, element n, node x, element cn, material young, material poisson)
fid = fopen('results.txt','w'");
fprlntf(fld, '~k~k****************************************************\r\nl)

fprintf (£fid, '* Plane Stress Element *\r\n');
fprintf(fid, '***‘k*‘k*‘k********‘k‘k**********‘k‘k************************\r\n\r\n' );

’

fprintf (£id, 'EQUATION NUMBER\r\n');

fprintf (fid, '-------------—-—- \r\n');
fprintf (fid, 'node DOF egqn\r\n');
fn = 0;

for i=l:1:node_n
for j=1:1:6

if node bc(i,j) == 0
fn = fn + 1;
fprintf (fid, '%g $g %g \r\n',1i,j,fn);
end
end
end
fprintf (£fid, '\r\n'");
fprintf (fid, 'Strain Energy : ');

fprintf (fid, '$e\r\n\r\n',0.5*U"'*K*U) ;

fprintf (£id, ' Displacement\r\n');
fprintf(fid, '"--------mmm e \r\n');
fprintf (fid, 'Node Dx Dy\r\n'");
for i=1l:node n

fprintf (fid, '%g S+e s+te\r\n',i,n displace(i,1),n displace(i,2));
end

Stress Post(element n, node x, element cn, material young, material poisson, n displace, fid);
end
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Plot_Result.m

% n_displace (node n,2) : Nodal displacement for post process
% node_x (node_n, 2) : Nodal postions

% element n : # of elements

% element cn(element n,4) : Element connectivity

% material young : Young's modulus

% material poisson : Poisson's ratio

function Plot Result(n displace, node x, element n, element cn, material young, material poisson)

o°

m : scale factor

m 2000;

current node(:,:)=m*n_displace(:,:)+node x(:,:);

% Deformed configuration plot
for i=l:element n

for j=1:4
for k=1:2
enode (j, k) = current node(element cn(i,J),k);
end
end
for j=1:4
for k=1:2
enode2 (j, k) = node x(element cn(i,j),k);
end
end
row U(l:4) = n displace(element cn(i,1:4),1);
row U(5:8) = n displace(element cn(i,1:4),2);

% Nodal position information

xx = [enode(l,1) enode(2,1) enode(3,1) enode(4,1)];
yy = [enode(l,2) enode(2,2) enode(3,2) enode(4,2)];
zz = [1 11 11"';

[stress]=Stress_Calculation(material young, material poisson, row U, enode2);

% Stress components

for j=1:4
sxx(j) = stress(j,1);
syy(j) = stress(j,2);
sxy(j) = stress(j,3);
end
% choose the component (sxx or syy or sxy)
%S = [sxx (1) sxx(2) sxx(3) sxx(4)];
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S = [syy(l) syy(2) syy(3) syy(4)];
S = [sxy(l) sxy(2) sxy(3) sxy(4)];
patch(xx,vy,S, '"Marker', 'o', '"EdgeColor','g', 'LineWwidth', 1) ;
hold on;
end

)

% Initial configuration plot
for i=l:element n

for j=1:4
for k=1:2
enode (j, k) = node x(element cn(i,Jj),k);
end
end
xx = [enode(l,1) enode(2,1) enode(3,1) enode(4,1)]"';

yy = [enode(1l,2) enode(2,2) enode(3,2) enode(4,2)]1"';

colormap Jjet;

patch (xx,vyy, zeros (size (xx)), 'Marker','o', 'EdgeColor', 'black', 'LineWwidth', 3, '"FaceColor', "'none');
colorbar

caxis ([-3 3])

set (gca, 'xlim', [~-

set(gca, 'ylim', [-

pbaspect ([3, 2, 1
end

end
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stiffness.txt

Siffness matrix

of element

+4.945055e+04 -3.
-3.021978e+04 +4.
-2.472527e+04 +5.
+5.494506e+03 -2.
.373626e+03
-1.373626e+03 -1.
-1.785714e+04 -1.
+1.373626e+03 +1.

+1.785714e+04 +1

Siffness matrix

021978e+04
945055e+04
494506e+03
472527e+04

785714e+04
373626e+03
785714e+04

of element

.472527e+04
.494506e+03
.945055e+04
.021978e+04
.785714e+04
.373626e+03
.785714e+04
.373626e+03

.494506e+03
.472527e+04
.021978e+04
.945055e+04
.373626e+03
.785714e+04
.373626e+03
.785714e+04

+7.692308e+04 -5.
-5.769231e+04 +6.
-3.571429%e+04 +1.
+1.648352e+04 -2.
+2.747253e+04 -8.
-1.098901e+04 -8.
.747253e+03
.373626e+04

-2.197802e+04 +2
+5.494505e+03 +1

769231e+04
730769e+04
648352e+04
609890e+04
241758e+03
241758e+03

.57142%e+04
.648352e+04
.631868e+04
.708791e+04
.197802e+04
.494505e+03
.472527e+04
.241758e+03

.648352e+04
.609890e+04
.708791e+04
.670330e+04
.747253e+03
.373626e+04
.494505e+03
.098901e+04

+1
+1
-1
-1

-2

+2
-8
-2
+2
+7
-1

-1

.785714e+04
.373626e+03
.785714e+04
.373626e+03
+4.
+5.

945055e+04
494506e+03

.472527e+04
-3.

021978e+04

.747253e+04
.241758e+03
.197802e+04
.747253e+03
.142857e+04
.648352e+04
-3.

846154e+04

.648352e+04

-1
-1
+1
+1

+5.
.945055e+04
-3.
.472527e+04

+4

-2

-1

+1
-1
+4

-1.

-1

.373626e+03
.785714e+04
.373626e+03
.785714e+04

494506e+03

021978e+04

.098901e+04
-8.
+5.
.373626e+04
.648352e+04
.395604e+04

241758e+03
494505e+03

648352e+04

.098901e+04
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-1
-1

+1.
+1.
-2.
-3.
+4.
+5.

-2.
+2.
+2.
-5.
-3.
-1.
+5.
+3.

.785714e+04
.373626e+03

785714e+04
373626e+03
472527e+04
021978e+04
945055e+04
494506e+03

197802e+04
747253e+03
472527e+04
494505e+03
846154e+04
648352e+04
494505e+04
748070e-06

+1

-2

+5.
+1.
-8.
-1.
.648352e+04
-1.
+3.
+2.

-1

.373626e+03
+1.
-1.
-1.
-3.
.472527e+04
+5.
+4.

785714e+04
373626e+03
785714e+04
021978e+04

494506e+03
945055e+04

494505e+03
373626e+04
241758e+03
098901e+04

098901e+04
748069e-06
747253e+04



results.txt

Ak hkhkhk kA hkk A hkkrhkhkhhhkhkhdAhhk A hhkrhhkrhkhkhkhrhkhkrhkhkrhkhkrhkkkhxkkxk

*

Plane Stress Element
R i I I S b i S b S b S b S b S R S b I S S S R I S I S dh I Sb b b 2h S b i Sb 2h S 2 4

EQUATION NUMBER

ode DOF egn

NENEFENDNDEREDNDRE

Strain Energy

O 0 Joy Ul W

Displacement

1 +0.
2 -1
3 +1.
4 +0.
5 +6.
6 +7.

Dx
000000e+00

.409486e-05

148395e-07
000000e+00
005329e-05
488516e-05

Stress of Element

Node

5 +6.
4 +5
1 -2.
2 -1

Sxx
578693e+00

.569455e+00

578693e+00

.569455e+00

Stress of Element

6 +2.

Sxx
918128e+00

+0.
-8.
-1.
-3.
-8.
-1.

1.076086e-04

Dy
000000e+00
488085e-05
710452e-04
123749e-05
550479e-05
334563e-04

Syy

.911214e+00
.452913e+00
.897357e+00
.332300e-01

Syy

.608224e-01

*

Sxy

+7.646482e-01
-2.087204e+00
-3.264648e+00
-4.127963e-01

Sxy

-2.42340%e-01
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N

+3.239183e+00 +9.093613e-01 -8

.367272e-01
.621629%9e-01
.649697e-01

Stress xx

+1.540936e+00 +3.998873e-01 -4
+1.380409e+00 -1.352045e-01 -1
151
1F
051
0t
-0.5
-0.5

1 1.5 2 2.5
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