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ABSTRACT

Shells structures have been frequently used in various engineering fields. The finite element method has
been dominantly used to analyze shell structures over the past several decades. However, although a great effort
has been expended to develop an effective 3-node triangular shell finite element, no element is currently
available that has been shown to be reliable and effective in the analysis of general shell structures.

The purpose of this thesis is to develop an effective 3-node triangular shell finite element in analysis of
general shell structures. Such element should show isotropic behavior and pass the consistency, ellipticity and
inf-sup conditions and hence be optimal in convergence regardless of the shell geometry, thickness of the shell,
boundary conditions and applied loading.

An improved 3-node MITC3 triangular shell finite element is developed. The Hellinger-Reissner (HR)
variational principle is modified in the framework of the MITC method, and a special approximated transverse
shear strain field is proposed. The MITC3-HR shell finite element improved using the Hellinger-Reissner
functional passes all of the basic tests (the zero energy mode test, the patch test, and the isotropic element test).
Convergence studies considering plate and shell benchmark problems demonstrate the improved predictive
capability of the MITC3-HR shell finite element.

An effective new 3-node MITC3+ triangular shell finite element is developed for general use. A cubic
bubble function for the interpolation of the rotations is used to enrich the bending displacements. To reduce
shear locking in the shell element, a new assumed transverse shear strain field is designed with a new tying
scheme to reduce locking while satisfying the consistency and ellipticity conditions. The MITC3+ shell element
passes all basic tests, that is, the isotropy, zero energy mode and patch tests, and shows an excellent
convergence behavior in the solution of plate and shell benchmark problems even when severely distorted
meshes are used.

The static and dynamic modal behavior of the MITC3+ triangular shell element is investigated. For
comparison, the pure displacement-based (DISP3), MITC3 and MITC4 shell elements are also studied. First,
static mode solutions are performed for a single right-angled shell element and an assemblage of two right-
angled shell elements. Detailed strain fields are established in the bending modes. This study provides insight
into how shear locking occurs on the mode level. We then analytically show how the MITC3+ shell element
properly represents the pure bending conditions in a two-sided clamped plate problem. Considering free
vibration shell problems, we finally present the excellent performance of the MITC3+ shell element in dynamic
mode solutions.

Keywords: Shell Structures; Shell finite elements; 3-Node element; MITC method; Convergence
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Chapter 1. Introduction

Shells structures have been frequently used in various engineering fields. The finite element method has
been mainly used to analyze shell structures over the past several decades. For an analysis of shells, it is crucial
to use reliable and effective shell finite elements. However, it is still challenging to develop such shell finite
elements due to the highly sensitive and complex behaviors of shells [1, 2]. In particular, it is important to
develop an effective 3-node triangular shell element, which is very useful for automatic mesh generations for
complex shell structures due to its simple geometry defined by only three corner nodes. In addition, an effective
3-node triangular shell element would be attractive due to the small bandwidth of the governing global stiffness

and mass matrices [1-13].

An ideal shell finite element should uniformly converge with the optimal rate regardless of the three
asymptotic behaviors of membrane dominated, bending dominated and mixed behaviors depending on the shell
geometry, boundary conditions and applied loadings. Of course, the shell element should satisfy the ellipticity
and consistency. The main difficulty related to a shell finite element analysis is that the solution accuracy
becomes worse as the shell thickness becomes smaller [14-18]. This is called locking, which occurs when the

shell element formulation cannot represent pure bending displacement fields suitably [1, 2].

To reduce the locking behavior, the Mixed Interpolation of Tensorial Components (MITC) method was
first used to develop a 4-node shell element (MITC4) [19, 20]. Then, for higher-order quadrilateral elements, a
9-node shell element (MITC9) and a 16-node shell element (MITC16) were developed [21, 22]. Later, the
method was applied to develop a 3-node triangular shell element (MITC3) as well as higher-order triangular
shell elements [10, 23]. However, the performance of the MITC3 triangular shell element is not as good as the
MITC4 quadrilateral shell element, despite the fact that the MITC3 triangular shell element performs much

better than the displacement-based 3-node triangular shell element (DISP3) [11].

The purpose of this thesis is to develop an effective 3-node triangular shell finite element in analysis of
general shell structures. Such element should present isotropic behavior and pass the consistency, ellipticity and
inf-sup conditions and hence should be optimal in convergence tests for general shell structures. Also, the

formulation can directly be extended for nonlinear analysis of shells.
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A 3-node MITC3-HR triangular shell element is developed. We modify the Hellinger-Reissner
functional and introduce a special approximated transverse shear strain field based on rotated contravariant
bases. The MITC3-HR element passes all basic tests, that is, the isotropy, zero energy mode and patch tests. The
well-established convergence studies numerically show that the MITC3 shell finite element is successfully

improved [12].

An effective new 3-node MITC3+ triangular shell finite element is developed. The MITC3+ shell
element uses a cubic bubble function for the interpolation of the rotations to enrich the bending displacement
fields. The corresponding rotation degrees of freedom can be statically condensed out on the element level. A
new assumed transverse shear strain field was developed with a new tying scheme to reduce shear locking while
satisfying the consistency and ellipticity conditions. The MITC3+ shell element passes all basic tests, that is, the
isotropy, zero energy mode and patch tests, and shows an excellent convergence behavior in the solution of

plate and shell benchmark problems, even when severely distorted meshes are used [24].

A deeper understanding of the MITC3+ shell element is obtained through detailed static and dynamic
mode solutions. The DISP3, MITC3 and MITC4 shell elements are also considered for comparisons. In the
static mode solutions of a single right-angled triangular element and an assemblage of two right-angled
triangular elements, we investigate the transverse shear strain fields in the bending modes. This study shows
how the MITC3+ shell element performs on the mode level. The transverse shear strain fields of the MITC3+
shell element are also studied analytically in a two-sided clamped plate problem, to see whether and how
locking occurs. Considering a free vibration shell problems, the excellent performance of the MITC3+ shell

element is presented in the dynamic mode solutions [25].

In chapter 1, the introduction is presented.

In chapter 2, the finite element analysis of shells is briefly reviewed. The asymptotic behavior of shell
structures, the continuum mechanics based shell element, the locking phenomenon and locking treatment and

the ideal shell finite elements are explained.

In chapter 3, the 3-node MITC3-HR triangular shell element based on the Hellinger-Reissenr principle is
developed. We propose a method that involves the use of the modified Hellinger-Reissner functional to improve

the MITC3 shell finite element, after which we explain how to construct the special approximated transverse
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shear strain field. Numerical tests are conducted for the MITC3-HR shell element in various shell problems.

In chapter 4, a new 3-node MITC3+ triangular shell finite element was developed. The MITC3+ shell
element uses a cubic bubble function for the interpolation of the rotations to enrich the bending displacement
fields. A new assumed transverse shear strain field was developed with a new tying scheme to reduce shear
locking while satisfying the consistency and ellipticity. Nnumerical tests are conducted for the MITC3+ shell

element in various shell problems.

In chapter 5, a deeper understanding of the MITC3+ shell element is obtained from detailed static and
dynamic mode analyses. We investigate eigenvalues and strain fields of the shell elements in static mode
analysis and analyze the transverse shearing behavior of the MITC3+ shell element. We then analytically show
that the MITC3+ shell element does not lock in the two-sided clamped plate problem. In dynamic mode analysis,

the performance of the MITC3+ shell element is presented.

In chapter 6, we perform the convergence tests for the classical benchmark shell problems using the 3-

node MITC triangular shell elements in a comparison with other 3-node triangular shell elements.

In chapter 7, we present conclusions.



Chapter 2. Finite element analysis of shells

In this chapter, the fundamental theory for the finite element analysis of shells is briefly reviewed. The
asymptotic behavior of shell structures, the continuum mechanics based shell element, the locking phenomenon

and locking treatment and the ideal shell finite element are explained.

2.1 The asymptotic behavior of shell structures

Shell structures are supported by three basic loading-bearing mechanisms, that is, bending action,
membrane action and shearing action. With applied loads, shell structures store the bending strain energy,
membrane strain energy and shear strain energy corresponding to these three basic loading-bearing mechanisms,
respectively. Because the shear strain energy is negligible when the thickness is small, the strain energy of shells

mainly include the bending strain energy and membrane strain energy [2, 14-16, 26].

Depending on shell geometries, boundary conditions, and applied loadings, shell structures present the
asymptotic behavior as the thickness is reduced. The behavior of shell structures can be sorted into one of the

three asymptotic categories: membrane-dominated, bending-dominated, or mixed shell behavior [16].

2.1.1 Fundamental asymptotic theory

For the linear Naghdi shell model or Koiter shell model, the general variational form as follows [2, 16]:

Find U* e® such that

BAAUV)+A,U* V) =F* V), Wed (2.1)
where A is the shell thickness relative to the overall characteristic length (t/L), A, is the bilinear form of
the scaled bending energy, A,, is the bilinear form of the scaled membrane and shear energies, and U* isthe

unknown solution for the displacement field. V is the test function, @ is the Sobolev space in which to find



solutions, and F* is the external virtual work connected to V . Because the shear strains energy is much
lower than the membrane energy when the thickness is thin, AA,, mainly corresponds to the membrane energy

in shell structures [16, 26].

As 1 goes to zero, the scaled loading in this form is given to establish the asymptotic behavior
F* (V)= 2G(V) (2.2)
where p is the load-scaling factor. Because the left part of Eq. (2.1) is proportional to 4 and A3, p s

between 1 and 3(1< p <3).

The given space is important when determining the asymptotic behavior
B = <@|A, (V.V) =0} 2:3)
Here, ‘i’o is the subspace that represents pure bending displacements without the membrane and shear strain

energies. When this subspace contains only a zero displacement field (‘i’o ={0}), the pure bending is inhibited
in a shell structure or the inhibited shell is called. On the other hand, when the subspace contains only a non-
zero displacement field (‘i’o #{0}), the pure bending is non-inhibited in a shell structure or the non-inhibited

shell is called [16, 26].

If the pure bending is non-inhibited, the membrane energy term in Eq. (2.1) disappears with p=3. The
general form of the bending-dominated problem is as follows:

Find U% e®, such that

AU V)=G(V), YW ed, (2.4)
This problem is shown only when the loading activates the pure bending displacements. If the loading does not
result in pure bending displacements, the subspace is as follows:

G(V)=0, WV ed,. (2.5)
The shell behavior does not converge to the solution of the bending-dominated shell problem. This asymptotic

behavior is like a case in which pure bending is inhibited but very unstable. If only a small change in the

loading without satisfying the condition in Eq. (2.5) will lead to the bending-dominated case [2, 16, 26].

If the pure bending is inhibited, the load-scaling factor p =1 is used and the shell problem is well-



posed with only the membrane and shear strain energies in the space @, . This space is larger than @

because only the bounded membrane and shear strain energies are considered. The general form of the

membrane-dominated problem is as follows:

Find U™ e ®,, such that
AU V)=GV), W ed, (2.6)
and this problem is well-posed when the loading G is the dual space of @, . The condition G e ®,, is

equivalent to

|G(\7)|sc,/Am(\7,\7), Wed, 2.7)
where C is constant. The corresponding load is the admissible membrane loading with the condition G e &)'m .
In this applied loading condition, shell structures can be resisted by membrane energy only. If the loading is an

non-admissible membrane loading (G ¢ ®,,), an ill-posed membrane problem is obtained. Because the

asymptotic behavior is not supported by only the membrane energy, the shell behavior is classified as a mixed

problem [16, 26].

Table 2.1 The asymptotic categories of shell behaviors [16, 26].

Case Category Loading
Non-inhibited shell Bending-dominated Loading activates pure bending displacements
®, {0} 3V e ®, suchthat G(V) =0
Membrane-dominated Loading activates pure bending displacements
or mixed but unstable G(V)=0, WV e D,
Inhibited shell Membrane-dominated Admissible membrane loading
@, ={0} Ged,
Mixed Non-admissible membrane loading
Ged,




Table 2.1 summarizes the asymptotic categories of the different shell behaviors. The asymptotic

behaviors are important when attempting to determine the shell loading capacity. The stiffness of shells is

changed with A”. To demonstrate the shell response accurately, it is necessary to understand shell asymptotic

behaviors.

2.1.2 Layers and characteristic length

The stress fields of shells are classified into global smooth parts and various layer parts. The layers arise
due to discontinuities in the geometry (curvature or thickness), incompatibilities of the boundary conditions, and
irregular loading. In the layers, the stresses, strains and displacements change extremely and the strain energy is
concentrated. The characteristic length of the layer of shells is a function of the thickness (t) and the overall

length of the shell structure (L)
L. =ct*'L'. (2.8)
Here, cisconstantand | isa non-negative real number [16, 26]. In Ref. [16], as the thickness becomes small,

the boundary layer of the Scodelis-Lo roof shell problem, the inner layer of the hyperbolic paraboloid shell

problem and other type of layers for shells are present.

2.1.3 Asymptotic analysis

Based on theory, a great deal of research has been constructed to determine shell asymptotic behaviors.
However, this task is still very difficult. Recently, Lee and Bathe propose the simple method to determine the

shell asymptotic behaviors using the finite element analysis [16]. The loading scaling factor p is given by

_ logE(1+AA)—log E(4)

(2.9)
log(1+AA)—logA

where E is the strain energy for A(=t/L) using the finite element analysis [26]. The more accurate the finite
element solution is for a given value of A(=t/L), the more accurate the loading scaling factor is when
calculated. A membrane-dominated shell problem arises when p=1. A bending-dominated shell problem
arises when p=3. A mixed shell problem results when 1< p<3. The asymptotic categories of shell
problems are summarized in Table 2.2 according to the loading scaling factor o with the Gaussian curvatures

shown in Fig. 2.1 [26].



Table 2.2 Asymptotic categories for shell problems [26].

Asymptotic behavior(p) Shell problems Gaussian curvature
Fixed cylindrical shell problem Zero

Membrane-dominated( = 1) Fixed hyperboloid shell problem Negative
Clamped hemispherical cap problem Positive
Modified Scodelis-Lo roof shell problem Zero
Fully clamped plate problem Zero

Bending-dominated( » = 3) Free cylindrical shell problem Zero
Free hyperboloid shell problem Negative
Partly clamped hyperbolic paraboloid shell problem  Negative

Mixed(1< p < 3) Scodelis-Lo roof shell problem( p =1.75) Zero

Not well-defined Monster shell problem Positive

(@) (b) (©)

Fig. 2.1 Curved surface depending on the Gaussian curvature. (a) Positive Gaussian curvature. (b) Zero

Gaussian curvature. (c) Negative Gaussian curvature.

2.2 The continuum mechanics based shell element

Two basic concepts are used to formulate general shell finite elements. One is a flat shell element which
is constructed by superimposing the plate bending action and membrane action. A membrane behavior is not

coupled with a plate bending behavior (bending and transverse shearing behaviors). The other is a continuum



mechanics based shell element (degenerated shell element) obtained by the degeneration of three-dimensional
continuum mechanics [27]. Bending, membrane and transverse shearing behaviors are fully coupled. In this
paper, the continuum mechanics based shell element is considered. Using these elements, the shell behavior can
be represented more reliably for general shell structures. Also, a linear formulation can directly be extended to a

general nonlinear analysis.

The geometry of a g-node continuum mechanics based triangular shell finite element is interpolated by

[1,10]
q t & .
X(r,s,t) = D I (r,9)%; +EZaihi (r,s)V, (2.10)
i=1 i=1

where h;(r,s) is the 2D shape function of the standard isoparametric procedure corresponding to node i, X;

is the position vector for node i in the global Cartesian coordinate system, and a; and V. denote the shell

thickness and the director vector at node i, respectively.

The displacement interpolation of the element is obtained by

G(r,s,t) = ihi (r,9)y; +%iaihi(r,s) (Vi +V{ ), (2.11)
i=1 i=1

in which G; is the nodal displacement vector in the global Cartesian coordinate system, V;' and V, are unit
vectors orthogonal to V! and to each other, and «; and g, are the rotations of the director vector V!

about V' and V, atnode i.

The linear terms of the displacement-based covariant strain components are given by

1, . -
eij:E(gi'u,j"'gj'u,i)l (2.12)
where
@izs_:' G,i:% with  n=r, rp=s, r;=t, (2.13)
1 1

The displacement-based shell element shows the optimal convergence behavior in membrane-dominated shell

problems. However, this shell element locks severely in bending-dominated shell problems.

2.3 Locking phenomenon and locking treatment



The solution of the shell finite elements converges slowly when the thickness becomes thin during
bending-dominated and mixed shell behaviors. This phenomenon is called “locking”. The solution accuracy
deteriorates in bending dominated and mixed shell behaviors because a finite element discretization cannot
accurately approximate the pure bending displacement fields of shells. In the shell finite element analysis,
membrane locking and shear locking occur. Membrane locking occurs when the geometry of a shell element has
a curvature. If the geometry of a shell element is flat, no membrane locking occurs. Shear locking occurs
regardless of a curvature of a shell element. In the following sections, several locking treatment schemes are

presented [1, 2].

2.3.1 Reduced Integration

The reduced integration scheme reduces the order of Gaussian numerical integrations when constructing
the stiffness matrix. The reduced integration scheme is divided into the uniformly reduced integration scheme
and the selectively reduced integration scheme [28-30]. In the uniformly reduced integration scheme, a reduced
order of Gaussian numerical integrations is applied to construct the stiffness matrix for all of the strain terms.
Otherwise, in the selectively reduced integration scheme, a reduced order of the Gaussian numerical
integrations is used to construct the stiffness matrix for the specific strain terms for which locking occurs. For
example, in the 4-node shell element, only shear locking occurs. If reduced integration is used for the transverse
shear strains of a 4-node shell element, the transverse shear strains are assumed to be constant as follows:

€ =€,:(0,0,t), €&, =e(0,0,t) (2.14)
However, when using the reduced integration scheme, a spurious energy mode occurs. In some shell problems,
the solutions can oscillate if a spurious energy mode dominates. Hence, the reduced integration scheme should

be used with a stabilization technique [30].

2.3.2 Enhanced Assumed Strain method

The Enhanced Assumed Strain formulation is derived from the Hu-Washizu functional [31-34]. The

internal energy part is given by

Upa :L%(BG+§E)TC(BU+§E)dV (2.15)
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where B is the strain-displacement matrix obtained by the original formulation, U is the displacement vector,

E

C is the stress-strain law matrix, and £- is an enhanced strain vector with unknowns. The enhanced strain

field is added to the inherent strain field obtained by the original formulation. The unknowns for the enhanced

strain vector are condensed out on the element level.

2.3.3 Hellinger-Reissner principle

The Hellinger-Reissner functional (HR functional) is derived from the Hu-Washizu functional [1, 35,

36]. The internal energy part is given by

U =] (—%chg +&7Co,T)dv (2.16)

where & is the strain vector, C is the stress-strain law matrix, U is the displacement vector, and 0, is the

differential operator on U for strain calculations. It is important to note that the independent variables are the
strains and displacements in this Hellinger-Reissner functional. An approximated strain field with unknowns is

newly defined. The static condensation is performed for the unknowns on the element level.

2.3.4 Mixed Interpolation of Tensorial Components method

The MITC shell formulation is given by

(2.17)

(R skt

Nj
é'I] (r7 S!t) = ZhI'J( (r, S)eij
k=1

where nj; is the number of tying points to obtain the covariant strain components on the shell midsurface with

coordinates (ri}‘,si‘j-) and hi'} is the assumed interpolation function corresponding to tying point k and

satisfying

hi|j< 3

uvsilj) =g, I=1..n; (2.18)

This tying procedure is performed on the element level. Note that to select the tying points and to construct the

assumed strain interpolations are key to formulate the MITC shell elements successfully [1, 2].

The MITC method was first applied to develop the MITC4 quadrilateral shell finite element in the

research of Dvorkin and Bathe [19]. Under the plate bending assumption, the MITC4 shell element becomes the
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MITC4 plate bending element. Although the concept of the MITC4 plate bending element is similar to that of
the plate elements developed by Hughes and Tezduyar and MacNeal, the MITC4 shell element is proposed for
general shell analyses and assumed covariant strains are first used for the element [37, 38]. For the MITC4
element, the in-layer strain components are obtained from the displacement-based formulation and the

transverse shear strains are assumed with the MITC method, as follows:
-~ 1 1 ~ 1 1
B =5 e s)er) +2(-9)er, & == Qe + - - (2.19)

Tying positions (A)-(D) are presented in Fig. 2.2. Note that the stiffness matrix is obtained corresponding to the
same nodal point degree of freedom as the displacement-based shell element without using the static

condensation, like the elements based on the EAS method or the Hellinger-Reissner principle [31-36].

For the 9-node shell elements, Park and Stanley developed the 9-ANS shell element using the Assumed
Nature Strain method which is close to the MITC method. In ANS method, assumed physical strain fields were
obtained from the strains along selected co-ordinate lines [7]. Based on the MITC method, Bucalem and Bathe
developed the 9-node MITC9 and 16-node MITC16 quadrilateral shell finite elements [21]. Afterward, Bathe et

al. proposed an improved MITC9 shell element [22].

Lee and Bathe proposed a methodology with which to construct isotropic triangular shell elements based
on the MITC method. The 3-node MITC3 shell element and 6-node MITC6 shell elements were developed by

Lee and Bathe [10]. The improved MITC6 shell element was developed by Kim and Bathe [23].

The 3-node MITC3 triangular shell finite element shows much better predictive capability than the
displacement-based 3-node triangular shell finite elements and other 3-node isotropic triangular shell finite
elements [10, 11]. However, the degree of locking alleviation by MITC3 is not as great as that gained when
using MITC4; that is, the accuracy of the solutions is not as good as that of the MITC4 quadrilateral shell finite

elements due to locking.

2.4 The ideal shell finite element

In the finite element analysis, the variational formulation is determined as follows [1, 2]

Find U, e ®, such that

Ah(ahivh): IENh)! v\7€‘i)h (2.20)
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&

Fig. 2.2 Tying positions for the assumed transverse shear strain field of the MITC4 shell element.

where A, (-) denotes the bilinear forms for finite element discretization, d)h is the space functions in which
the finite element solution lies (®,, c ®), U, is the finite element solution, and V, is the test function for
finite element. Ah(ljh,\7h) is given by

AU V) =V ([ B CBraV U (2.21)

where B,, is the strain-displacement matrix [1, 2, 10, 26].

For general shell finite element analyses, the ideal shell finite elements satisfy the three aforementioned

conditions. First, the ellipticity condition is defined as
- - - = - 12
Ja>0 suchthat VU, € ®,,, Ah(Uh,Uh)Za”Uh“l (2.22)

where « is a constant. This condition indicates that the given problems are solved using shell finite elements,
that is, the shell finite element contains no spurious zero energy mode. Under unsupportable boundary

conditions, the shell finite element contains exactly six zero eigenvalues corresponding to the rigid body modes.
Second, because finite element discretization is based on a mathematical model, the finite element

solution should converge to the solution of the mathematical model as the element size h approaches zero. This

condition is called consistency. The definition is as follows:
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limU, =U or limA,(U,,U,)=AU,U) (2.23)
h—0 h—0

where A, (-) is the exact bilinear form of a mathematical model, and U is the exact solutions [1, 2, 26].

Third, shell finite elements show uniformly optimal convergence behavior in bending-dominated
problems or in mixed problems. This condition is called inf-sup condition. If shell finite elements satisfy inf-sup
condition, the element is free from membrane locking and from shear locking, that is, the response is
independent of the shell thickness. Although this condition is important, in general, it is not possible analytically
to prove whether shell finite elements satisfy this condition. Hence, numerical tests are performed to verify

whether shell elements satisfy this condition [1, 2, 26].

An additional condition is required for triangular shell finite elements. The response of the triangular
shell elements should be the identical regardless of the node numbering sequence. This condition is called
isotropy. The element stiffness matrices are independent of the node numbering sequence of a triangular shell

element [10, 11].

When developing shell finite elements, it is extremely difficult to satisfy the above conditions. It is

therefore necessary to soften the requirements as follows:

e No spurious zero energy mode (ellipticity condition)

e Satisfy the consistency condition

e No shear locking for plate bending problems

e Reliable convergence behavior for membrane-dominated shell problems

e Reliable convergence behavior for bending-dominated shell problems and mixed shell problems

e Easy to extend to a nonlinear formulation (simple formulation)

e Satisfy the isotropic condition for triangular shell elements
A practical range t/L is considered for bending-dominated shell problems and for mixed shell problems to

soften the requirements [1, 2, 10].
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Chapter 3. Improving the MITC3 shell finite element

In this chapter, formulation of the 3-node displacement-based shell finite element is first reviewed. Then,
the formulation of the MITC3 shell element is reviewed with the detail studies. In order to improve the
performance of the MITC3 shell element, the Hellinger-Reissner functional is modified with a special

approximated transverse shear strain field based on rotated contravariant bases [12].

3.1 Formulation of the 3-node displacement-based shell finite element

The geometry of a 3-node continuum mechanics based triangular shell finite element is interpolated by
[10, 11]

3 3
X(r.s,0)=> 0 (r.9)% +%Zaihi(r,s)\7ni , (3.)
i=1 i=1

where h;(r,s) is the 2D shape function of the standard isoparametric procedure corresponding to node i, X;

is the position vector for node i in the global Cartesian coordinate system, and a; and V. denote the shell

thickness and the director vector at node i, respectively; see Fig. 3.1.

The displacement interpolation of the element is obtained by
3 t S . .
G(r,s,t) = Zzl:hi (r,5)G; +E§aihi (r,s)(Vie; +V) B), (3.2)

in which ; is the nodal displacement vector in the global Cartesian coordinate system, V,' and V. are unit
vectors orthogonal to V. and to each other, and «; and g, are the rotations of the director vector V!

about V;' and V. atnodei.

The linear terms of the displacement-based covariant strain components are given by

1. .
eij=§(9i'u,j+gj'u,i): (3.3)
where
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Fig. 3.1 A standard 3-node triangular continuum mechanics based shell finite element.

gizg_:, a’i:% with  n=r, r,=s, r;=t, (3.4)
1 1

The covariant strain components can be expressed by
eij = b,JL] y (35)

in which by is the covariant strain-displacement matrix and U is the vector of nodal displacements and

rotations, which include G, «,,and pg,.

The base vectors of the shell-aligned local Cartesian coordinate system are defined as follows

x L

L = L xL;. (3.6)

|
!

S

C-9 [
t " e k|

The strains (;;) defined in the shell-aligned local Cartesian coordinate are calculated from the covariant strain

components through the following relation,

5ij(|:i®|:j):emn(gm®gn) with [ =L, L=L, Ly=L, (3.7)

In Eq. (3.7), the contravariant base vectors §' are given by

§-g'=6' with g'=g", §2=¢°, g°=g" (3.8)

where &1 is the Kronecker delta in mixed form.
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The strain vector defined in the shell-aligned local Cartesian coordinate system from the displacement-

based shell formulation is
£=BU, (3.9)

where Z=[er &5 26 265 264] -

3.2 Formulation of the MITC3 shell finite element

Since the 3-node triangular shell finite element is flat, the covariant in-plane strain components are
calculated using Egs. (3.1) to (3.3). However, the covariant transverse shear strain field is established using the

MITC scheme. The additional transverse shear strain e, shown in Fig. 3.2 is considered to obtain the isotropic

behavior [10]

~ 1 - -

Cqt = E (&t =€) - (3.10)
The interpolation of the transverse shear strain field can be assumed as follows

€ =a +br+cs,

€y =8, +h,r+c,s,

é'qt = % (gst - é'rt) (3.11)

- i{(a2 +h,r +¢,8) — (8 +byr +¢,9)].

V2

Along the edges, the constant covariant transverse shear strain conditions shown in Fig. 3.3 are given by
8:(00)=e, &(10)=¢?,

8,(00)=¢ef, &, (01 =ef,

- 1
8 (L0) =efd =E(e§f’ -e?), (312)

g 1
e (0D = ey = 5 € -eP).

T
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Fig. 3.2 Transverse shear strain relation

€, =const.

Fig. 3.3 Tying positions for the assumed transverse shear strain field of the MITC3 shell element. The constant

transverse shear strain conditions are imposed along its edges.
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Bending axis 2
Bending axis 1

Bending axis 3

Fig. 3.4 The nodal displacement pattern of the physical strain energy modes at the top view. (a) Symmetrical

bending mode 1. (b) Symmetrical bending mode 2. (c) Symmetrical bending mode 3.

The conditions in Eq. (3.12) is imposed to the interpolation in Eq. (3.11) to obtain the unknown coefficients.
Finally, the assumed covariant transverse shear strain field is given by

g =ef) vos, &Y =) —or, (3.13)

where c= (%) —eP)— (e —el?) and the tying points are shown in Fig. 3.3 [10].

The assumed covariant transverse shear strain field in Eq. (3.13) can be separated into the constant part
and linear part. The three cases can be defined to represent the constant transverse shear strain field for the three
bending modes. In the symmetrical bending mode 1 shown in Fig. 3.4(a), the covariant transverse shear strain
field with the conditions and tying points shown in Fig. 3.5(a) is given by

za _ .0
€t =€n

eq =ef) —ef +ef (3.14)
In the symmetrical bending mode 2 shown in Fig. 3.4(b), the covariant transverse shear strain field based on the

conditions and tying points shown in Fig. 3.5(b) is obtained by

2 =e) e veld,

e =eld. (3.15)
In the symmetrical bending mode 3 shown in Fig. 3.4(c), the covariant transverse shear strain field based on the

conditions and tying points shown in Fig. 3.5(c) is given by
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e =ei,

el =eld. (3.16)

st —

The constant transverse shear strain field can be obtained by the average of the Egs. (3.14)-(3.16)

-e;rctonst _ g(esl) > e(Z)) (e(3) e(3))

é-sz;onst g(eg) e(l))+ (e(3) e(3)) (3.17)

For obtaining the assumed linear transverse shear strain field excluding the constant transverse shear

strain filed, the assumed transverse shear strain field from the MITC3 shell formulation in Eq. (3.13) is

subtracted by the constant transverse shear strain fields Eqgs. (3.14)-(3.16) in the individual cases as follows

FMITC3 _za SMITC3 _za

€t —e; =0, ey —eg =c(l-r), (3.18)
D e (3.19)
gmes gl =cs, ey -85 =—cr, (3.20)

the Egs. (3.18)-(3.20) are averaged to obtain the spatially isotropic transverse shear strain field

g linear _ c(35 -1,

glinear _ c(l—3r) . (3.21)

The assumed transverse shear strain field of the MITC3 element can be separated as follows

- ~ 1
erl:/IITCB ge geonst gl linear _ (e(l) e(2)) (eg’») _ elgt3)) + 50(35 -1,

MITCS _ goonst g linear _ (e(z) += e(l)) += (e(3) e®) +%c(1—3r) . (3.22)

The constant part represents the constant transverse shearing mode. The linear part represents the in-plane

twisting mode. The transverse strain fields Eqs.(3.14)-(3.16) and Egs.(3.18)-(3.20) are automatically averaged

with the Eq. (3.10) to satisfy the isotropic condition when constructing the assumed transverse shear strain field

of the MITC3 element. Also, the MITC3 element can be developed with the mode decomposition, see Appendix

A
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Fig. 3.5 The constant transverse shear strain condition and tying positions for the symmetrical bending modes,
€ = (&, —€,)/ V2 . (2) Symmetrical bending mode 1. (b) Symmetrical bending mode 2. (c) Symmetrical

bending mode 3.
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The assumed covariant transverse shear strain components of the MITC3 element can also be expressed by
The covariant strains of the MITC3 shell finite element are transformed to the strains defined in the shell-

aligned local Cartesian coordinate system ( L; , L, L; )

M =BMU  with M =M &M 2N 2:M 2 MTT (3.24)

3.3 The Hellinger-Reissner principle for 3-node shell finite elements

The Hellinger-Reissner functional (HR functional), which is derived from the Hu-Washizu functional [1],
is given by

. T~
Mo = L (_%5Tc5+5Tcaga)dv —LUT Feav—[ @ s
S¢

—L %7 @ —d,)ds (3.25)

where & is the strain vector, C is the stress-strain law matrix, U is the displacement vector, o, is the

Sy

differential operator on G for strain calculations, f 2 is the vector for body forces, f>' is the vector for

applied surface tractions, U, is the vector for prescribed displacements, V is the volume of the body, S; is

p

the surface on which f°' is applied, S, is the surface on which G, is prescribed, g% s the

displacement vector over S, @ is the displacement vector over S,, and f3 is the reaction vector

u:

calculated by the stresses on S, . It is important to note that the independent variables are strains and

displacements in this Hellinger-Reissner functional.

For the 3-node shell finite element formulation, the Hellinger-Reissner functional is changed to separate
the bending and membrane strains and the transverse shear strains as follows

- T
iR =L(%§Jmcbm§bm —%V‘Tcy;’* +727C 7)dv —LUT fBdv — ) g% o ds
f

—L %7 @ —d,)ds (3.26)

where &, is the vector for the displacement-based bending and membrane strains, y is the vector for the
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=~A

displacement-based transverse shear strains, and 7" is the vector for the approximated transverse shear strains

with unknowns,
Err
- L (2eg . 2eh
Gom=| &5 |+ 7=|, | A= (327)
Zgﬁ ngf
28¢5

and all the strain components are defined in the shell-aligned local Cartesian coordinate system to satisfy the

material stress-strain law for shells.

In Eq. (3.26), Cy, Is the stress-strain law matrix for the bending and membrane strains and C, is the

stress-strain law matrix for the transverse shear strains,

£ 1 v 0 £ kl—V 0
Com = v 1 0], ¢C, = 2 , (3.28)
bm 1-v? 1-v A 0 kl_V
00 —~ >
2

where E, v,and k are Young’ modulus, Poisson’s ratio, and a shear correction factor, respectively. In this

work, we use k = 1.0.

In general, &,, and y come from the 3-node displacement-based shell formulation; that is, &

and y are obtained by Eq. (3.9)

- & - . 26§f -
Epm=| €5z |=BpmU, 7= o |7 B,U. (3.29)
26 it

The approximated transverse shear strain field (#”*) is constructed with the appropriate interpolation with

unknowns (@ ),

~A 285’ A—
_ _BAG. (3.30)
g (25@ 4

Finally, the unknown variables in Eq. (3.26) are the nodal displacements and rotations (U ) and the

approximated transverse shear strains (& ). The effectiveness of the shell finite element formulation based on

the Hellinger-Reissner principle highly depends on how the interpolation function is constructed in Eqg. (3.30).
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3.4 Formulation of the MITC3-HR shell finite element

We here modify the Hellinger-Reissner functional in Eq. (3.26) as follows

T
HR‘L( gMlc, gM _ %7“ C, 7 +74C M)V - L "oV - | G fSds
f

£, 7 /=S, =
- Lu fS (@% —d,)ds, (3.31)
with
M
=M 87\; M7 M 2edf M7 A 2e4 A
Epm =| €535 = Bme , V4 = S"\; = B}/ U , Yy = SAt = Bya, (332)
oM &7 2e5
rs

in which &)1 and 7™ are the vector for the bending and membrane strains and the vector for the transverse

shear strains obtained by Eq. (3.24) in the MITC3 shell finite element formulation.

This is a very important modification of the Hellinger-Reissner functional. As a result, the new element,
MITC3-HR, is based on the formulation of the MITC3 shell finite element. It provides strong potential to
improve the MITC3 shell finite element. Since the MITC formulation can be represented by the Hellinger-

Reissner principle [39], the Hellinger-Reissner principle is, in effect, used twice in our formulation.

Another important part for successful development is the approach taken to construct the approximated

transverse strain field, which should retain the isotropic property as well as improve the predictive capability of
the MITC3 shell finite element. For the construction of 7” in Eq. (3.32), we use a special approximated
transverse shear strain field introduced on the rotated contravariant base vectors. The components of 7* are

given by

268 = 28LUG° L)@ L)+ (@ L)@ -Col+2821G" - L)@ L) +(@ L)@ Lol

265 = 28280(G° L)@ L)+ (@' L)@ - Lol + 28216 -Lo)(G L)+ (G L)@ L) (3.39)
with
Er =, +ozS, €4 =ay—asl, (3.34)
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Fig. 3.6 The rotated covariant base vectors for the MITC3-HR shell finite element. The dotted and solid vectors

correspond to the original and rotated covariant base vectors, respectively.

inwhich g", g°and g' are the rotated contravariant base vectors and o, a,,and a, are the unknown

variables for the approximated covariant transverse shear strains. Here, it is important to note that the type of
interpolation functions in Eq. (3.13) is the same as that of the interpolation functions used in Eq. (3.34), which

belong to a "rotated Raviart-Thomas space".

In order to calculate the rotated contravariant base vectors, as shown in Fig. 3.5, we first rotate the three

covariant base vectors about the vector (€, ) normal to the midsurface (t = 0) of the shell element

g; =c0s6 §; +(1—cosO)(G; -€,)&, + (€, x G;)sind (3.35)

with

8= o Js (3.36)
|, > ds|

in which §; are the covariant base vectors (i=r,s and t) evaluated by Eq. (3.4) at the integration points of
the shell element, and & is the angle of rotation about €,. The rotated contravariant base vectors are then
calculated by

G-g' =0, (3.37)

Note that €, is a constant vector, because the midsurface of the 3-node shell element is flat.
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Invoking STINM; =0 in Eq. (3.31), we obtain corresponding to &
mT =M ~MT~ —A TrB
L(&Ebm Coméih + 7' C,7")aV :Laﬁ feav (3.38)
and corresponding to 577A
L&y’“cy(w ~ 7™V =0. (3.39)
Egs. (3.38) and (3.39) are changed to the matrix form with Eq. (3.32)
K K J R
e e Lf R (3.40)
Kau ng [24 0

and, using the static condensation on « , the stiffness matrix of the MITC3-HR shell finite element is finally

given as
_ 1, T
K=Ky — KKz K. (3.41)
with

Kuu :L Bb’\ﬁnTCmet')\Ade )
K —LBMTC BAQV
ue — 4 =y !

;
K. =-[ B} C,Bfv. (3.42)

After obtaining the nodal displacement solution U, a is given by
a=-KKlU, (3.43)
=A

and the strains are then calculated by Eb'\{'n and 7"in Eqg. (3.32), and the stresses are obtained using the stress-

strain law in Eq. (3.28).

3.5 Basic numerical tests

In this section, the results of three basic tests of the MITC3-HR shell finite elements are presented. Table

3.1 presents the results of the basic tests.
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Table 3.1 Results of basic numerical tests

Element Zero energy mode test Isotropy test Patch test

MITC3-HR Pass Pass Pass

3.5.1 Strain energy mode tests

We count how many zero eigenvalues exist in the stiffness matrix of a single unsupported element. The
single shell finite element should pose exactly six zero eigenvalues, corresponding to the six physical rigid body
modes. When a shell finite element has additional zero eigenvalues corresponding to spurious energy modes,

the stability of the solutions cannot be guaranteed [1].

The MITC3-HR shell finite element passes the zero energy mode test except for the case where the
angle @ in Eq. (3.35) is 90 deg and the element has a uniform thickness. Tables 3.1 and 3.2 present the
eigenvalues of the strain energy modes of the MITC3-HR shell finite element according to the rotation angle (9)

of the contravariant base vector for the plate bending problem shown in Fig. 3.7(a) when t/L is 0.001 and
0.0001 (uniform thickness). We use L=1.0, E=1.7472x10" and v=0.3. Because the eigenvalues change
with the order of (t/L)* in the modes 7, 8 and 9, these modes are easily identified as bending modes. After

investigating the strain distributions by the modes 11 and 13, it is found that these two modes include both

transverse shear and bending modes.

When the angle ¢ =0, all of the eigenvalues of the MITC3-HR shell finite element are identical to
those of the MITC3 shell finite element. As the angle & increases to 90 deg, the 10th eigenvalue decreases.
Fig. 3.8 presents the 10th mode shapes ( & =89 deg) of the displacement based 3-node, MITC3 and MITC3-HR
shell finite elements. It is very interesting to note that, while the 10th strain energy mode of the displacement
based 3-node shell element is the pure in-plane twisting mode (Fig. 3.8(a)), the 10th modes of MITC3 and
MITC3-HR shell finite elements includes a bending mode as well as the pure in-plane twisting mode (Fig. 3.8(b)
and (c)). Also, we note that the 10th mode shape of the MITC3-HR shell finite elements varies depending on the

angle @, but the change is very small, see Fig. 3.8(b) and (c).
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We then investigate how the strain energy of the MITC3-HR shell finite element varies according to the
rotation angle (@) of the contravariant base vector in the in-plane twisting mode. Note that the in-plane twisting
mode results in only non-zero transverse shear strains. When the single triangular elements shown in Fig. 3.8(a)

are twisted at the angle ¢ about the z-axis located at the barycenter, the in-plane twisting mode shown in Fig.
3.8(b) is obtained: 60} =67 =6, =02 =1/\12 and 62 =67 =-2/:/12. We use L=10, E=17472x10’

and v=0.3. The single displacement based 3-node and MITC3 shell finite elements give the exact strain

energy in the in-plane twisting mode, which results in only non-zero transverse shear strains.

Fig. 3.9 shows the ratio of the strain energy of the MITC3-HR shell finite element to the strain energy of
the MITC3 shell finite element depending on the rotation angle of the contravariant base vector (0 <6 <89 deg)
when the in-plane twisting mode is applied. Note that less strain energy stored in the element means that the
element is more flexible. The MITC3-HR shell finite element has the same flexibility as the MITC3 shell finite
element when the rotation angle € =0deg. However, as the angle increases, the MITC3-HR shell finite
element becomes increasingly flexible. As the angle approaches 90 deg, the MITC3-HR shell finite element
becomes rapidly flexible and the zero strain energy is calculated when & =90 deg. Therefore, it can be
expected that the 10th mode of the MITC3-HR shell finite element with 8 =289 deg becomes the spurious in-

plane twisting mode when & =90 deg.

G : Barycenter

Fig. 3.7 Strain energy mode test (L = 1.0, E = 1.7472x10" and v = 0.3). (a) A single triangular shell finite
element. (b) In-plane twisting mode for the single shell finite element. The dotted and solid lines correspond to

the top surfaces before and after deformation, respectively.
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Table 3.2 The eigenvalues of the strain energy modes of the MITC3-HR shell finite element for the plate

bending problem shown in Fig. 3.8(a) when t/L =1/1,000. Modes 1 to 6 are rigid body modes. Modes 12, 14

and 15 are membrane modes.

Mode Angle(8)
Odeg (MITC3)  30deg 60deg 89deg 90deg
7 6.6764E-04 6.6764E-04 6.6764E-04 6.6764E-04 6.6764E-04
8 8.1454E-04 8.1454E-04 8.1454E-04 8.1265E-04 1.0752E-03
9 2.4924E-03 2.4924E-03 2.4924E-03 2.4924E-03 2.4924E-03
10 3.6928E+02 2.7702E+02 9.2381E+01 1.1284E-01 0.0000E+00
11 4.6707E+03 4.6696E+03 4.6676E+03 4.6667E+03 4.6667E+03
13 1.1760E+04 1.1760E+04 1.1760E+04 1.1760E+04 1.1760E+04

Table 3.3 The eigenvalues of the strain energy modes of the MITC3-HR shell finite element for the plate

bending problem shown in Fig. 3.8(a) when t/L =1/10,000. Modes 1 to 6 are rigid body modes. Modes 12, 14

and 15 are membrane modes.

Mode Angle(8)
Odeg (MITC3)  30deg 60deg 89deg 90deg
7 6.6764E-07 6.6764E-07 6.6764E-07 6.6764E-07 6.6764E-07
8 8.1455E-07 8.1455E-07 8.1455E-07 8.1453E-07 1.0752E-06
9 2.4924E-06 2.4924E-06 2.4924E-06 2.4924E-06 2.4924E-06
10 3.6928E+01 2.7702E+01 9.2381E+00 1.1258E-02 0.0000E+00
11 4.6707E+02 4.6696E+02 4.6676E+02 4.6667E+02 4.6667E+02
13 1.1760E+03 1.1760E+03 1.1760E+03 1.1760E+03 1.1760E+03
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(a) (b) (o)

Fig. 3.8 Shapes of the normalized 10th strain energy mode. The dotted and solid lines correspond to the top
surfaces before and after deformation, respectively. Plus and minus signs denote small out-of-plane
displacements in the z and —z directions, respectively. (a) Displacement based 3-node shell finite element. (b)
MITC3 shell finite element (MITC3-HR shell finite element when & =0deg). (¢) MITC3-HR shell finite

element when =89 deg.

og

1
-
1

2k

-©—& tL=1/10
B tL=1/100
3F A& wL=11000
-6—6 t/L=1/10000

log(strain energy ratio)

0 15 30 45 60 75 89
0 (deg)

Fig. 3.9 Ratio of the strain energy of the MITC3-HR shell finite element to the strain energy of the MITC3 shell
finite element depending on the rotation angle (¢) of the contravariant base vectors in the in-plane twisting

mode.
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In order to understand why the behaviors of the MITC3-HR shell finite element with =0 deg are
identical to the MITC3 shell finite element and why the MITC3-HR element with ¢ =90 deg has a spurious
mode, we calculate the approximated transverse shear strains in Eq. (3.33) for the single triangular element with

an uniform thickness (node numbering: 1—2—3) in Fig. 3.7(a) and then separate the covariant transverse shear

strain fields corresponding to the original contravariant base vectors g/,

&r =—a Sin0+a, cos O + as(rsin@+scos 6),

€4 = &y 005 0+ ar, SN0 + az(— r cos @ + s8N H). (3.44)

When @=0 deg, Eq. (3.44) has the same form as Eq. (3.13), this results in 7% =#™ in Eq. (3.31).

In this case, the MITC3-HR shell finite element becomes identical to the MITC3 shell finite element. In the case

of 6=90deg, Eq. (3.44) is as follows:

8 =—oy +agr

Eh = ap + 058 (3.45)
In addition, a comparison of Eq. (3.45) and Eq. (3.13) shows that the linear terms in each covariant transverse
shear strain component are switched. This results in a3 =0; thus, the constant transverse shear strain field is

obtained. As pointed out in the literature [11], the 3-node plate/shell finite elements with a constant transverse

shear strain field display a spurious zero energy mode.

Through the studies in this section, we can conclude that the special approximated transverse shear
strain field introduced by the modified Hellinger-Reissner functional selectively increases the flexibility of the
MITC3 shell finite element corresponding to the 10th strain energy mode. In other words, the transverse shear
strains by the 10th strain energy mode that contains both the in-plane twisting and bending modes becomes

smaller in the MITC3-HR shell finite element.

In all the following numerical examples, we use the rotation angle of the contravariant base vectors,
6 =89 deg, to make the MITC3-HR shell finite element flexible enough in the 10th strain energy mode without

the spurious energy mode.
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Fully
clamped edge

Fig. 3.10 A single 3-node triangular shell finite element for the isotropic test. The input values of the geometry

are presented in Table 3.1. P =[F, F, R M, Mﬂ]T.

Table 3.4 Input values for the geometry shown in Fig. 3.10 for the isotropic test.

Node(i ) Cartesian coordinate (X;) Director vectors (Vn‘) Thicknesses
Xi Yi Zi Vi Vi Vi,

1 2.0 0.0 0.0 0.43775  0.87549  0.20467 0.1

2 0.0 1.0 0.0 -0.18273  0.69520  0.69520 0.01

3 0.0 0.0 1.0 0.43775  0.20467 0.87549 0.2

3.5.2 Isotropy test
A single 3-node triangular shell finite element in Fig. 3.10 is analyzed with 3 different node numberings.

All the input values are the same except for the node numbering. Different sequences of node numberings are

used as follows: 1 -2—3, 2—3—1 and 3—1—2. The results should be the same for all possible tip forces and
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moments. The input values of the geometry of the 3-node triangular shell element are presented in Table 3.3.
Each node has different thickness and director vectors, which are not normal to the shell midsurface in order to

consider a general case.

The MITC3-HR shell finite element gives identical results regardless of the numbering sequences; that
is, the element passes the isotropic element test as the MITC3 shell finite element does. Also, the isotropic
behavior is independent of the rotation angle of the contravariant base vectors. Of course, the MITC3-HR

element shows isotropic behavior for other arbitrary element geometries.

3.5.3 Patch test

The mesh shown in Fig. 3.11 is used to perform the patch test [1]. The minimum number of degrees of
freedom is constrained so as to prevent rigid body motions. Nodal forces that should result in constant stress
conditions are applied. The constant stress should be calculated to pass the patch test. The MITC3-HR shell

finite element passes the membrane, bending, and transverse shearing patch tests.

Y A
(0,10) (10,10)
4,7)
(8,7
(8,3)
(2,2)
~ b
(0,0) (10,0)

Fig. 3.11 Triangular mesh used for the patch tests.
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3.6 Convergence studies

In this section, convergence studies using appropriate benchmark problems are performed to study the
behavior of shell elements: a clamped square plate problem, a sixty-degree skew plate problem, cylindrical shell
problems, and hyperboloid shell problems [1, 2, 10, 40]. These problem solutions pertain to measuring the
errors in an appropriate norm considering membrane and bending dominated problems with various shell

curvatures, shell thickness values, and boundary conditions.

To measure the error in the finite element solution, we use the s-norm proposed by Hiller and Bathe [41]

la-ai = [asTaTQ  with AZ=F-, AT=T-T,, (3.46)

where 0 is the exact solution, Uy, is the solution of the finite element discretization, and ¢ and 7 are the

strain and stress vectors. The s-norm is suitable to identify whether the finite element formulation satisfies the

consistency and inf-sup conditions [2, 41-43].

Instead of the exact solution G, an accurate finite element solution using a very fine mesh G can be
employed. Then the s-norm in Eq. (3.46) becomes

. _ 12 ST . — . - - ~ -
"uref - Uh"S = J‘Q AETATeref Wlth Ag = gref —&hs AT = Tref —Th- (347)
ref

To measure the performance of finite elements in shell analyses, it is important to consider decreasing

shell thickness values. We then use the relative error E,

_ _ 12
”uref _uh"S
[oea
The optimal convergence behavior of the elements, for the shell problems considered, is given by
E, =Ch*, (3.49)

in which h is the element size. For a 3-node shell element to be uniformly optimal, the value of C must be

constant, that is, independent of the shell thickness, and k=2.
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In this study, well-converged reference solutions calculated using fine meshes of the MITC9 shell
elements are used. The MITC9 shell element satisfies the ellipticity and consistency conditions and shows a

good convergence behavior [22, 41-45].

3.6.1 Fully clamped square plate problem

The plate bending problem shown in Fig. 3.12 is considered. A square plate of dimensions 2L x2L
with uniform thickness t is subjected to uniform pressure normal to the flat surface and all the edges are fully
clamped. Due to symmetry, only a one-quarter model is considered, with the following boundary conditions

imposed: u, =6, =0 along BC, u, =6, =0 along DC and u, =u, =u, =6, =6, =0 along AB and AD

[10, 11].
z
A
9 t
N A A A Y A A A \L x
>
I
y y
A A
2L 2L
D C 2L D C 2L
I n
X X
A B > A B >
(@) (b)

Fig. 3.12 Fully clamped square plate problem under uniform pressure (L=1.0, E =1.7472x10", q=1.0 and

v=0.3) with 2 different 4x4 mesh patterns in (a) and (b).
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MITC3 MITC3-HR

0 0
-0.61 / . 0.6 1/ 4
1.2+ - .20 ) -
log E, -1.8f X — log E,-1.8[ / .
24 g 24 I .
=5 tL=1/100 y B tiL=1/100
A4 YL=1/1000 A—A tL=1/1000
3L/ ©-S- tIL=1/10000 3l ‘ ©-6- tiL=1/10000
3.6 1 1 1 1 1 3.6 1 1 1 1 1
21 15 -09 -03 214 -15 -09 .03
log h log h

Fig. 3.13 Convergence curves for the fully clamped square plate problem. The bold line represents the optimal
convergence rate. The solid and dotted lines correspond to the results obtained by the mesh patterns in Figs.

3.12(a) and (b), respectively.

The convergence curves of the MITC3 and MITC3-HR shell elements calculated by Eq. (3.48) are
shown in Fig. 3.13. The reference solution is obtained by a mesh of 96x96 MITC9 shell finite elements. The
solutions of the MITC3 and MITC3-HR shell finite elements are calculated by NxN meshes (N = 4, 8, 16, 32
and 64). The element size is h = L/N. For the range of t/L (1/100, 1/1000, and 1/10000) considered, the

performance of the MITC3-HR shell finite element is much better than that of the MITC3 shell finite element.

The convergence studies with the distorted meshes shown in Fig. 3.14 are performed. When an NxN

element mesh is used, each edge is discretized in the following ratio: L;:L,:Lg:...... Ly =1:2:3:

...... N . Fig 3.15 present the convergence curves for the tested elements, respectively. The MITC3-HR shell

element shows improved performance than the MITC3 shell element.
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Fig. 3.14 Distorted mesh patterns (a) for N =4 and (b) for N

=8.

MITC3 MITC3-HR
0 0
-0.6| e -0.6[ .
-1.2F . 1.2 e
log E, -1.8| — log E, -1.8F T
2.4 . 2.4 e
B8 tL=1/100 -5 tL=1/100
A—A- t/L=1/1000 A—A- t/L=1/1000
3 ©—S- tL=1/10000 3 S-S t/L=1/10000
-3.6 | 1 1 1 1 -3.6 | 1 | | |
21 15 -09 -03 21 15 -09 -03
log h logh

Fig. 3.15 Convergence curves for the fully clamped square plate problem with the distorted meshes shown in

Fig. 3.14. The bold line represents the optimal convergence rate.
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3.6.2 Simply supported sixty-degree skew plate problem

Here the sixty-degree skew plate bending problem shown in Fig. 3.16 is solved. The simply supported

skew plate with its edges of length 2L and uniform thickness t is subjected to a uniform pressure. The

boundary condition u, =0 is imposed along all edges [40].

Fig. 3.17 shows the convergence curves of the MITC3 and MITC3-HR shell finite elements in the
simply supported skew plate problem. A mesh of 128x128 MITC9 shell finite elements is used for the
calculation of the reference solution. NxN meshes (N = 8, 16, 32, 64, and 128) are used to evaluate the solutions
of the MITC3 and MITC3-HR shell finite elements. The element size is h = 2L/N. The graphs indicate the

improved capability of the MITC3-HR shell finite element compared with the original MITC3 element.

LT TTT
. [T T 7T
| — |
N 2L 1
(a) (b)

Fig. 3.16 Simply supported sixty-degree skew plate problem (L=10, E =1.7472x10" and v=03). (a)

Problem description. (b) Mesh pattern used for N =4.
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Fig. 3.17 Convergence curves for the simply supported sixty-degree skew plate problem. The bold line

represents the optimal convergence rate.

3.6.3 Cylindrical shell problems

The cylindrical shell of length 2L, radius R and uniform thickness t is considered as shown in Fig. 3.18.

The loading is a smoothly varying pressure p(6)

P(6) = po cos(26) . (3.50)

This shell structure shows different asymptotic behaviors depending on the boundary conditions at its
ends. When both ends are free, a bending dominated problem is solved, whereas when both ends are clamped, a

membrane dominated problem is considered.

Using symmetry, only the region ABCD in Fig. 3.18 is modeled. To have the membrane dominated

problem, the clamped boundary condition is imposed: u,=f£=0 along BC, u, =a=0 along DC,

y
u,=a=0 along AB, and u, =u, =u, =a=f=0 along AD. To have the bending dominated problem, the

free boundary condition is imposed: u, = =0 along BC, u,=a=0 along DC, and u, =a=0 along AB.
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Fig. 3.18 Cylindrical shell problem (4x4 mesh, L=R=1.0, E=2.0x10°, v=1/3 and p,=10).
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Fig. 3.19 Convergence curves for the clamped cylindrical shell problem. The bold line represents the optimal

convergence rate.
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Fig. 3.20 Convergence curves for the free cylindrical shell problem. The bold line represents the optimal

convergence rate.
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Fig. 3.21 Convergence curves for the clamped cylindrical shell problem with the distorted meshes shown in Fig.

3.14. The bold line represents the optimal convergence rate.
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Fig. 3.22 Convergence curves for the free cylindrical shell problem

3.14. The bold line represents the optimal convergence rate.
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Figs. 3.19 and 3.20 present the convergence behaviors of the MITC3 and MITC3-HR shell finite
elements for the clamped and free cylindrical shell problems, respectively. The reference solution is calculated
by a mesh of 96x96 MITC9 shell finite elements for both cases. The solutions of the MITC3 and MITC3-HR
shell finite elements are obtained by NxN meshes (N = 4, 8, 16, 32, and 64). The element size is h = L/N.
Excellent convergence behavior of the MITC3 element in the cylindrical shell problems has been reported in

Ref. [10]. The MITC3-HR shell finite element similarly shows excellent convergence behavior.

Figs. 3.21 and 3.22 give the convergence curves of the MITC3 and MITC3-HR shell elements when the
distorted meshes in Fig. 3.14 are used. In the membrane dominated problem, the testes shell elements show
similarly good convergence behavior. In the bending dominated problem, the MITC3-HR presents improved

capability compared with the original MITC3 element.

3.6.4 Hyperboloid shell problems

Finally, the hyperboloid shell shown in Fig. 3.23 is considered. The mid-surface of the shell structure is

given by

x2+22=1+y%  ye[-1 1] (3.51)

As for the cylindrical shell problems, a smoothly varying pressure is applied, see Fig. 3.18,

p(6) = py cos(26) . (3.52)

A bending dominated behavior is obtained with free ends and a membrane dominated behavior is given

with clamped ends. The bending dominated problem is known to be difficult to solve accurately [2].

Due to symmetry, the analyses are performed using one-eighth of the structure corresponding to the
shaded region ABCD in Fig. 3.23(a). For the membrane dominated case, the clamped boundary condition is

imposed: u,=£=0 along BC, u,=pf=0 along AD, and u,=«a=0 along DC, and

y

Uy =uy,=u, =a=£=0 along AB. For the bending dominated case, the free boundary condition is imposed:

u,=p4=0 alongBC, u,=£=0 alongAD, and u, =a =0 along DC.
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Fig. 3.23 Hyperboloid shell problem (E=2.0x10", v=1/3 and p,=1.0). (a) Problem description. (b)

Graded mesh for the clamped case (8x8 mesh, t/L =1/1000).
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Fig. 3.26 Convergence curves for the clamped hyperboloid shell problem with the distorted meshes shown in

Fig. 3.14. The bold line represents the optimal convergence rate.
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Fig. 3.27 Convergence curves for the free hyperboloid shell problem with the distorted meshes shown in Fig.

3.14. The bold line represents the optimal convergence rate.
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In both cases, a 96x96 element mesh of MITC9 shell elements is used to obtain the reference solutions.

The solutions of the MITC3, MITC3i and MITC3+ shell elements are calculated using N x N element meshes

(N = 4,38, 16, 32 and 64). The element size is h=L/N . In the clamped hyperboloid shell case, a boundary

layer of width 6\/f is considered for half of the mesh, see Fig. 3.23(b). In the free hyperboloid shell case, the

thin boundary layer is not specially considered [2].

For both the membrane and bending dominated cases, the convergence curves are shown in Figs. 3.24
and 3.25. In the membrane dominated case (that is, the clamped hyperboloid shell problem), the performance of
the MITC3-HR shell finite element is almost the same as that of the MITC3 shell finite element. Fig. 3.25
displays the substantially improved performance of the MITC3-HR shell finite element compared to the MITC3

shell finite element.

Figs. 3.26 and 3.27 give the convergence curves of the MITC3 and MITC3-HR shell elements when the
distorted meshes in Fig. 3.14 are used. In the membrane dominated case, the MITC3 and MITC3-HR shell finite
element shows similar convergence behavior. However, in the bending dominated cases, the MITC3-HR shell

element presents better performance than the MITC3 shell element.

3.7 Closure

The MITC3-HR shell finite element was developed by using the modified Hellinger-Reissner (HR)
functional and applying the proposed rotated approximated transverse shear strain field. The results of the basic
numerical tests show that the MITC3-HR shell finite element satisfies all the basic requirements. The results of
the convergence studies proved that the MITC3 shell finite element is successfully improved; that is, the
MITC3-HR shell finite element shows much better convergence behavior than the MITC3 shell finite element,
especially in bending-dominated problems. From these studies and Appendix A, it is investigated that the
stiffness of the in-plane twisting mode should be reduced to improve 3-node triangular shell elements. Also,
bending displacements should be enriched to obtain better results than the MITC3-HR shell element in

convergence tests because a 3-node triangular shell element lacks bending displacements.
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Chapter 4. MITC3+ shell finite element

In general, 3-node triangular elements for the two-dimensional analysis of solids and the analysis of
shells suffer from a lack of displacement modes [1, 11, 12]. To overcome this inherent limitation in some
elements, a scheme to enrich the displacement field can be effective [46-50]. In particular, bubble functions
have been used to improve the predictive capability of finite elements for two- and three-dimensional solid and
fluid flow analyses, and for plate and shell solutions [1, 22, 47, 50-53]. A cubic bubble function for a 3-node
triangular element is attractive [47, 50] because it provides a higher-order interpolation inside the element while

maintaining the linear interpolation along the element edges, thus providing compatibility between elements.

In the development of the new triangular 3-node shell element, which we call the MITC3+ shell element,
we use a cubic bubble function for the interpolation of the rotations to enrich the bending displacements. That is,
only 2 internal rotation degrees of freedom are added to the standard 3-node shell element. Hence, the bubble
function does not affect the mid-surface displacement of the shell element, and the corresponding degrees of

freedom can be statically condensed out on the element level [24].

4.1 Geometry and displacement interpolation

The geometry interpolation of the MITC3+ shell element, shown in Fig. 4.1, is given by
3 t N 1 - = =

X(rst) =Y W)k +- > afi(ns)Vh  with  aVy ==(aVy +aV} +aVy), (4.2)
i=1 243 3

in which the f;(r,s) are two-dimensional interpolation functions that include the cubic bubble function f,

corresponding to the internal node 4

flzhl—%u, fzzhz—%u, f3=h3—%f4, f, =27rs(L—r —s). 4.2)

From Eqg. (3.1), we obtain the displacement interpolation [10]
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t Bubble node

Fig. 4.1 Geometry of the MITC3+ shell element with an additional bubble node.

3 4
Qs =3 h (r9)G +%Zai (r,8) (Ve +Vig), 3)
i=1 i=1

inwhich «, and g, are the rotation degrees of freedom at the bubble node.

The bubble node, with rotation degrees of freedom only, is positioned on the flat surface defined by the
three corner nodes of the element. Only the bending and shear fields are enriched by the bubble function, and
the geometry of the element would remain flat, as for the MITC3 element, if a large deformation analysis were
pursued. Hence, the membrane locking is no present and it is so effective in geometric nonlinear analysis. Also,

static condensation can be carried out on the element level for the rotations «, and g,.

4.2 Assumed transverse shear strain field
As for the MITC3 shell element, we only use the mixed interpolation for the transverse shear strain

components, but we must design a new assumed transverse shear strain field because the effect of the bubble

function should be included.
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Barycenter

In-plane
twisting axis

Fig. 4.2 In-plane twisting mode of a single shell finite element. (a) Undeformed geometry. (b) In-plane twisting

mode.

To design the new assumed transverse shear strain field, we focus on two considerations. Firstly, the
tying points for the covariant transverse shear strain components should be inside the element, that is, not on the
element edges as for the MITC3 element, because the bubble function is zero along the element edges. Secondly,

the stiffness of the in-plane twisting mode, see Fig. 4.2 must be reduced [12].

Considering a 3-node triangular shell element (that is, without the node for the bubble), the transverse
shear strains occur in two transverse shearing modes and in an in-plane twisting mode. The in-plane twisting

mode corresponds to twisting of the element about the axis normal to the mid-surface at the barycenter,

r=s=1/3, as shown in Fig. 4.2, with zero transverse shear strains at that point.

The transverse shear strain field of the MITC3 shell element in Eqg. (3.13) can be separated into the

constant part corresponding to the transverse shearing modes and the linear part corresponding to the in-plane

twisting mode
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Fig. 4.3 Transverse shear strains €y, €, and €y, and the tying positions (A)-(F) for the new assumed

transverse shear strain field.

~MITC3 _ zconst ~I|near ~MITC3 _ zconst ~I|near
€t =€y +€ €t =€ + €4

We can easily obtain the constant part by evaluating the transverse shear strains at the barycenter

'érctonst — é‘rlélllTCS ( (l) += e(Z)) (e(3) e(3))

‘ s=1/ 3

~const _ EMITCS

et =& (<2> e‘l’)+ (e<3> ).

r=1/ 3
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Subtracting, for the MITC3 shell element, the constant part from the transverse shear strain field in Eq. (3.13),

we obtain the linearly varying part

~linear _ MITC3 _ zconst 1
Ert =€ — € 30(35 1,

é-sltinear_é-MlTC3 gsctonst C(l 3I’) (4.6)

If this scheme were used for the new element, the constant part in Eq. (4.5) would not include the effect
of the bubble function since the bubble function is zero along the element edges, that is, at the tying positions
(1), (2) and (3). To include the effect of the bubble function in the constant part, we design a new tying scheme

using element internal points. First, the three covariant transverse shear strains e;;, e, and e; are defined

in the directions of the internal lines from the barycenter to the corners as shown in Fig. 4.3(a). The following

vector relations are obtained for the covariant transverse shear strain components, for 0<r, s<1,

1 1 1
€y = E(Zest —€n), &= E(Zen —€y), €= _E(ert +eg) (4.73)
and

5 2 5 2 1 J_
€t = Teh _?eSt T :Telt _Teen v Cqt :E(est ) =—— (8 —€y) . (4.7b)

Using Eq. (4.7a), the transverse shear strain components are sampled at three internal tying points (A), (B) and

(C) on the three internal lines, see Fig. 4.3(b) Table 4.1

1
el(tA) (ZG(A) (A)) e(B) (26(8) (B)) eétc) _ (e(C) e(C)) . (4.8)

V5 J5 V2

It is important to note that the tying points have been selected to obtain a spatially isotropic element.

Using next the relations in Eq. (4.7b), the constant covariant transverse shear strains along the element

edge directions are assumed to be

8 V5 ef®) — \/_ e© & J_ oM — \/_ e© s _ V10 e —e®), (4.9)
= 3 3t ' st = 3t ’ qt 6 2t '
and, using Eq. (4.8), a new constant transverse shear strain field is obtained
qoonst _ 5 _2,..® 1 (p ©) , a©)
Crt =€ =7 (ert - Est ) +3 (e +Egt )
3 2
Bt =8y = (e‘A) (A)) += (e‘c’ +e{). (4.10)
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In order to render the in-plane twisting stiffness more flexible, the linear part is modified by using three

new tying points (D), (E) and (F) instead of the tying points (1), (2) and (3) when we evaluate ¢ in Eq. (4.6)

glinear _ c(ss 1), glinear_ c(l 3r) with =) —eP)—(e) —elP). (4.11)

The tying positions (D), (E) and (F) are positioned on the three internal lines from the barycenter to the
centers of the edges with d defined in Fig. 4.3(c) and Table 4.1. As d varies from 1/6 to O, the three tying
positions move from the centers of the edges to the barycenter, resulting in a smaller in-plane twisting stiffness.

An effective value for d is determined below.

The new assumed transverse shear strain field is thus given by

s _goonst |, g 1,
8 =6 + 61 = (e(B) 2e<B))+ (e§t°>+e<c))+§c(3s—1),

8, = 6% const +é;|tnear (e(A) e(A))+ (e(C) +e(C))+%é(1_3r) ) (4.12)

At this point, it is interesting to consider a 3-node shell finite element in which the geometry and
displacement interpolations in Egs. (3.1) and (3.2) and the new assumed transverse shear strain field in Eq.
(4.12) are employed. We label this element as MITC3i and study its performance as well in the following
sections. Also, other new assumed transverse shear strain fields are presented using the new the tying scheme in

Appendix B.

Table 4.1 Tying positions for the new assumed transverse shear strain field for the MITC3i and MITC3+ shell

elements. The distance d is defined in Fig. 4.3(c).

Tying positions r S
Fig. 4.3(b) (A) 1/6 2/3
(B) 2/3 1/6
©) 1/6 1/6
Fig. 4.3(c) (D) 1/3+d 1/3-2d
(E) 1/3-2d 1/3+d
(F) 1/3+d 1/3+d
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4.3. Basic numerical tests

In this section, we consider the three basic tests: the isotropy, patch and zero energy mode tests. Table 4.2

presents the results of the basic tests.

The spatially isotropic behavior is an important requirement for triangular shell elements. The element
behavior should not depend on the sequence of node numbering, i.e. the element orientation [1]. The numerical
procedure for the isotropy element test is given in Section 3.5.2. The MITC3i and MITC3+ shell elements pass

this test.

Three patch tests are performed: the membrane, bending and shearing patch tests, see Ref [1] for the
patch tests performed, see Section 3.5.3. The constant stress fields should be calculated to pass the patch tests.

The MITC3i and MITC3+ shell elements pass the three patch tests.

In the zero energy mode test, the number of zero eigenvalues of the stiffness matrix of a single

unsupported element are counted [1, 2]. For the MITC3i and MITC3+ shell elements, only the six zero
eigenvalues corresponding to the six rigid body modes are obtained when the distance d defined for the tying
positions (D), (E) and (F) in Fig. 4.3(c) is non-zero. As d approaches 0, the eigenvalue corresponding to the

in-plane twisting mode in Fig. 4.2 decreases and is zero when d =0.

A similar phenomenon was investigated for the MITC3-HR shell element in Ref. [12], where it was
shown that by decreasing the stiffness for the in-plane twisting mode, it is possible to improve the performance
of 3-node shell elements. Therefore, we perform the in-plane twisting mode test given in Ref. [12] and

investigate the effect of the distance d .

Table 4.2 Results of basic numerical tests.

Element Zero energy mode test Isotropy test Patch test
MITC3+ Pass Pass Pass
MITC3i Pass Pass Pass

-54 -



The strain energies ( E;) of the MITC3i and MITC3+ shell elements are calculated when the elements
are subjected to the in-plane twisting mode in Fig. 4.2. We use L=1.0, E =1.7472x10’ and v=0.3. The in-

plane twisting mode is given by prescribing the rotations at the nodes to be 6 = 63 =6} =62 =1/12 and

0X2 = 03 =-2/12. Fig. 4.4 gives the strain energies of the MITC3i and MITC3+ shell elements as a function

of the distance d . When the distance d approaches zero, both shell elements become rapidly more flexible in

the in-plane twisting mode.

Tables 4.3 and 4.4 present the eigenvalues of the stiffness matrices of the MITC3i and MITC3+ shell
elements for the element geometry shown in Fig. 4.2(a). We consider t/L=1/10,000, E=1.7472x10" and
v =0.3. The eigenvalue corresponding to the in-plane twisting mode decreases as the distance d decreases
but is larger than the smallest eigenvalue of a bending mode. Based on this study we choose and always use the
distance d =1/10,000. As a consequence, the element formulation contains no spurious zero energy mode, and

the ellipticity condition is satisfied. Note that, due to the bubble function enrichment, the MITC3+ shell element

contains two additional bending modes compared to the MITC3i shell element.

2l .

1/10000 1/100 110 1/6

Fig. 4.4 Strain energy stored in the MITC3i and MITC3+ shell elements depending on the distance d in the

in-plane twisting mode. Since the strain energy is proportional to t-L? in the in-plane twisting mode, E, is

the strain energy normalized by t-L2.
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Table 4.3 Eigenvalues of the stiffness matrix of the single MITC3i shell element for the element geometry

shown in Fig. 4.2(a) when t/L =1/10,000. Note that modes 1 to 6 produce zero eigenvalues corresponding to

rigid body modes.

Mode d=1/6 d=1/10 d =1/100 d = 1/10,000

7 6.6764E-07 B 6.6764E-07 B 6.6764E-07 B 6.6764E-07 B
8 8.1455E-07 B 8.1455E-07 B 8.1454E-07 B 7.9792E-07 B
9 2.4924E-06 B 2.4924E-06 B 2.4924E-06 B 2.4924E-06 B
10 3.6928E+01 T 1.3302E+01 T 1.3306E-01 T 1.3583E-05 T
1 4.6707E+02 S 46681E+02 S 46667E+02 S 46667E+02 S
12 8.3813E+02 M 8.3813E+02 M 8.3813E+02 M 8.3813E+02 M
13 1.1760E+03 S 1.1760E+03 S 1.1760E+03 S 1.1760E+03 S
14 1.3440E+03 M 1.3440E+03 M 1.3440E+03 M 1.3440E+03 M
15 3.0019E+03 M 3.0019E+03 M 3.0019E+03 M 3.0019E+03 M

B: Bending modes, T: In-plane twisting mode, S: Transverse shearing modes, M: Membrane modes

Table 4.4 Eigenvalues of the stiffness matrix of the single MITC3+ shell element for the element geometry

shown in Fig. 4.2(a) when t/L=1/10,000. Note that modes 1 to 6 produce zero eigenvalues corresponding to

rigid body modes.

Mode d=1/6 d=1/10 d =1/100 d = 1/10,000

7 6.6685E-07 6.6685E-07 6.6685E-07 6.6685E-07

8 8.1273E-07 8.1273E-07 8.1272E-07 7.9621E-07

9 24921E-06 B 24921E-06 B 2.4921E-06 B 2.4921E-06 B
10 8.3211E-06 B+ 8.3211E-06 B+ 8.3211E-06 B+ 8.3107E-06 B+
11 1.4128E-05 B+ 1.4128E-05 B+ 1.4128E-05 B+ 1.3599E-05 T
12 3.6928E+01 T 1.3302E+01 T 1.3306E-01 T 1.4128E-05 B+
13 4.6707E+02 S 4.6681E+02 S 4.6667E+02 S 4.6667E+02 S
14 8.3813E+02 M 8.3813E+02 M 8.3813E+02 M 8.3813E+02 M
15 1.1760E+03 S 1.1760E+03 S 1.1760E+03 S 1.1760E+03 S
16 1.3440E+03 M 1.3440E+03 M 1.3440E+03 M 1.3440E+03 M
17 3.0019E+03 M 3.0019E+03 M 3.0019E+03 M 3.0019E+03 M

B: Bending modes, T: In-plane twisting mode, S: Transverse shearing modes, M: Membrane modes, B+:

Bending modes due to the bubble function enrichment
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4.4 Convergence studies

In this section, the convergence studies are performed as constructed in Section 3.6. Also, the results of

the tested elements are compared with those of the 4-node MITC4 quadrilateral shell element.

4.4.1 Fully clamped square plate problem

The plate bending problem shown in Fig. 3.12 is solved. A square plate of dimensions 2L x2L and
uniform thickness t is subjected to a uniform pressure. All edges are fully clamped (in hard conditions [10]).
Due to symmetry, only a one-quarter model is considered, with the following boundary conditions:

u, =6, =0 along BC, u,=6,=0 alongDCand u,=u,=u, =6, =6, =0 along AB and AD.

Fig. 4.5 gives the convergence curves of the MITC3, MITC3i, MITC3+ and MITC4 elements. A 96x96 element
mesh of the MITC9 shell element is used to obtain the reference solution. We use N x N element meshes

(N = 4,8, 16, 32, and 64) to calculate the solutions using the triangular shell elements. The element size in the

convergence curves is h=L/N . The performance of the MITC3+ shell element is best among the triangular

shell elements and, practically, uniformly optimal, like the MITC4 shell element.

The convergence studies with the distorted meshes shown in Fig. 3.14 are also performed. When an NxN
element mesh is used, each edge is discretized in the following ratio: L;:L,:Ls: ...... Ly =1:2:3:

...... N . Fig 4.6 presents the convergence curves for the tested elements, respectively. The MITC3+ shell

element still shows an excellent performance.

4.4.2 Simply supported sixty-degree skew plate problem

Here the sixty-degree skew plate bending problem shown in Fig. 3.16 is considered. The simply

supported skew plate with its edges of length 2L and uniform thickness t is subjected to a uniform pressure.

The boundary condition u, =0 is imposed along all edges [40].
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Fig. 4.5 Convergence curves for the fully clamped square plate problem. The bold line represents the optimal
convergence rate. The solid and dotted lines correspond to the results obtained by the mesh patterns in Figs.

3.12(a) and (b), respectively.
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Fig. 4.6 Convergence curves for the fully clamped square plate problem with the distorted meshes shown in Fig.

3.14. The bold line represents the optimal convergence rate.
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Fig. 4.7 Convergence curves for the simply supported sixty-degree skew plate problem. The bold line represents

the optimal convergence rate.
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The convergence behavior of the MITC3, MITC3i, MITC3+ and MITC4 shell elements is shown in
Fig. 4.7. The reference solutions are obtained using a 128x128 element mesh of MITC9 shell elements. The
solutions of the triangular shell elements are calculated using N x N element meshes (N = 8, 16, 32, 64 and
128). The element size is h=2L/N . The performance of the MITC3+ shell element is much better than those
of the other triangular shell elements. The MITC3+ shell element present similar excellent convergence

behavior like the MITC4 shell element.

4.4.3 Cylindrical shell problems

The cylindrical shell of length 2L, radius R and uniform thickness t is considered as shown in Fig. 3.18.

The loading is a smoothly varying pressure p(6)

p(&) = p,y c0s(26) . (4.13)

This shell structure shows different asymptotic behaviors depending on the boundary conditions at its
ends. When both ends are free, a bending dominated problem is solved, whereas when both ends are clamped, a

membrane dominated problem is considered.

Using symmetry, only the region ABCD in Fig. 3.18 is modeled. To have the membrane dominated

problem, the clamped boundary condition is imposed: u, =/£=0 along BC, u,=a=0 along DC,
u, =a=0 along AB, and u, =u, =uU, =a=/=0 along AD. To have the bending dominated problem, the

free boundary condition is imposed: u, = =0 along BC, u,=a =0 along DC, and u, =a=0 along AB.

Figs. 4.8 and 4.9 give the convergence curves of the MITC3, MITC3i, MITC3+ and MITC4 shell
elements for the clamped and free cylindrical shell problems. The reference solutions are calculated using a
96x96 element mesh of MITC9 shell elements. The solutions using the MITC3, MITC3i and MITC3+ and
MITC4 shell elements are obtained with N x N element meshes (N = 4, 8, 16, 32, and 64). The element
size is h=L/N. In these problem solutions, the MITC3, MITC3i and MITC3+ and MITC4 shell elements

present similarly good convergence behaviors.
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Fig. 4.8 Convergence curves for the clamped cylindrical shell problem. The bold line represents the optimal

convergence rate.
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Fig. 4.9 Convergence curves for the free cylindrical shell problem. The bold line represents the optimal

convergence rate.
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Fig. 4.10 Convergence curves for the clamped cylindrical shell problem with the distorted meshes shown in Fig.

3.14. The bold line represents the optimal convergence rate.
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Figs. 4.10 and 4.11 give the convergence curves of the MITC3, MITC3i, MITC3+ and MITC4 shell
elements when the distorted meshes in Fig. 3.14 are used. In the membrane dominated problem, all four shell
elements show similarly good convergence behavior. In the bending dominated problem, in particular, even
though the convergence behavior of the MITC4 shell element deteriorates due to locking, the MITC3+ shell

element still shows a good performance.

4.4.4 Hyperboloid shell problems

Finally, the hyperboloid shell shown in Fig. 3.23 is considered. The mid-surface of the shell structure is

given by

x2+z22=1+y%  ye[-1 1] (4.14)

As for the cylindrical shell problems, a smoothly varying pressure is applied, see Fig. 3.18,

p(&) = p, cos(26) . (4.15)

A bending dominated behavior is obtained with free ends and a membrane dominated behavior is given

with clamped ends. The bending dominated problem is known to be difficult to solve accurately [2].

Due to symmetry, the analyses are performed using one-eighth of the structure corresponding to the
shaded region ABCD in Fig. 3.23(a). For the membrane dominated case, the clamped boundary condition is

imposed: u,=4=0 along BC, u,=p4=0 along AD, and u,=a=0 along DC, and

Uy =Uy

u,=a=p=0 along AB. For the bending dominated case, the free boundary condition is imposed:

u,=p4=0 alongBC, u,=£=0 alongAD, and u, =a=0 along DC.

In both cases, a 96x96 element mesh of MITC9 shell elements is used to obtain the reference solutions.

The solutions of the MITC3, MITC3i and MITC3+ shell elements are calculated using N x N element

meshes (N = 4, 8, 16, 32 and 64). The element size is h=L/N . In the clamped hyperboloid shell case, a

boundary layer of width 64/t is considered for half of the mesh, see Fig. 3.23(b). In the free hyperboloid shell

case, the thin boundary layer is not specially considered [2].
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Fig. 4.12 Convergence curves for the clamped hyperboloid shell problem. The bold line represents the optimal

convergence rate.
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Fig. 4.13 Convergence curves for the free hyperboloid shell problem. The bold line represents the optimal

convergence rate.

-68 -



0 T T T T T 0 T T T T T
-0.6 — -0.6- _
1.2} - -1.2F |
log E, -1.8 . log E,-1.8 -
2.4} - 2.4 .
B tL=1/100 S5 tL=1100
A—A tIL=1/1000 A4 tL=1/1000
3 ©—5- t/L =1/10000 3 ©—S- t/L=1/10000
_3.6 1 1 1 1 1 -3.6 1 | 1 1 |
-2.41 -15 -09 -03 -2.1 -1.5 -09 -0.3
logh logh
MITC3+ MITC4
O—7—T7T—T—T1 O
-0.6| E 0.6 -
120 - 1.2+ .
log E,-1.8 1 log E, -1.8 -
241 . 2.4 .
B8 tiL=1/100 B8 tL=1/100
A tIL=1/1000 A4 tL=1/1000
3k ©-©- {iL =1/10000 a3k ©—6- t/L=1/10000
-3.6 1 1 | 1 | -3.6 1 | 1 1 |
-2.1 -1.6 -0.9 -0.3 -2.1 1.5 -09 -03
log h logh

Fig. 4.14 Convergence curves for the clamped hyperboloid shell problem with the distorted meshes shown in

Fig. 3.14. The bold line represents the optimal convergence rate.
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Fig. 3.14. The bold line represents the optimal convergence rate.
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Figs. 4.12 and 4.13 show the convergence curves for the clamped and free hyperboloid shell problems.
In the clamped hyperboloid shell case, the performance of all four shell elements is similarly good. However, in
the free hyperboloid shell case, the MITC3+ shell element shows much better convergence behavior compared

to the other triangular shell elements.

Figs. 4.14 and 4.15 give the convergence curves of the MITC3, MITC3i, MITC3+ and MITC4 shell
elements when the distorted meshes in Fig. 3.14 are used. The MITC3+ shell element still displays again an
excellent convergence behavior even though the others present the deteriorated convergence behavior due to

locking.

Note that, in all of the numerical studies presented in Sections 4.3 and 4.4, the standard 7-point Gauss
integration in the r-s plane is employed to calculate the element stiffness matrix of the MITC3+ shell element
due to the cubic bubble function. If the 3-point Gauss integration is used for the MITC3+ shell element, all of
the basic numerical tests are also passed and similar convergence behaviors are observed. In the Ref. [54],
considering a geometric nonlinear analysis using the total Lagrangian formulation and allowing for large
displacements and large rotations, the excellent performance of the MITC3+ shell element is measured in the

problems considered as performed in the linear analysis.

4.5 Closure

The 3-node MITC3+ triangular shell element based on the ‘basic mathematical shell model’ is
developed. A cubic bubble function for the rotations is used. A new assumed transverse shear strains field is
constructed with a new tying scheme to reduce shear locking while satisfying the consistency and ellipticity
conditions. For comparison, the shell element using the standard displacement interpolation of the 3-node shell

element and the new assumed transverse shear strain field is considered.

The developed shell elements pass the basic numerical tests (the isotropy, zero energy mode, and patch

tests) and the MITC3+ shell element shows an excellent convergence behavior in basic and ecompassing

convergence tests.
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Chapter 5. Modal behavior of the MITC3+ shell finite element

The MITC3+ shell element passes the three basic tests (the patch, zero energy mode and isotropy tests)
and shows excellent convergence behaviors in various shell problems even when highly distorted meshes are
used [24]. An excellent performance of the MITC3+ shell element in geometric nonlinear analysis was also
measured [54]. With such encouraging results at hand, it is clearly of interest to further study this element and

identify more deeply its fundamental features.

The objective in this chapter is to present a deeper understanding of the MITC3+ shell element through
detailed static and dynamic mode solutions. The DISP3, MITC3 and MITC4 shell elements are also considered
for comparisons. In the static mode solutions of a single right-angled triangular element and an assemblage of
two right-angled triangular elements, we investigate the transverse shear strain fields in the bending modes. This
study shows how the MITC3+ shell element performs on the mode level. The transverse shear strain fields of
the MITC3+ shell element are also studied analytically in a two-sided clamped plate problem, to see whether
and how locking occurs. In the dynamic mode solutions, the frequencies and mode shapes are evaluated
considering a free square plate problem and a hyperboloid shell problem and the convergence of the frequencies

is presented.

In the following sections, we first review the isotropic 3-node triangular shell finite elements. We then
perform the static mode analyses for the tested elements. Next, we study the transverse shear strain fields of the
MITC3+ shell element in the two-sided clamped plate problem. We also perform the dynamic mode analyses in
completely free plate and shell problems.

5.1 Formulations of 3-node triangular shell elements

In this section, the formulations of the isotropic 3-node continuum mechanics based triangular shell

finite elements are briefly reviewed: the DISP3, MITC3 and MITC3+ shell elements.
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5.1.1 The DISP3 shell element

The geometry of a standard 3-node continuum mechanics based triangular shell finite element is
obtained by [1, 11]

3 3
)”((r,s,t)=2hi(r,s)>”<i+%Zaihi(r,s)\7ni with h =1-r-s, hy=r, hy=s, (5.1)
i=1 i=1

where h;(r,s) is the two-dimensional interpolation function of the standard isoparametric procedure
corresponding to node i, X; is the position vector of node i in the global Cartesian coordinate system, and

a; and V. denote the shell thickness and the director vector at the node, see Fig. 3.1.

The corresponding displacement interpolation of the element is given by
3 t S N N

(r,s,t) = _hy (r,9)q, +§Zai hi(r,s) (Vaa; +Vy ;) (5.2)
i=1 i=1

in which 0 is the nodal displacement vector in the global Cartesian coordinate system, V,' and V, are unit
vectors orthogonal to V! and to each other, and «; and f; are the rotations of the director vector V!

about V;' and V,, respectively, at node i.

The linear part of the displacement-based covariant strain components is given by

1, -~
eijzz(gi'uxﬁgj'uvi), (5:3)
in which
gizg_;‘, a,i=s—:’ with L =r, r,=s, r;=t, (5.4)
i [

The displacement-based 3-node shell finite element has no spurious zero energy mode and satisfies the
isotropy condition. However, in the bending-dominated problems, this shell finite element is extremely stiff due

to locking [11].

5.1.2 The MITC3 shell element

The geometry and displacement interpolations are identical to the DISP3 shell element, but the MITC
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method is applied [1]. The covariant in-plane strain components are obtained by Eqg. (5.3) because the geometry
of the 3-node triangular shell finite element is flat. The MITC method is only applied to construct the covariant
transverse shear strain field with constant covariant transverse shear strain conditions along the edges. The

assumed transverse shear strain field of the MITC3 shell element is given by [10]

~ MITC3

Bt =l vos, BT =ed —cr, (55)

e

inwhich c= () —ef)— (e —el?) and the tying points are shown in Fig. 3.3.

The MITC3 shell element passes the basic tests: zero energy mode, isotropy and patch tests. In
convergence tests, the practically good convergence behavior is presented. However, when the thickness

decreases, some locking occurs in bending-dominated problems [10].

5.1.3 The MITC3+ shell element

The geometry of the MITC3+ shell element, see Fig. 4.1, is interpolated by
3 t & N 1 - . .

X(rs,0)=Y h(rs)% +=> afi(ns)Vy  with aV,) ==(aV,+aV7 +aVy), (5.6)
i=1 243 3

in which the f;(r,s) are two-dimensional interpolation functions with the cubic bubble function f,

corresponding to the internal node 4

flzhl—%u, fzzhz—%u, f3=h3—§f4, f, =27rs(l—r—s). G.7)

From Eq. (5.6), the displacement interpolation is described by
3 t & N N
G(r,st) = éhi (r,5)G; +5iz=1:ai f.(r,s) (Vi +Vi'B), (5.8)
where «, and g, are the rotation degrees of freedom at the bubble node [24].
Since the bubble node that includes only rotation degree of freedom is positioned at the average of the

three corner nodes of the element, the geometry of the MITC3+ shell element is also flat. Hence, the transverse

shear strain components are only established using the MITC method.

The assumed transverse shear strain field of the MITC3+ shell finite element is given by [24]
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T~ 2 — 2 e®) + 1 (el +olf) + 363,

rt 3
BT = 2 elp) 2 elf) 42 (elf) +elf) + 2 60-30), 9)

in which ¢ =(e{f? —elP)—(e{) —e{F)) and the 6 tying points (A)-(F) with the tying distance d defined
for the tying points (D)-(F) are presented in Fig. 4.3 and Table 4.1. A fixed value d =1/10,000 is suggested in

Ref. [24].

The MITC3+ shell element passes the basic tests: zero energy mode, isotropy and patch tests. The

excellent convergence behavior is reported considering various thickness and element distortions [24].

5.2 Static mode analysis

In this section, we perform the static mode solutions of the DISP3, MITC3 and MITC3+ shell elements
considering two plate bending cases: a single right-angled triangular shell element and an assemblage of two
right-angled triangular shell elements. Note that membrane locking is not present because the geometry of the

3-node triangular shell elements is flat.

For the static mode solution, the following eigenvalue problem is considered
Kgs=24° with i=12....N, (5.10)
where K s the stiffness matrix, A and ;Eis are the eigenvalue and orthonormal eigenvector of the ith

static mode, respectively, and N is the number of degrees of freedom [1]. The eigenvector represents a

deformation mode and the corresponding eigenvalue is twice of the strain energy stored in that deformation,

T =
since ¢° ¢°=1.
For the deformation mode ¢, the strain fields defined in the global Cartesian coordinate are

E=B4 with E=[e &y 7y 7a 7yl . (5.11)

where B is the strain-displacement relation matrix obtained in the finite element formulation.
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Fig. 5.1 A single right-angled triangular shell element for plate bending problem (L=1.0, a/L =1/10,000,

E =1.7472x10" and v=0.3). (a) Asingle 3-node triangular shell element. (b) A single 3-node triangular shell

element with the bubble node on rotations.

Using the above relations, we can study the detailed strain behavior of shell finite elements in each
eigenvector mode. Since shell finite elements should produce zero transverse shear strains in the bending modes,

important insight into shear locking of an element can be obtained when considering the eigenvectors.

5.2.1 Single right-angled triangular element

As shown in Fig. 5.1, we consider a single right-angled triangular shell element with free boundary
(length L=1.0 , thickness to length ratio a/L =1/10,000, Young’s modulus E =1.7472x10" and Poisson’s

ratio v=0.3). The static mode solutions are performed for the DISP3, MITC3 and MITC3+ shell finite

elements, and we focus on the static modes related to plate bending.

The eigenvalues of the stiffness matrices of the DISP3, MITC3 and MITC3+ shell elements are
presented in Table 5.1. The modes are named based on their fundamental kinematics (bending, in-plane twisting,
transverse shearing, and membrane kinematics). While the DISP3 and MITC3 shell elements have the 3

symmetric bending modes B1, B2, and B3 shown in Fig. 5.2, the MITC3+ shell element has 2 additional
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antisymmetric bending modes B1+ and B2+ shown in Fig. 5.3(a) and (b) due to the bubble function enrichment
on rotations. Note that the antisymmetric bending modes B1+ and B2+ "correspond” to the symmetric bending
modes B1 and B3, respectively. It is observed that, in the bending modes B1, B2 and B3, the eigenvalues of the
DISP3 shell element are much larger than those of the MITC3 and MITC3+ shell element. That is, the DISP3
shell element is much stiffer. Another important observation is that the MITC3+ shell element contains a much

more flexible in-plane twisting mode T than the MITC3 shell element.

Next, on the deformation mode level, the transverse shearing behavior of the DISP3, MITC3 and
MITC3+ shell elements is investigated. The bending modes B1, B2, B3, B1+ and B2+ are considered. Note that
the transverse shear strains should be zero in the bending modes. Table 5.2 summarizes the strain fields of the
DISP3 and MITC3 shell elements obtained by Eq. (5.11) in the bending modes. Obviously, the DISP3 shell

element produces non-zero transverse shear strains in all bending modes, that is, the element severely locks.

However, the MITC3 shell element produces zero transverse shear strains in the bending modes B1, B2
and B3. Hence the shear locking is completely removed on the element level. A further analysis shows that the
same observation holds for a single MITC3 triangular element of arbitrary shape. However, it is important to
note that, nevertheless, the MITC3 shell element still shows shear locking on the element assemblage level, see
the convergence test results in Refs. [10, 11, 12, 24]. Of course, the locking is much less severe than for the

DISP3 shell element.

The MITC3+ shell element also gives zero transverse shears in the bending modes B1, B2 and B3. In
addition, Table 5.3 presents the strain fields in the bending modes B1+ and B2+ and shows that in these bending

modes, as well, zero transverse shear strains are seen.

We also investigate the strain fields of the MITC3+ shell element in the in-plane twisting mode T shown
in Fig. 5.3(c). Table 5.3 shows that the transverse shear strains in the in-plane twisting mode depend on the
tying distance d defined in Fig. 4.3(c) and Table 4.1. In Refs. [12, 24], we observed that the performance of the
3-node shell element can be improved by reducing the transverse shear strains in the in-plane twisting mode. In

the following section, we study how the in-plane twisting mode affects the modal behavior.
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Table 5.1 Eigenvalues of the stiffness matrices of the single triangular shell element for the element geometry

shown in Fig. 5.1. Note that modes 1 to 6 produce zero eigenvalues corresponding to rigid body modes. The

order of zero eigenvalues calculated is smaller than 1.0E-12.

Mode DISP3 MITC3 MITC3+

7 2.8000E+01 T 6.6764E-07 Bl 6.6685E-07 Bl
8 2.8000E+01 Bl 8.1455E-07 B2 7.9621E-07 B2
9 2.8000E+01 B2 2.4924E-06 B3 2.4921E-06 B3
10 2.8000E+01 B3 3.6928E+01 T 8.3107E-06 B1+
11 4.4800E+02 S1 4.6707E+02 S1 1.3599E-05 T
12 8.3813E+02 M 8.3813E+02 M 1.4128E-05 B2+
13 1.1200E+03 S2 1.1760E+03 S2 4.6667E+02 S1
14 1.3440E+03 M 1.3440E+03 M 8.3813E+02 M
15 3.0019E+03 M 3.0019E+03 M 1.1760E+03 S2
16 - - 1.3440E+03 M
17 - - 3.0019E+03 M

B: Bending modes, T: In-plane twisting mode, S: Transverse shearing modes, M: Membrane modes, B+:

Bending modes due to the bubble function enrichment
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Fig. 5.2 Shapes of the bending modes for the single right-angled MITC3 shell element shown in Fig. 5.1(a). The
dotted and solid lines correspond to the top surfaces before and after deformation, respectively, on the xy-plane.

Plus and minus signs denote small out-of-plane displacements in the z and —z directions, respectively.
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Fig. 5.3 Mode shapes of the single right-angled MITC3+ shell element shown in Fig. 5.1(b). The dotted and

solid lines correspond to the top surfaces before and after deformation, respectively, on the xy-plane. Plus and

minus signs denote small out-of-plane displacements in the z and —z directions, respectively.
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Table 5.2 Strain fields of the single right-angled DISP3 and MITC3 shell elements in the bending modes B1, B2

and B3.

a/L=0.0001, z=a(t/2)

Bending mode DISP3 MITC3
Bl Eigenvalue 2.8000E+01 6.6764E-07
Bending & =0.280z e = 0.269z
Strains
&,y = 0.280z &y = 0.269z
Pxy = -1.382 Py = -1.362
Transverse 75 = 0.137 + 0.280r - 0.691s 75 = 0.0
shear strains
7y = 0.137 - 0.691r + 0.280s 7= 0.0
B2 Eigenvalue 2.8000E+01 8.1455E-07
Bending &= -1 e = -0.853z
Strains
gy=1 gy =0.853z
7%y =0.0 7y =0.0
Transverse 752 =0.5-r-0.58 7% = 0.0
shear strains
7:=-05+05r+s 7= 0.0
B3 Eigenvalue 2.8000E+01 2.4924E-06
Bending &= 0.960z e =0.963z
strains
&y = 0.960z gy = 0.963z
Pxy = 1.452 Pxy = -1.422
Transverse 7. = -0.561 + 0.960r + 0.723s 7% = 0.0
shear strains
7y = -0.561 + 0.723r + 0.960s 7.= 0.0
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Table 5.3 Strain fields of the single right-angled MITC3+ shell element in the bending modes B1+ and B2+, and

in-plane twisting mode T.

a/L=0.0001, z=a(t/2)

Bending mode B1+ Eigenvalue 8.3107E-06
Bending &= [0.019 - 21.3(s - 2rs - §9)]z
strains
g,y = [-0.019 + 21.3(r - 2rs - r%)]z
Py = -2L.3(r -5 - r* +s%)z
Transverse 7%= 0.0
shear strains
7= 0.0
Bending mode B2+ Eigenvalue 1.4128E-05
Bending &= [-0.001 - 21.8(s - 2rs - 59)]z
strains
g,y = [-0.001 - 21.8(r - 2rs - 1%)]z
Py = [-0.064 - 21.8(r + s - 4rs -r* -s)]z
Transverse 75 = 0.0
shear strains
7= 0.0
In-plane twisting mode T Eigenvalue 1.3599 E-05
(d =1/10,000) - 7
Bending &= [-0.514 + 1.49(s - 2rs - 59)]z
strains
g,y = [0.514 — 1.49(r - 2rs - )]z
Py = 1.49(r - s - ¥ +5%)z
Transverse 7= 1.99d (1 - 35)

shear strains

12 = 1.99d (-1 + 3r)
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Fig. 5.4 An assemblage of two right-angled triangular elements (L=1.0, E =1.7472x10" and v=0.3). (a)
Assemblage of two 3-node triangular shell elements. (b) Assemblage of two 3-node triangular shell elements

with the bubble nodes on rotations. (c) A single 4-node quadrilateral shell element.

5.2.2 Assemblage of two right-angled triangular elements

We consider an assemblage of two right-angled triangular shell elements with free boundary as shown in
Figs. 5.4(a) and (b). The static mode solution is performed for the MITC3 and MITC3+ shell elements, and, for

comparison, a single MITC4 shell element is also tested, see Fig. 5.4(c). We use a/L =1/10,000 ,

E=17472x10" and v=03.

Table 5.4 presents the eigenvalues of the stiffness matrices of the MITC4, MITC3 and MITC3+ models.
The deformation modes are named based on their kinematics (bending, in-plane twisting, transverse shearing,
and membrane kinematics). All shell element models produce 6 bending modes BC1, BC2, BC3, BC4, BL1 and

BL2, and the MITC3+ shell element additionally produces 4 bending modes BQ1+, BQ2+, BQ3+ and BQ4+
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due to the bubble function enrichment on rotations. It is seen that, in the bending mode BL1 shown in Fig. 5.5,
the MITC3 shell element shows a much stiffer behavior than the MITC4 and MITC3+ shell elements.
Compared to the MITC3 shell element, the MITC3+ shell element is much more flexible in the bending mode

BL1 and in the in-plane twisting mode TQ.

In Ref. [24], we observed that, for a single MITC3+ shell element, as the tying distance d decreases,
the eigenvalue corresponding to the in-plane twisting mode T decreases and is zero when d =0. Considering
now the assemblage of the MITC3+ shell elements shown in Fig. 5.4(b), we also perform the eigenvalue test by
varying the tying distance d . Table 5.5 presents the eigenvalues of the assemblage of the two MITC3+ shell
elements. As the tying distance d decreases (that is, the eigenvalue of the in-plane twisting mode T of a single
MITC3+ element becomes smaller), the eigenvalues corresponding to the bending mode BL1 and in-plane
twisting mode TQ decrease together. This fact implies that the in-plane twisting acts together with the bending
mode BLL1. In Table 5.5, we also show that, unlike for a single MITC3+ shell element [2], a zero eigenvalue is
not present when d =0. The reason is graphically explained in Fig. 5.6, which shows that the in-plane twisting
mode of an assemblage of two triangular shell elements cannot be activated like for a single triangular shell

element [24, 55].

Table 5.6 presents the strain fields for the MITC4, MITC3 and MITC3+ shell elements to investigate the

shear locking behavior in the bending mode BL1. For the MITC4 shell element, the bending mode BL1

produces the linear bending strain fields for ¢,,, &, and y, (that is, the strain fields are the linear

functions of r and s) and zero transverse shear strains. The bending mode BL1 of the MITC3 shell elements
produces constant bending strain fields and non-zero transverse shear strains, that is, shear locking occurs in the
element assemblage. However, with the help of the bending mode B1+ of a single MITC3+ shell element, in the

bending mode BL1, the MITC3+ shell element produces bending strain fields up to quadratic order for &,,,

gy, and 7, and zero transverse shear strains when d =0. Hence, in the bending mode BL1, shear locking

can be alleviated with a small value of d and is completely removed with d =0.

In summary, for the MITC3+ element, an enriched bending strain field is provided through the bending
mode BL1 for the two element assemblage. The shear locking in this mode is alleviated by reducing the
stiffness in the in-plane twisting mode T of a single MITC3+ shell element. This behavior is not present in the
MITCS3 shell element, which does not lock on the element level, but locks in the two element assemblage due to

a deficiency of pure bending modes.
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(a) MITC4 (b) MITC3

(c) mITC3+

Fig. 5.5 Shapes of the bending mode BL1 shown in Fig. 5.4. The dotted and solid lines correspond to the top
surfaces before and after deformation, respectively, on the xy-plane. Plus and minus signs denote small out-of-

plane displacements in the z and —z directions, respectively.
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Table 5.4 Eigenvalues of an assemblage of two right-angled triangular shell elements shown in Fig. 5.4 when
a/L=1/10,000. Note that modes 1 to 6 produce zero eigenvalues corresponding to rigid body modes. The

order of zero eigenvalues calculated is smaller than 1.0E-12.

Mode MITC4 MITC3 MITC3+

7 7.2000E-07  BL1 9.9556E-07  BCL 9.3805E-07  BCL
8 7.2000E-07  BL2 1.1200E-06  BC2 1.0608E-06  BC2
9 9.9556E-07  BC1 2.0800E-06  BC3 1.9629E-06  BC3
10 1.1200E-06  BC2 3.2000E-06  BL2 3.0544E-06  BL2
11 2.0800E-06  BC3 3.4167E+01  BL1 8.9316E-06  BQIL+
12 5.6000E+01  TQ 5.6000E+01  TQ 1.1912E-05 BQ2+
13 5.0400E+02  BC4 8.4000E+02  SQ1 1.4173E-05 TQ
14 8.4000E+02  SQ1 9.1783E+02  SQ2 15150E-05  BL1
15 8.4000E+02  SQ2 1.3440E+03  MQ 1.6660E-05  BQ3+
16 8.6400E+02  MQ 1.3440E+03  MQ 0.3333E+01  BQ4+
17 8.6400E+02  MQ 1.3440E+03  MQ 8.0267E+02  SQ1
18 1.3440E+03  MQ 1.5120E+03  BC4 8.4000E+02  SQ2
19 1.3440E+03  MQ 2.4960E+03  MQ 1.3440E+03  MQ
20 2.4960E+03  MQ 3.8400E+03  MQ 1.3440E+03  MQ
21 - - 1.3440E+03  MQ
22 - - 1.5493E+03  BC4
23 - - 2.4960E+03  MQ
24 - - 3.8400E+03 MQ

BC: Bending modes with constant bending strain fields, BL: Bending modes with linear bending strain fields,
TQ: In-plane twisting mode, SQ: Transverse shearing modes, MQ: Membrane modes, BQ+: Bending modes

due to the bubble function enrichment
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Table 5.5 Eigenvalues of the stiffness matrix of the assemblage of two MITC3+ shell elements shown in Fig.
5.4(b) according to the tying distance d in the plate bending problem when a/L = 1/10,000. Note that modes
1 to 6 produce zero eigenvalues corresponding to rigid body modes. The order of zero eigenvalues calculated is
smaller than 1.0E-12. Modes 19-21, 23 and 24 are membrane modes. When d = 1/10,000, the eigenvalues are

present in Table 5.4.

d
Mode  1/100 1/1,000 1/100,000 0.0
7 9.3805E-07 BC1 9.3805E-07 BC1 9.3805E-07 BC1 9.3805E-07 BC1
8 1.0611E-06 BC2 1.0611E-06 BC2 1.0545E-06 BC2 1.0099E-06 BL1
9 1.9629E-06 BC3 1.9629E-06 BC3 1.1303E-06 BL1 1.0522E-06 BC2
10 3.0544E-06 BL2 3.0544E-06 BL2 1.5394E-06 TQ 1.4140E-06 TQ

11 9.7882E-06 BQ1+ 9.7846E-06 BQ1+ 1.9629E-06 BC3 1.9629E-06 BC3
12 1.1912E-05 BQ2+ 1.1912E-05 BQ2+ 3.0544E-06 BL2 3.0544E-06 BL2
13 1.6660E-05 BQ3+ 1.6660E-05 BQ3+ 1.0320E-05 BQ1+ 1.0312E-05 BQ1+
14 1.2767E-01 TQ 1.2782E-03 TQ 1.1912E-05 BQ2+ 1.1912E-05 BQ2+
15 1.2768E-01 BL1 1.2783E-03 BL1 1.6660E-05 BQ3+ 1.6660E-05 BQ3+
16 9.3340E+01 BQA4+ 9.3333E+01 BQ4+ 9.3333E+01 BQA4+ 9.3333E+01 BQ4+
17 8.0267E+02 SQ1 8.0267E+02 SQ1 8.0267E+02 SQ1 8.0267E+02 SQ1
18 8.4001E+02 SQ2 8.4000E+02 SQ2 8.4000E+02 SQ2 8.4000E+02 SQ2
22 1.5493E+03 BC4 1.5493E+03 BC4 1.5493E+03 BC4 1.5493E+03 BC4

BC: Bending modes with constant bending strain fields, BL: Bending modes with linear bending strain fields,
TQ: In-plane twisting mode, SQ: Transverse shearing modes, BQ+: Bending modes due to the bubble function

enrichment
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Table 5.6 Strain fields of the MITC4, MITC3 and MITC3+ shell element in the bending mode BL1.
a/L=0.0001, z=a(t/2)

MITC4 MITCS3 (ele. 1) MITC3+ (ele. 1, d =0)

Eig. : 7.2000E-07 Eig. : 3.4167E+01 Eig. : 1.0099E-06

£x = -0.40352 &= -0.6752 &xc= [-0.670 - 0.401(s - 2rs - $%)]z
gy =0.915rz e,y = 0.6752 &y, = [0.670 + 0.401(r - 2rs - r")]z
P = (-0.403r + 0.9155)z Py = 0.0 o= 0.401(-r + 5+ r* 8%z

7= 0.0 7= -0.235 + 0.6755 P = -1.34d(1 - 35)

7= 0.0 7= 0.235- 0.675r Iy = -1.34d(-1 + 3r)

(a) Telel. + TeleZ. (b) Telel. - Telez.

Fig. 5.6 In-plane twisting of two 3-node triangular shell elements. The dotted and solid lines correspond to the

top surfaces before and after deformation, respectively, in the xy-plane.
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5.3 Two-sided clamped plate problem

In this section, we study the behavior of the MITC3+ shell element in the two-sided clamped plate of

dimension LxL shown Fig. 5.7. This plate is subjected to uniform moments m, and —m, along its free

sides. The boundary conditionsare u=v=w=qa = =0 along the two clamped edges.

This plate problem was used to investigate the shear locking behavior of 3-node triangular shell
elements in Ref. [11], which reports that, while the MITC3 shell element does not lock in Mesh B, the shell
element severely locks in Mesh A. In general, triangular shell elements show such stiff behavior in Mesh A due
to shear locking. To improve the performance of 3-node triangular shell elements, this phenomenon should be
overcome. Hence, we investigate the effectiveness of the MITC3+ shell element in the analysis of this two-

sided clamped plate problem.

zZ, W
A
clamped
y,v
N7 > —>> B
((\Qz 7 aﬂp\\ / 'ﬂﬁp 74
é’b // \|/
/’ W4 e
7/ a
a
‘\ l\ l\ ‘\
xu A/ —my L
L
o
Mesh A Mesh B Mesh C

Fig. 5.7 Two-sided clamped plate problem (L=10, m,=m;=2/L, E=1.7472x10" and v=00) and

meshes used for the MITC3+ shell elements (Meshes A and B) and the MITC4 shell elements (Mesh C)
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clamped

Fig. 5.8 Element node numbers for the two-sided clamped plate problem using the MITC3+ shell elements with

Mesh A shown in Fig. 5.7.

5.3.1 Transverse shear strain fields

Using the two MITC3+ shell elements, the two-sided clamped plate is modeled by element-I and

element-11 as shown in Fig. 5.8. The geometry of the elements is given by the following nodal positions
X, =1,y;=0, x,=1,y,=1, X3=0,y;, =0, x,=2/3,y,=1/3 forelement-I,
=0,y =1, x,=1,y,=1, x3=0,y;,=0, x,=1/3,y, =2/3 for element-II, (5.12)

where the subscripts are the element node numbers, see Fig. 5.8.

The boundary condition of the elements is given by
U =Us=V;=Vz3=W =Wy =g =ag = = ;=0 forelement-I,

For this pure bending problem, the exact transverse shear strains are

e =€y =0 inelements-l and II, (5.14)
and the theoretical relationship among the deflection W, (=wy,), rotation @, (= ayj,) and rotation S, (= By )

is given, like for beams in the x- and y-directions [11], as
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1 1
W) 5% = _E'BZ'

(5.15)

No anticlastic curvature exists because Poisson’s ratio v =0. If a triangular shell element does not show shear

locking, Egs. (5.14) and (5.15) should be satisfied.

For element-I, we derive the transverse shear strain field, see Eq. (C.3) in Appendix C. Using Egs. (5.12)

and (5.13) with the symmetric condition «a, =—/, in Eq. (5.15), the transverse shear strain fields for element-

| and element-I1 are, respectively,

| a 1 1 1,
e =—Wy, ——ay,——ay)+=C (3s-1),
rt 4(2 2 2 2 4) 3 ( )

a, 1 1, . A 3
e =z(—5ﬂ4)+§cl (1-3r) with ¢! =—Zada2,
and

a 1 1 1.
el = W2 f +§ﬂ4)+50" (3s-1),

a, 1 1, : A 3
es'{=z(—§a4)+§c”(1—3r) with c”=zadﬂ2.

With the tying distance d =0, the transverse shear strains vanish with

1 1
W, —Eaz —§a4 =0, p,=0 for element-I,

1 1
W, +§ﬂz +E'H4 =0, a,=0 for element-II.

(5.16)

(5.17)

(5.18)

(5.19)

When o, =0 inEq.(5.18)and B, =0 in Eq. (5.19), the pure bending condition is satisfied with

1 1

(5.20)

This result shows that the MITC3+ shell element can correctly represent the pure bending conditions in

Egs. (5.14) and (5.15) when d =0. Similarly, we tested the MITC3+ shell element in Mesh B and observed

that the elements in Mesh B also satisfy the pure bending conditions Of course, the MITC3 shell element does

not satisfy the pure bending conditions in Mesh A and thus shear locking occurs [11].
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Table 5.7 Strain energies for the two-sided clamped plate problem shown in Fig. 5.7. The tying distance d =0

is used for the MITC3+ shell element.

Mesh A Mesh B Mesh C
all MITC3 MITC3+ MITC3 MITC3+ MITC4
1/100 4.1190E-04 4.8858E-01 6.8681E-01 6.8681E-01 1.0989E+00
1/1,000 4.1209E-03 4.8840E+02 6.8681E+02 6.8681E+02 1.0989E+03
1/10,000 4.1209E-02 4.8840E+05 6.8681E+05 6.8681E+05 1.0989E+06
Order of change all (a/L)® (a/L)® (a/L)? (a/L)®

5.3.2 Strain energy

Considering three different thicknesses (1/100, 1/1,000 and 1/10,000), we next solve the two-sided
clamped plate problem using the MITC3, MITC3+ and MITC4 shell elements with the applied moments

m, =mg; =2/L, see Fig. 5.7.

Table 5.7 presents the strain energies calculated using the MITC3, MITC3+ (d =0) and MITC4 shell

elements, respectively. Analytically, the calculated strain energy should change in the order of (a/ L)3 for this
pure bending problem [2]. The MITC3 shell element shows correct results only in Mesh B. The MITC3+ shell
element shows correct behaviors in both Meshes A and B, although the solutions depend on the mesh patterns.

The MITCA4 shell element obviously shows excellent results.

Changing the tying distance d in the assumed transverse shear strain field of the MITC3+ shell
element, we investigate the strain energy stored in the two-sided clamped plate problem with Mesh A. Four
different tying distances are considered: 1/100, 1/1,000, 1/10,000 and 1/100,000. Table 5.8 shows that, as the

distance d approaches zero, the behavior of the MITC3+ shell element become better.
Note that the bending mode BL1 of the assemblage of two right-angled triangular elements is

significantly present in the pure bending displacement field of the problem with Mesh A. Thus, the improved

behavior of the MITC3+ shell element is directly due to the alleviation of shear locking in this mode.
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Table 5.8 Strain energies for the two-sided clamped plate problem shown in Fig. 5.7 using the Mesh A with the

MITC3+ shell elements according to the tying distance d .

d
alL 1/100 1/1,000 1/10,000 1/100,000
1/100 1.5589E-01 4.7837E-01 4.8848E-01 4.8858E-01
1/1,000 2.2787E+00 1.5587E+02 4.7820E+02 4.8830E+02
1/10,000 2.2893E+01 2.2787E+03 1.5587E+05 4.7820E+05

5.4 Dynamic mode analysis

In this section, the dynamic mode analysis is performed to investigate the predictive capability of the
MITC3 and MITC3+ shell elements in dynamic analysis. Frequencies and modes are calculated and the results
are compared with those of the MITC4 shell element. Hence, two benchmark problems are considered: a free

square plate problem and a free hyperboloid shell problem [10, 24, 56-64].

For dynamic mode analysis, the following eigenvalue problem is solved

Kg? = 28Mg?  with ¢ =w? and i=12,.....N, (5.21)

where Kand M is the stiffness and consistent mass matrices, respectively, /1? is the eigenvalue(the square

of the free vibration frequency l? = w,z), ¢3id is the corresponding M-orthonormal eigenvector (dynamic

mode), and N is the number of the degrees of freedom [1]. Note that, unlike in static mode analysis, both

stiffness and mass matrices are considered in dynamic mode analysis.

To measure the convergence of the finite element solutions in dynamic mode analysis, we use the

relative error in the reciprocal frequencies as follows

=|1/a)ref —l/a)h|_ A

Wref |

el (5.22)

1/ Wyt
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in which @, is the reference frequency, w, is the frequency of the finite element discretization. The
analytical solution is not available for @, in the considered benchmark problems. Hence, the reference

frequency @, is obtained using very fine meshes of the MITC4 shell element.

For the dynamic analysis of the shell problems, the optimal convergence behavior of the elements is
given by

e, =Ch*, (5.23)
where h is the element size. For a 3-node shell element to be uniformly optimal, the value of C must be

constant, that is, independent of the shell thickness, and k =2[62, 63].

5.4.1 Free square plate problem

A free square plate of dimensions LxL shown is considered, see Fig. 5.9. L=10, E=2.07x10",
v=0.3and density p:7.8><103 are used. No boundary condition is imposed. The reference solutions are

obtained using a 50x50 element mesh of the MITC4 shell elements and verified by Refs. [60, 61].

Table 5.9 presents the frequencies calculated with N x N element meshes (N =5, 10, 15 and 20) when
a/L =1/1,000 . The frequencies of the modes 7 to 9 are close to the reference solutions for all tested elements.
The frequencies corresponding to modes 10 and 11 should be identical, but this can hardly be the case using
triangular shell elements due to the non-symmetry in the mesh patterns used. While the MITC3 shell element
produces considerably different frequencies for modes 10 and 11, the MITC3+ shell element shows very similar
frequencies for the modes. Using the MITC4 and MITC3+ shell elements produces much more accurate
frequencies than obtained with the MITC3 shell element. In Fig. 5.10, we see that the MITC3 shell element

produces a wrong mode shape for the 11th frequency.

The convergence curves of the 10th and 11th frequencies are plotted in Fig. 5.11. Three different
thicknesses (a/L=1/100, 1/1,000 and 1/10,000) are considered. The shell finite element solutions are
calculated using four different NxN element meshes (N =5, 10, 15 and 20). We observe that the
performance of the MITC3 shell element deteriorates as the thickness decreases, that is, locking occurs.

However, the MITC3+ and MITC4 shell elements show, similarly, excellent convergence.
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Fig. 5.9 Free square plate problem for dynamic mode analyses with 2 different 5x5 mesh patterns (L=1.0,
E=2.07x10", v=03 and p=7.8><103). (a) Mesh pattern used for quadrilateral shell elements. (b) Mesh

pattern used for triangular shell elements.

The distorted mesh shown in Fig 5.12 is considered. When an N x N element mesh is used, each edge is
discretized in the following ratio: L;:L,:Ls: ...... Ly =1:2:3: ... N . Table 5.10 presents the
frequencies with distorted N xN element meshes (N =5, 10, 15 and 20) when a/L=1/1,000. Fig. 5.13

shows the convergence curves of the 10th and 11th frequencies. In both results, the MITC3+ and MITC4 shell

elements still show good results even though the modes 10 and 11 are slightly different.
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Table 5.9 Frequencies of the modes 7-11 for the free plate problem shown in Fig. 5.9 with NxN meshes when

a/L=1/1,000.
Mode number

Shell elements N 7 8 9 10 11

MITC4 5 21.366 31.922 40.568 57.223 57.223
10 21.094 30.915 38.547 55.067 55.067
15 21.040 30.714 38.153 54.619 54.619
20 21.021 30.642 38.015 54.459 54.459

MITC3 5 21.738 31.964 40.687 60.007 118.46
10 21.647 30.986 38.684 57.523 101.67
15 21.576 30.787 38.284 56.845 98.340
20 21.468 30.710 38.129 56.273 84.032

MITC3+ 5 21.247 31.677 40.017 57.568 57.908
10 21.051 30.862 38.431 55.088 55.451
15 21.011 30.690 38.103 54.601 54.783
20 20.998 30.629 37.986 54.434 54.540

Ref. 21.000 30.564 37.864 54.284 54.284

* The reference solutions are obtained by a 50x50 element meshes of MITC4 shell elements.
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Fig. 5.10 Shapes of the modes 7-11 for the free plate problem shown in Fig. 5.9 with 5x5 element meshes when

a/L=0.001.
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Fig. 5.11 Convergence curves of the 10th and 11th frequencies for the free plate problem. The solutions of the

shell elements are obtained with uniform NxN element meshes (N =5, 10, 15 and 20). The bold line

represents the optimal convergence rate.
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(a) (b)

Fig. 5.12 Distorted mesh pattern for N =5. (a) Quadrilateral shell elements. (b) Triangular shell elements.

5.4.2 Free hyperboloid shell problem

The free hyperboloid shell shown in Fig. 5.14 is considered. The mid-surface of the shell structure is

given by [10, 24]
x2+2%=1+y%  yel[-1 1] (5.24)

Weuse L=10, E=20x10", v=1/3 and p=7.8x10%. No boundary condition is imposed.

Table 5.11 presents the frequencies calculated with uniform 4N (circumferential direction) x 2N
(longitudinal direction) element meshes (N = 5, 10, 15 and 20) when a/L =1/1,000. The reference solutions
are obtained using a 200x100 uniform mesh of the MITC4 shell elements. For all the elements tested, the
frequencies 7, 9 and 11 are identical to the frequencies 8, 10 and 12, respectively. Using the MITC4 and
MITC3+ shell elements produces much more accurate frequencies than obtained with the MITC3 shell element.
Fig. 5.15 displays the shapes of the modes 7-12 for uniform 20x10 element meshes. The mode shapes of the

MITC3+ shell element are similar to those of the MITC4 shell element.
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Table 5.10 Frequencies of the modes 7-11 for the free square plate problem with NxN distorted meshes shown

in Fig. 5.12 when a/L=1/1,000.

Mode number

Shell elements N 7 8 9 10 11
MITC4 5 21.575 33.071 42.004 57.191 61.420
10 21.189 31.311 39.109 55.541 56.437
15 21.087 30.908 38.436 54.892 55.286
20 21.049 30.757 38.183 54.628 54.851
MITC3 5 22.184 33.780 43.522 62.781 105.68
10 21.812 32.397 40.587 60.633 93.456
15 21.692 32.053 39.838 59.615 89.827
20 21.630 31.829 39.445 58.909 87.021
MITC3+ 5 21.817 33.177 43.060 59.889 69.344
10 21.318 31.546 39.651 56.842 60.559
15 21.148 31.052 38.734 55.571 57.419
20 21.079 30.848 38.366 55.026 56.096
Ref. 21.000 30.564 37.864 54.284 54.284

* The reference solutions are obtained by a 50x50 element meshes of the MITC4 shell elements.
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Fig. 5.13 Convergence curves of the 10th and 11th frequencies for the free plate problem with the distorted

meshes shown in Fig. 5.12. The bold line represents the optimal convergence rate.
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Fig. 5.14 Free hyperboloid shell problem (L=10, E=20x10'!, v=1/3 and p=7.8x10°%). (a) Problem

description with the uniform mesh. (b) Distorted mesh pattern.
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Table 5.11 Frequencies of the modes 7-12 for the free hyperboloid shell problem with the 4N x2N uniform

meshes shown in Fig. 5.14(a) when a/L =1/1,000.

Mode number

Shell elements N 7 8 9 10 11 12
MITC4 5 4.0562 4.0562 6.8339 6.8339 13.163 13.163
10 4.0089 4.0089 6.7965 6.7965 12.808 12.808
15 3.9976 3.9976 6.7903 6.7903 12.745 12.745
20 3.9924 3.9924 6.7882 6.7882 12.721 12.721
MITC3 5 37.449 37.449 149.20 149.20 157.83 157.83
10 10.029 10.029 35.321 35.321 39.830 39.830
15 6.0202 6.0202 16.534 16.534 21.429 21.429
20 4.9650 4.9650 10.734 10.734 16.452 16.452
MITC3+ 5 4.1610 4.1610 7.0337 7.0337 13.781 13.781
10 4.0309 4.0309 6.8420 6.8420 12.969 12.969
15 4.0091 4.0091 6.8096 6.8096 12.819 12.819
20 4.0010 4.0010 6.7986 6.7986 12.767 12.767
Ref. 3.9830 3.9830 6.7859 6.7859 12.690 12.690

* The reference solutions are obtained by 200x 100 element meshes of MITC4 shell element.
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Fig. 5.16 Convergence curves of the 7th and 8th frequencies for the free hyperboloid shell problem with the
uniform meshes shown in Fig. 5.14(a). The solutions of the shell elements are obtained with uniform 4N x2N

element meshes ( N =5, 10, 15 and 20). The bold line represents the optimal convergence rate.

Fig. 5.16 displays the convergence curves of the 7th and 8th frequencies for three different thicknesses:
a/L=1/100, 1/1,000, and 1/10,000. The MITC3+ shell element displays good convergence behaviors

similar to the MITC4 shell element. As the thickness decreases, the convergence of the MITC3 shell element

becomes worse due to locking.

Also, the distorted mesh shown in Fig 5.14(b) is considered. Using the shaded region in Fig. 14(b), each
edge is discretized by the following ratio: L;:L,:Lg: ...... Ly =1:2:3:...... N . Table 5.12 presents the
frequencies with distorted 4N x2N element meshes (N = 5, 10, 15 and 20) when a/L=1/1,000. Fig. 5.17

shows the convergence curves of the 7th and 8th frequencies. In both results, we observe that, while the MITC4

and MITC3 shell elements lock, the MITC3+ shell element still shows good results.
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Table 5.12 Frequencies of the modes 7-12 for the free hyperboloid shell problem with the 4N x2N distorted

meshes shown in Fig. 5.14(b) when a/L =1/1,000.

Mode number

Shell elements N 7 8 9 10 11 12
MITC4 5 35.751 43.056 44.075 78.905 102.856 123.838
10 12.537 16.050 17.223 28.059 42.093 43.224
15 7.8465 9.4797 11.936 16.397 25.840 26.525
20 6.0587 6.8917 9.7234 11.844 19.647 19.995
MITC3 5 43.052 51.536 168.76 203.23 221.47 228.83
10 12.338 15.239 44.835 56.487 59.559 80.330
15 7.2037 8.3684 22.653 29.413 30.099 40.473
20 5.7356 6.1662 15.218 20.757 21.105 24.968
MITC3+ 5 4.6031 4.6142 8.5172 8.5405 15.019 15.034
10 4.1392 41514 7.0032 7.1431 13.316 13.343
15 4.0347 4.0368 6.8320 6.8816 12.867 12.881
20 4.0073 4.0090 6.7988 6.8250 12.738 12.748
Ref. 3.9830 3.9830 6.7859 6.7859 12.690 12.690

* The reference solutions are obtained by 200x 100 element meshes of MITC4 shell element.
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distorted meshes shown in Fig. 5.14(b). The bold line represents the optimal convergence rate.
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5.5 Closure

In this chapter, the static and dynamic modal behaviors of the MITC3+ triangular shell element are

studied. For comparison, also the DISP3, MITC3 and MITC4 shell elements were considered.

The detailed static mode analyses were performed for the single right-angled triangular shell element
and the assemblage of two right-angled triangular shell elements. We also investigated the transverse shear
strain fields of the MITC3+ shell element in the two-sided clamped plate problem. Through these studies, we
found that, in the MITC3+ shell element, additional antisymmetric bending modes (B1+ and B2+) are activated
due to bubble function enrichment and shear locking is alleviated in those modes by using the MITC method.
Consequently, unlike the DISP3 and MITC3 shell elements, the MITC3+ shell element does not lock in two

element assemblages as well as in a single element.

Dynamic mode analyses are performed considering the free square problem and the free hyperboloid
shell problem. The frequencies and mode shapes are investigated. The MITC3+ shell element shows much
better behaviors than the MITC3 shell element. Indeed, the MITC3+ shell element gives as accurate results as
the MITC4 shell element in the uniform meshes. Even when the distorted mesh is used, the MITC3+ shell

element still presents good results.

- 108 -



Chapter 6. Performance of 3-node shell elements for classical

benchmark problems

In this chapter, several classical benchmark problems are considered to assess the performance using the
following MITC shell elements and other 3-node triangular shell elements [65-70].

e MITC3: 3-node triangular shell element based on the MITC method [10]

e MITC3+: 3-node triangular shell element enriched by a cubic bubble function on rotations using the MITC

method [24]

e MITC3i: MITC3+ triangular shell element without a cubic bubble function [24]

e MITC4: 4-node quadrilateral shell element based on the MITC method [19]

e A3: 3-node triangular shell element in ANSYS [66]

e S3: 3-node triangular shell element in ABAQUS [67]

In benchmark shell problems, to measure the performance in the finite element solution, the

displacement normalized by the reference solution is used.

6.1 Fully clamped square plate problem

The plate bending problem shown in Fig. 6.1 is considered. A square plate of dimensions 2L x2L with
uniform thickness t is subjected to both loading cases. One loading case is the concentrated load P at the

center of the plate. The other loading case is the uniform pressure g normal to the flat surface. All the edges

are fully clamped. Due to symmetry, only a one-quarter model is considered.

For the reference solution, based on Kirchhoff theory, the central displacement due to concentrated load

P isgiven by [68]

P(2L)?
we" (P) =0.0056 (D) . (6.1)
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Fig. 6.1 Fully clamped square plate problem (L=10, E=1.7472x10" and v=03). (a) Concentrated load

(p=4.0). (b) Uniform pressure (q=1.0).

The central displacement due to the uniform pressure ¢ normal to the flat surface is obtained by

2
we () = 0.00126% , (6.2)

where D is the flexural rigidity of the plate given by

3
12(1-v?)

(6.3)
Fig. 6.2 and 6.3 present the convergence curves for the normalized displacements (w;) at the center in

both concentrated load and uniform pressure cases, respectively. We use N x N element meshes (N =4, 8, 16,
and 32) to calculate the solutions using the shell elements. The performance of the MITC3+ shell element is
much better than that of the other triangular shell elements. Also, the convergence behavior of the MITC3+ shell

element is as good as that of the quadrilateral MITC4 shell element.
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Fig. 6.2 Convergence curves of the normalized displacements (w ) for the fully clamped square plate problem

under the concentrated load.
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Fig. 6.3 Convergence curves of the normalized displacements (w ) for the fully clamped square plate problem

under the uniform pressure.
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(a) (b)

Fig. 6.4 Morley’s thirty-degree skew plate problem ( L=100, E=1.0x10" and v=03). (a) Problem

description. (b) Mesh pattern used for N =4.

6.2 Morley’s thirty-degree skew plate problem.

The simply supported thirty-degree skew plate with edges of L and uniform thickness t is subjected to

uniform pressure(q=1) normal to the flat surface, as shown in Fig. 6.4. The boundary condition u, =0 is

imposed along all edges . For the reference solution, the central displacement is given by [69]

ref QL4
Weenter (0) = 0000408? . (6.4)

Fig. 6.5 gives the convergence curves of the normalized central displacements. N x N element meshes
(N =4, 8, 16, and 32) are used to calculate the solutions using the shell elements. The performance of the
MITC3+ shell element is best among them. Even when t/L=1/10,000, the performance of the MITC3+ is

excellent while the other shell elements present some locking phenomenon.

6.3 Scordelis-Lo roof problem

The Scordelis-Lo roof of length L, radius R and uniform thickness t is considered as shown in Fig. 6.6.

The structure is supported by rigid diagrams and loaded by gravity force (density p=360). Due to symmetry,

only a one-quarter model is considered. The displacement at the middle of the free edge is 0.3024 for the

reference solution [65].
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Fig. 6.5 Convergence curves of the normalized central displacements (W) for the Morley’s thirty-degree

skew plate problem.
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Fig. 6.6 Scordelis-Lo roof problem (R=25, L=50, t=0.25, E=4.32x10% and v=00).
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Fig. 6.7 Convergence curves of the normalized displacements (wg) for the Scordelis-Lo roof problem.

-115-



Fig. 6.7 presents the convergence curves of the normalized displacements (wz). N x N element meshes

(N =4, 8, 16, and 32) are used to calculate the solutions using the shell elements. The performance of the

MITC4 shell element is better than that of all the tested 3-node triangular shell elements.

6.4 Pinched cylindrical shell problem

A pinched cylindrical shell of uniform thickness t, length 2L, and radius R is considered, as seen in Fig.
6.8. Two cases are considered: a pinched cylinder with rigid diaphragms at both ends and a pinched cylinder

with free ends. Due to symmetry, only a one-eighth model is considered [6, 19].

Fig. 6.9 presents the convergence curves of the normalized displacements (w, ) for the pinched cylinder

with rigid diaphragms at both ends. The reference solution is 1.8248x107>. N x N element meshes (N =4, 8,
16, and 32) are used to calculate the solutions using the shell elements. The performance of the MITC3+ shell
element is better than that of the other triangular shell elements. Also, the MITC3+ shell element displays the

convergence behavior similar to the MITC4 shell element.

Fig. 6.8 Pinched cylindrical shell problem with the two end conditions: rigid diagrams (R=1.0, L=10,

t=001, E=3.0x10" and v=03)and free ends (R=4.953, L=5175, E=105x10° and v=0.3125).
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Fig. 6.9 Convergence curves of the normalized displacements (w.) for the pinched cylindrical shell problem

with the rigid diagrams.

Fig. 6.10 presents the convergence curves of the normalized displacements (w;) for the pinched
cylinder with free ends in two different thickness: t=0.094 and 0.01548. The reference solution is 0.1139
when t=0.094. The reference solution is 0.02439 when t=0.01548[70]. We use N x N element meshes
(N =4, 8, 16, and 32) to calculate the solutions using the shell elements. In these problems, all the tested shell

elements present similarly good convergence behaviors.

6.5 Hemispherical shell problem

The hemispherical shell is considered with the uniform thickness t, radius R and 18° hole, as shown in
Fig. 6.11. The two opposite radial concentrated force P is applied. Due to symmetry, only a one-quarter model is

considered. The displacement under the applied load is 0.094 as the reference solution [65].

Fig. 6.12 presents the convergence curves of the normalized displacements (u,). N x N element

meshes (N =4, 8, 16, and 32) are used to calculate the solutions using the shell elements. The performance of
the MITC3+ shell element is much better than that of the other triangular shell elements like the MITC4 shell

element.
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Fig. 6.10 Convergence curves of the normalized displacements (w.) for the pinched cylindrical shell problem

with the free ends.
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Fig. 6.11 Hemispherical shell problem (R=10, t=0.04, p=10, E=6.825x10" and v=0.3).
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Fig. 6.12 Convergence curves of the normalized displacements (u, ) for the hemispherical shell problem.
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6.6 Effects of mesh distortion

In this section, the MITC3+ triangular shell element and MITC4 quadrilateral shell element are

considered to study the effect of mesh distortion.

6.6.1 Distorted mesh A

The plate bending problem shown in Fig. 6.13 is solved using the distorted mesh A [34]. A square plate
of dimensions Lx L and uniform thickness t is subjected to a uniform pressure and all the edges are fully

clamped. Mesh A-1 is used for the MITC4 shell element. Mesh A-2 is used for the MITC3+ shell element.

Table 6.1 presents the strain energies calculated using the MITC4 and MITC3+ shell elements for three
different thicknesses (t/L=1/100, 1/1,000and 1/10,000). Even though the MITC4 shell element presents

locking phenomenon, the MITC3+ shell element shows good results.

The quarter of an infinitely long cylinder under constant bending is also considered, see Fig. 6.14. The
distorted mesh A shown in Fig 6.13 is used [34]. Table 6.2 presents the strain energies calculated using the
MITC4 and MITC3+ shell elements for three different thicknesses (t/L=1/100, 1/1,000and 1/10,000).

The MITCA4 shell element locks. However, the MITC3+ shell element shows much better results.

6.6.2 Distorted mesh B

At first, we consider the pinched cylindrical shell of uniform thickness t, length 2L, and radius R with
free ends, as shown in Fig. 6.8. Two different thicknesses (t/R=1/100 and t/R =1/10,000) are used. Due
to symmetry, only a one-eighth model is considered. For the reference solution, the displacement under the

applied load is given by [68]

PR?

we (P) =0.0745 .
c(P) DL

(6.5)
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Fig. 6.13 Fully clamped square plate problem under uniform pressure (L =10, E=1000, q=10 and v=0.3).

(a) Distorted mesh A-1 for quadrilateral elements. (b) Distorted mesh A-2 for triangular elements.

The distorted mesh B shown in Fig. 6.15 is considered. Each edge is discretized by the following ratio:
LiiLyiLbg: oo Ly =1:2:3: ... N . Fig. 6.16 presents the convergence curves of the normalized
displacements (w ) for the pinched cylinder with free ends using the distorted mesh. We use N x N element

meshes (N = 4, 8, 16, and 32) to calculate the solutions using the shell elements. The solution of the MITC4
shell element presents more degree of locking than that of the MITC3+ shell element. Indeed, the MITC3+ shell

element shows good performance regardless of the mesh distortion.

The hemispherical shell problem shown in Fig. 6.11 is considered [65]. The distorted mesh shown Fig. 6.

15 is used. Fig. 6.17 presents the convergence curves of the normalized displacements (u,). N x N element

meshes (N = 4, 8, 16, and 32) is used to calculate the solutions using the shell elements. The MITC3+ shell

element still excellent convergence behavior even when distorted mesh.
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Table 6.1 Strain energy for the fully clamped plate problem under uniform pressure with the distorted mesh

shown in Fig. 6.13.

Mesh A-1 Mesh A-2
t/L MITC4 MITC3+
1/100 1.6025E+03 1.2688E+05
1/1,000 1.6186E+04 1.2616E+08
1/10,000 1.6188E+05 1.1916E+11
Order of change t/L t/L)*

Fig. 6.14 Quarter of an infinitely long cylinder under constant bending (R=10, L=10, E=1000 and v=0.3).
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Table 6.2 Strain energy for the quarter of an infinitely long cylinder with the distorted mesh shown in Fig. 6.13.

Mesh A-1 Mesh A-2
t/L MITC4 MITC3+
1/100 1.4670E+02 1.1907E+03
1/1,000 1.5935E+03 1.0070E+06
1/10,000 1.5953E+04 6.9991E+08
Order of change t/L (t/L)°~(t/L)3
L, L, L, L,
D f——f— ¢ D c
A B A B
(a) (b)

Fig. 6.15 Distorted mesh B for the cylindrical shell problem. (a) Mesh pattern used for N =4. (b) Mesh pattern

used for N =8.
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Fig. 6.16 Convergence curves of the normalized displacements (w.) for the pinched cylindrical shell problem

with the free ends using the distorted meshes shown in Fig 6.15.
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Fig. 6.17 Convergence curves of the normalized displacements (u,) for the hemispherical shell problem using

the distorted meshes shown in Fig 6.15.

6.7 Closure

In the classical benchmark shell problems, the MITC3+ shell element is best among the tested 3-node

shell elements. Even though the distorted mesh is used for the several benchmark shell problems, the MITC3+

shell element still shows the good results.
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Chapter 7. Conclusions

The purpose of this thesis is to develop an effective 3-node continuum mechanics based triangular shell
finite element in the analysis of general shell structures. Such element should present isotropic behavior and
pass the consistency, ellipticity and inf-sup conditions hence and optimal in convergence tests for general shell

structures.

The MITC3-HR shell finite element is developed by using the modified Hellinger-Reissner (HR)
functional and by applying the proposed rotated approximated transverse shear strain field. The results of the
basic numerical tests show that the MITC3-HR shell finite element satisfies all of the basic requirements. The
results of the convergence studies prove that the MITC3 shell finite element is successfully improved; that is,
the MITC3-HR shell finite element shows much better convergence behavior than the MITC3 shell finite

element, especially in bending-dominated problems [12].

A new 3-node triangular MITC3+ shell finite element is developed for general use [24]. The MITC3+
element is based on the ‘basic mathematical shell model’ [2, 45] and the MITC approach used for the
development of triangular elements. The MITC3+ shell element uses a cubic bubble function for the
interpolation of the rotations to enrich the bending displacement fields. The corresponding rotation degrees of
freedom can be statically condensed out on the element level. A new assumed transverse shear strain field was
developed with a new tying scheme to alleviate shear locking while satisfying the consistency and ellipticity
conditions. The MITC3+ shell element passes the three basic tests (the patch, zero energy mode and isotropy
tests) and shows excellent convergence behaviors in various shell problems even when highly distorted meshes
are used [24]. Excellent performance of the MITC3+ shell element in geometric nonlinear analysis was also

measured [54].

Insight into the static and dynamic modal behavior of the MITC3+ triangular shell element is presented.
For comparison, the pure displacement-based (DISP3), MITC3 and MITC4 shell elements are considered.
Detailed static mode solutions are studied for the single right-angled triangular shell elements and the

assemblage of two right-angled triangular shell elements. In the two-sided clamped plate problem, the
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transverse shear strain fields of the MITC3+ shell element are investigated. Through these studies, the MITC3+
shell element formulation contains additional anti-symmetric bending modes (B1+ and B2+) due to the bubble
function enrichment, and shear locking is alleviated in these modes using the MITC method. Consequently,
unlike the DISP3 and MITC3 shell elements, the MITC3+ shell element performed well in the solutions of all

cases.

Considering the free square problem and the free hyperboloid shell problem, dynamic mode analyses are
performed. The frequencies and mode shapes are investigated. The MITC3+ shell element shows much better
behaviors than the MITC3 shell element. Indeed, the MITC3+ shell element gives as accurate results as the
MITC4 shell element for uniform meshes. Even when a distorted mesh is used, the MITC3+ shell element still

presents good results.

In future works, firstly, it is important to develop the MITC3+ shell finite element formulation based on
the large strain assumption for general shell structures [71]. Second, it is valuable to improve the membrane
behavior of the MITC3+ shell element because no treatment is used for the membrane behavior [48, 49, 72,
73]. Third, the MITC3+ solid-shell element can be developed to model the three-dimensional effects of surface
tractions [9]. Finally, the effectiveness of the MITC3+ shell element was demonstrated only numerically, and a

mathematical analysis would be very valuable to obtain further insight into the element behavior.
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Appendix A. Mode decomposition of the 3-node plate element

The plate bending case is considered for developing the 3-node triangular plate element using the mode
decomposition. The geometry and displacement interpolations in Egs. (3.1) and (3.2) are considered. The mode

decomposition method can be applied to develop other finite elements (solid, beam, shell elements, etc.).

A.1 The MITC3 plate element

A 3-node plate element contains the 9 kinematic modes, that is, 3 rigid body modes 3 symmetrical
bending modes, 1 In-plane twisting mode and 2 constant transverse shearing modes. The i" kinematic modes of

the 3-node plate element are defined in the Cartesian coordinates. The mode vector is considered as follows

b ={di b i bai bsi Pei b Bei ¢9,i}T7 (A1)

in which the components given by the nodal displacements are

g={w, w, wy 6 6 67 0, 07 6} . (A.2)

The rigid body modes (q?l,$2,¢73) consist of the 1 translational and 2 rotational rigid body modes. The
bending modes (¢74 , 55 , (,56) of the arbitrary 3-node plate element are obtained from the bending axes shown in

Fig. 3.4. The in-plane twisting mode(@) shown in Fig. A.1 can be obtained by twisting about the z-axis located
at the barycenter. The constant transverse shearing modes can be represented as follows
=0 00000117, (A3)

d={0 00 -1 -1 -100 0}). (A4)

The displacement-based 3-node plate element is modified with the above mode decomposition. For the 3
bending modes, the transverse shear strain fields Eqgs. (3.14)-(3.16) are imposed, respectively. The developed 3-

node plate element is the same as the MITC3 plate element.
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G : Barycenter

v

Fig. A.1 In-plane twisting mode when a single 3-node plate element is twisted at the barycenter.

A.2 The MITC3-MD plate element

The modes of a 3-node plate element also consist of 3 rigid body modes, 3 symmetrical bending modes

and 3 antisymmetrical bending and shearing modes [6]. The antisymmetrical bending and shearing modes (57,

¢78 , 59) of the arbitrary 3-node plate element are shown in Fig. A.2. For the 3 symmetrical bending modes, the

transverse shear strain fields Eqs.(3.14)-(3.16) are imposed, respectively.

For the antisymmetrical bending and shearing mode 1 ( 4, ) shown in Fig. A.2(a), the assumed covariant

transverse shear strain field with the tying points shown in table A.1 and Fig. A.3 is given by
gd e +lc(33 -1)
rr = rt 3 ’
5 —elf) + Zo(-3n), (A5)

where c=(ef’ —ef) - (e —e{).
For the antisymmetrical bending and shearing mode 2 (58) shown Fig. A.2(b), the assumed covariant transverse

shear strain field with the tying points shown in table A.1 and Fig. A.3 is obtained by
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Fig. A.2 The nodal displacement pattern of the physical antisymmetrical bending and shearing strain energy
modes (type A) at the top view. (a) Antisymmetrical bending and shearing mode 1. (b) Antisymmetrical bending

and shearing mode 2. (c) Antisymmetrical bending and shearing mode 3.

X: Tying point X: Tying point

v
v

4, 2d, 4, 2d,
(a (b)

Fig. A.3 Tying positions for assumed transverse shear strain fields in the antisymmetrical bending and shearing

modes.
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g2 =el® 4 %c(t%s -1,
ee=el® +lc(1—3r)
st — 3 ’

where c= (el —e®)— (e —el®).

(A.6)

For the antisymmetrical bending and shearing mode 3 (Jg) shown Fig. A.2(c), the assumed covariant transverse

shear strain field with the tying points shown in table A.1 and Fig. A.3 is given by

gl =e® +%c(3s—1) ,

el =el® +§c(1— 3r),

where ¢ =(e{) —e{?)- (e -e{).

(A7)

The tying positions (A)-(F) are positioned on the three internal lines from vertices to the centers of the edges

with the d; and d,. The d; and d, vary from 2/3 to -1/3. d; is used 1/12 or 0. When d,

becomes smaller, the element becomes more flexible. d, =-1/10,000 is used to make the in-plane twisting

mode more flexible without a spurious mode. This element passes the zero energy mode test, isotopic element

test and the patch test except for the transverse shearing patch test.

Table A.1 Tying positions for the assumed transverse shear strain field in the antisymmetrical bending and

shearing modes. The d; and d, are defined in Fig. A.3.

Tying positions r S
Fig. A.3(a) (A) 1/3+d; 1/3-2d;
(B) 1/3-2d, 1/3+d,
© 1/3+d; 1/3+d,
Fig. A.3(b) (D) 1/3+d, 1/3-2d,
(E) 1/3-2d, 1/3+d,
(F) 1/3+d, 1/3+d,
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The strain energy is used for the convergence studies. The relative strain energy is defined

Eref - Eh
E

E =

r

ref

(A.8)

where E, is the reference of the strain energy obtained by the MITC4 plate element with 128x128 meshes. Ej,

is the strain energy from the finite element solutions. Considering the fully clamped plate problem shown in Fig.

3.12, the convergence curves are presented in Fig. A.4. The MITC3-MD element presents the improved

performance compared with the MITC3 element. If the antisymmetrical bending and shearing modes shown in

Fig. A5 are used with d; =1/12, the element passes all the basic tests. The performance is similar to the

MITC3-HR element.

MITC3 MITC3-MD
0 0
0.6} 7/ 4 0.6} /e
1.2} - 1.2 e
log E, -1.8} i . logE, 1.8} I 4 e
2.4} - 24f .
-5 tiL=1/100 -5 tiL=1/100
A—4A- /L =1/1000 A—A- tiL=1/1000
3 ©—S- t/L=1/10000 3k " ©—S- tiL=1/10000
3.6 L1 1 1 3.6 I I I |
21 -15 09 -0.3 21 15 -09 .03
logh log h
(@) (b)

=1/100
=1/1000
=1/10000

MITC3-MD
0
o)
-0.6} 7 -
1.2 e
log E, -1.8} 4 .
2.4} =
88 tL
A—A tiL
3k o
3.6 1 1 1 1
21 15 -09 -03
log h
(c)

Fig. A.4 Convergence curves for the fully clamped square plate problem. The bold line represents the optimal

convergence rate. The solid and dotted lines correspond to the results obtained by the mesh patterns in Figs. 3.

12(a) and (b), respectively. (a) MITC3 element. (b) MITC3-MD element (d; =1/12). (c) MITC3-MD element

(d, =0).
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(0

Fig. A.5 The nodal displacement pattern of the physical antisymmetrical bending and shearing strain energy
modes (type B) at the top view. (a) Antisymmetrical bending and shearing mode 1. (b) Antisymmetrical bending

and shearing mode 2. (¢) Antisymmetrical bending and shearing mode 3.

From these studies, it is revealed that when developing a standard 3-node shell finite element in which
the geometry and displacement interpolations in Egs. (3.1) and (3.2), the 3-node shell finite element that passes
all the basic tests (the zero energy mode test, the patch test, and the isotropic element test) has limitation to
obtain the excellent results in convergence tests like the 4-node shell element (MITC4). Fundamentally, the 3-
node shell element lacks bending displacements. The 3-node shell element cannot properly represent the
antisymmetrical bending modes, that is, the higher order bending modes. In the plate bending problems, when
using the higher-order triangular shell element that the antisymmetrical bending modes can be represented
properly, the convergence behavior is excellent [10, 23]. Hence, to improve the performance of the 3-node shell
element as good as that of the 4-node shell element, the shape functions should be enriched to represent the

antisymmetrical bending modes suitably [10, 23, 46-48].
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Appendix B. Assumed transverse shear strain fields for a 3-node shell element

New assumed transverse shear strain fields are designed using the new tying scheme. The 3-node shell

elements are developed using the new assumed transverse shear strain fields.

First, the nine covariant transverse shear strains shown in Fig. B.1 are defined as follows

_ 1, . - 1 N

el'f\ = _E(Afest +€n), ezﬁ = E(Sest €r) e3t =€y = _(__est +€4), (B.1)
_ 1 - 1 - 5 ~ 25 1.

eltB = E(_est +5€r), ez? = _E(ESI +4ey), € ? =€y = 5 — (&g - rt) (B.2)
~ 1 ~ ~ -~ 1 ~ ~ ~ ~ 1 - -~

eltc = E(Sest —4ey), ezct = E(_‘lest +5€e1), 93% =63 = _E(est +€r). (B.3)

The transverse shear strain components are sampled at nine internal tying points (1)-(9) on the nine

internal lines, see Fig. B.2(a) and Table B.1. The constant covariant transverse shear strains along the element

edge directions are assumed to be

~ ~ 1 1 1 1
0 (00) = 81(10) = S (- 2ol + oD+ - (el) + D) + 2 () +e0) + == (e +5e(9)

St(OO)—est(01)=—(e(1)—%e(l))+ (4e® +e@y4+ = (e<4> eﬁf))+%(5e(3)—e(3)) (B.4)

1
qt(lo)—eqt(on—T( (€ -2 o)~ (4 +569) 2 (-2 elD )+ (5el? - 4e§?>>).

The conditions in Eqg. (B.4) is imposed to the interpolation in Eq. (3.11) to obtain the unknown coefficients.

Finally, the assumed covariant transverse shear strain field (Type A) is given by

~ 1,1 1

e =30 26(7) +e(7))+ (e(ﬁ) +4e{)+ = (e(“) +e(4))+E(—e§t5) +5e%))+Cs

s Lo _low @ 4 o@ @ 4o G _e®

€t = 5 (et — 2 ~er) + (4e e )+— (e +er) + (59 —ey )—Cr (B.5)
where C=-— (4e(2) @ +56f) — e +ef) —5e) — el —4e{)) — 5 + 46® — 46l +5e()) .
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The 3-node shell finite element in which the geometry and displacement interpolations in Egs. (3.1) and
(3.2) and is developed with the new assumed transverse shear strain field in Eq. (B.5). We label the MITC3i-a

element. The element passes all the basic tests.

Also, the transverse shear strain components are sampled at six internal tying points (1)-(6) on the six
internal lines, see Fig. B.2(b) and Table B.1. The constant covariant transverse shear strains along the element

edge directions are assumed to be

5,(00) =8, (L0) = = (e +5e{) + = (0 + 46 )
9 9

- - 1 ; ; 1 ; ;
€4(0,0) =8 <0,1)=§(5e§? —e§:>)+5(4e§3> +e{)), (B.6)

1
V2

The conditions in Eq. (B.6) is imposed to the interpolation in Eq. (3.11) to obtain the unknown coefficients. The

~ ~ 1 1
810 =8, (0= (5 (Geg? —dey) - 5 (~4e(l” +5e” )] .
assumed covariant transverse shear strain field (Type B) is obtained by
~ 1 1
B = (el + 5ert) +5 (oL + 4ey)) + M

I NN N PR IN?
& =5 (el —eR)) + 5 (4eld) +efl)) - Mr (B7)

where M =§(5e§{) —e +4el) +e() —el) —4e) + el —5el) —4el™ +5e{M —5e{) +4e{)).

The 3-node shell finite element where the geometry and displacement interpolations in Egs. (3.1) and
(3.2) is developed with the new assumed transverse shear strain field in Eq. (B.7). We label the MITC3i-b

element. The element passes all the basic tests.

The fully clamped problem shown in Fig. 3.12, the cylindrical shell problems shown in Fig. 3.18 and the
hyperboloid shell problems shown in Fig. 3.23 in Section 3.3 are considered for convergence tests of the
MITC3i-a and MITC3i-b elements. Using the s-norm, the convergence curves are shown in Figs. B.3-B.7 for
above benchmark shell problems, respectively. In the bending-dominated problems, the performance of the
MITC3i-a and MITC3i-b shell elements is improved compared to the MITC3 shell element. However, the
performance of the MITC3i shell element is better than that of two developed shell elements because the
MITCS3i shell element contains the more flexible in-plane twisting mode, see the convergence curves for the

MITC3i element in section 4.4.
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Fig. B.1 Transverse shear strains.

Table B.1 Tying positions for the assumed transverse shear strain fields for the MITC3i-a and MITC3i-b shell

elements.
Tying positions r S

Fig. B.2(a) 1) 1/12 5/6
2) 5/36 5/9
3) 5/36 11/36
(4) 1/12 1/12
(5) 11/36 5/36
(6) 5/9 5/36
7 5/6 1/12
(8) 5/9 11/36
9) 11/36 5/9

Fig. B.2(b) (i) 1/ 18 13/18
() 1/18 4718
(k) 4718 1/18
() 13/18 1/18
(m) 13/18 4718
(n) 4/18 13/18
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Fig. B.2 Tying positions for the assumed transverse shear strain field. (a) Type A. (b) Type B.
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Fig. B.3 Convergence curves for the fully clamped square plate problem. The bold line represents the optimal

convergence rate. The solid and dotted lines correspond to the results obtained by the mesh patterns in Figs.

3.12(a) and (b), respectively.
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Appendix C. Transverse shear strain fields of the MITC3+ element in flat geometry

The shell finite element can be used for plate bending problems with the following assumption when the

geometry is defined on the XY-plane with constant thickness [11]

0
Xi=1Yit, UG=10f, Vi=i, V{=i, V;=i, and a =a forall i, (C.1)
Wi

where in, Ty and TZ are the unit base vectors in the global Cartesian coordinate system.

From Eqgs. (5.1)-(5.3), the geometry and displacement interpolations of the MITC3+ shell element are
given with the conditions in Eg. (C.1)

3

Zhixi %ai fi B;
i-1
4

i=1
3

t
Zhi yi s = —Eaz fiai . (C2)
i=1 i=1
t 3

2° 2.

x|
Il
=]

Using Eq. (5.9) and (C.2), the transverse shear strain field of the MITC3+ element is given by
. a 1 1 1
ePtMTC3+ = Z[Wz —W + g(xz —2X; +X3) Py + g(zxz =X, —X3)f, + E(Xz —X1) 4
1 1 1 1.
+€(ZY1 -Y2 -V +g(y1 =2y, +Y3)a, +§(Y1 - Y2)054}+§C(33—1) )
R a 1 1 1
es'\{lcher = Z[Ws —w + E(XS + Xy —2%) B + E(zxs =X = %) fs +E(X3 = %) B4
1 1 1 1.
+€(2y1 -Y2— Y3y +E(Y1 +Y¥, —2Y3)a, +§(y1 - ys)ad + 50(1—3r) ) (C.3)
with
. 3
C= Zad [(Y2 = Y3)ag + (Y3 = Y1), + (V1 — ¥a)ag
+(Xg = X2) By + (X —X3) B2 + (X2 — %) B5]. (C.4)
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