
  

 

박사 학위논문 

Ph. D. Dissertation 

 

쉘 구조물 해석을 위한 

삼각형 유한요소의 개발 

 

Development of triangular finite elements for  

analysis of shell structures 

 
 

이 윤 규 (李 淪 圭 Lee, Youngyu) 

기계항공시스템학부 해양시스템공학전공 

School of Mechanical, Aerospace and Systems Engineering, 

Division of Ocean Systems Engineering 

 

KAIST 

 

2015 

 



  

 

 

 

 

쉘 구조물 해석을 위한 

삼각형 유한요소의 개발 

 

Development of triangular finite elements for  

analysis of shell structures 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

Development of triangular shell finite elements for 

analysis of shell structures 

 
      

   Advisor  :  Professor Phill-Seung Lee 

 

 

by 

Youngyu Lee 

School of Mechanical, Aerospace and Systems Engineering, 

Division of Ocean Systems Engineering 

KAIST 

 

A thesis submitted to the faculty of KAIST in partial fulfillment of the  

requirements for the degree of Doctor of Philosophy in the School of      

Mechanical, Aerospace and Systems Engineering, Division of Ocean Systems 

Engineering. The study was conducted in accordance with Code of Research 

Ethics
1 

 November  14,  2014 

Approved by 

Professor  Phill-Seung Lee 

                      

 

                                                           
1
Declaration of Ethical Conduct in Research: I, as a graduate student of KAIST, hereby declare that I have not 

committed any acts that may damage the credibility of my research. These include, but are not limited to: falsi-

fication, thesis written by someone else, distortion of research findings or plagiarism. I affirm that my thesis 

contains honest conclusions based on my own careful research under the guidance of my thesis advisor.  



 

 

 

Development of triangular shell finite elements for 

analysis of shell structures 

Youngyu Lee 

 

 

The present dissertation has been approved by the dissertation committee 

as a Ph. D. dissertation at KAIST 

 

 

November  14,  2014 

 
 

 

 

Committee head   Phill-Seung Lee 

 

Committee member  K. C. Park  

 

Committee member  Hyun Chung  

 

Committee member  Yeunwoo Cho 

  

Committee member  Do-Nyun Kim 

Committee member 

 

 

 

 

 

 

 

 



i 

DOSE 

20115216 

이 윤 규 Lee, Youngyu. Development of triangular finite elements for analysis of shell 

structures 쉘 구조물 해석을 위한 삼각형 유한요소의 개발. School of Mechanical, 

Aerospace and Systems Engineering, Division of Ocean Systems Engineering. 2015. 149p. 

Advisor Prof. Lee, Phill-Seung. Text in English 

 

ABSTRACT 

 

Shells structures have been frequently used in various engineering fields. The finite element method has 

been dominantly used to analyze shell structures over the past several decades. However, although a great effort 

has been expended to develop an effective 3-node triangular shell finite element, no element is currently 

available that has been shown to be reliable and effective in the analysis of general shell structures.  

 

The purpose of this thesis is to develop an effective 3-node triangular shell finite element in analysis of 

general shell structures. Such element should show isotropic behavior and pass the consistency, ellipticity and 

inf-sup conditions and hence be optimal in convergence regardless of the shell geometry, thickness of the shell, 

boundary conditions and applied loading. 

 

An improved 3-node MITC3 triangular shell finite element is developed. The Hellinger-Reissner (HR) 

variational principle is modified in the framework of the MITC method, and a special approximated transverse 

shear strain field is proposed. The MITC3-HR shell finite element improved using the Hellinger-Reissner 

functional passes all of the basic tests (the zero energy mode test, the patch test, and the isotropic element test). 

Convergence studies considering plate and shell benchmark problems demonstrate the improved predictive 

capability of the MITC3-HR shell finite element. 

 

An effective new 3-node MITC3+ triangular shell finite element is developed for general use. A cubic 

bubble function for the interpolation of the rotations is used to enrich the bending displacements. To reduce 

shear locking in the shell element, a new assumed transverse shear strain field is designed with a new tying 

scheme to reduce locking while satisfying the consistency and ellipticity conditions. The MITC3+ shell element 

passes all basic tests, that is, the isotropy, zero energy mode and patch tests, and shows an excellent 

convergence behavior in the solution of plate and shell benchmark problems even when severely distorted 

meshes are used. 

 

The static and dynamic modal behavior of the MITC3+ triangular shell element is investigated. For 

comparison, the pure displacement-based (DISP3), MITC3 and MITC4 shell elements are also studied. First, 

static mode solutions are performed for a single right-angled shell element and an assemblage of two right-

angled shell elements. Detailed strain fields are established in the bending modes. This study provides insight 

into how shear locking occurs on the mode level. We then analytically show how the MITC3+ shell element 

properly represents the pure bending conditions in a two-sided clamped plate problem. Considering free 

vibration shell problems, we finally present the excellent performance of the MITC3+ shell element in dynamic 

mode solutions. 

 

 

Keywords: Shell Structures; Shell finite elements; 3-Node element; MITC method; Convergence 
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Chapter 1. Introduction 

 

 

 

Shells structures have been frequently used in various engineering fields. The finite element method has 

been mainly used to analyze shell structures over the past several decades. For an analysis of shells, it is crucial 

to use reliable and effective shell finite elements. However, it is still challenging to develop such shell finite 

elements due to the highly sensitive and complex behaviors of shells [1, 2]. In particular, it is important to 

develop an effective 3-node triangular shell element, which is very useful for automatic mesh generations for 

complex shell structures due to its simple geometry defined by only three corner nodes. In addition, an effective 

3-node triangular shell element would be attractive due to the small bandwidth of the governing global stiffness 

and mass matrices [1-13].  

 

An ideal shell finite element should uniformly converge with the optimal rate regardless of the three 

asymptotic behaviors of membrane dominated, bending dominated and mixed behaviors depending on the shell 

geometry, boundary conditions and applied loadings. Of course, the shell element should satisfy the ellipticity 

and consistency. The main difficulty related to a shell finite element analysis is that the solution accuracy 

becomes worse as the shell thickness becomes smaller [14-18]. This is called locking, which occurs when the 

shell element formulation cannot represent pure bending displacement fields suitably [1, 2]. 

 

To reduce the locking behavior, the Mixed Interpolation of Tensorial Components (MITC) method was 

first used to develop a 4-node shell element (MITC4) [19, 20]. Then, for higher-order quadrilateral elements, a 

9-node shell element (MITC9) and a 16-node shell element (MITC16) were developed [21, 22]. Later, the 

method was applied to develop a 3-node triangular shell element (MITC3) as well as higher-order triangular 

shell elements [10, 23]. However, the performance of the MITC3 triangular shell element is not as good as the 

MITC4 quadrilateral shell element, despite the fact that the MITC3 triangular shell element performs much 

better than the displacement-based 3-node triangular shell element (DISP3) [11].  

 

The purpose of this thesis is to develop an effective 3-node triangular shell finite element in analysis of 

general shell structures. Such element should present isotropic behavior and pass the consistency, ellipticity and 

inf-sup conditions and hence should be optimal in convergence tests for general shell structures. Also, the 

formulation can directly be extended for nonlinear analysis of shells. 
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A 3-node MITC3-HR triangular shell element is developed. We modify the Hellinger-Reissner 

functional and introduce a special approximated transverse shear strain field based on rotated contravariant 

bases. The MITC3-HR element passes all basic tests, that is, the isotropy, zero energy mode and patch tests. The 

well-established convergence studies numerically show that the MITC3 shell finite element is successfully 

improved [12]. 

 

An effective new 3-node MITC3+ triangular shell finite element is developed. The MITC3+ shell 

element uses a cubic bubble function for the interpolation of the rotations to enrich the bending displacement 

fields. The corresponding rotation degrees of freedom can be statically condensed out on the element level. A 

new assumed transverse shear strain field was developed with a new tying scheme to reduce shear locking while 

satisfying the consistency and ellipticity conditions. The MITC3+ shell element passes all basic tests, that is, the 

isotropy, zero energy mode and patch tests, and shows an excellent convergence behavior in the solution of 

plate and shell benchmark problems, even when severely distorted meshes are used [24]. 

 

A deeper understanding of the MITC3+ shell element is obtained through detailed static and dynamic 

mode solutions. The DISP3, MITC3 and MITC4 shell elements are also considered for comparisons. In the 

static mode solutions of a single right-angled triangular element and an assemblage of two right-angled 

triangular elements, we investigate the transverse shear strain fields in the bending modes. This study shows 

how the MITC3+ shell element performs on the mode level. The transverse shear strain fields of the MITC3+ 

shell element are also studied analytically in a two-sided clamped plate problem, to see whether and how 

locking occurs. Considering a free vibration shell problems, the excellent performance of the MITC3+ shell 

element is presented in the dynamic mode solutions [25].   

 

In chapter 1, the introduction is presented.  

 

In chapter 2, the finite element analysis of shells is briefly reviewed. The asymptotic behavior of shell 

structures, the continuum mechanics based shell element, the locking phenomenon and locking treatment and 

the ideal shell finite elements are explained.  

 

In chapter 3, the 3-node MITC3-HR triangular shell element based on the Hellinger-Reissenr principle is 

developed. We propose a method that involves the use of the modified Hellinger-Reissner functional to improve 

the MITC3 shell finite element, after which we explain how to construct the special approximated transverse 
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shear strain field. Numerical tests are conducted for the MITC3-HR shell element in various shell problems.  

 

In chapter 4, a new 3-node MITC3+ triangular shell finite element was developed. The MITC3+ shell 

element uses a cubic bubble function for the interpolation of the rotations to enrich the bending displacement 

fields. A new assumed transverse shear strain field was developed with a new tying scheme to reduce shear 

locking while satisfying the consistency and ellipticity. Nnumerical tests are conducted for the MITC3+ shell 

element in various shell problems. 

 

In chapter 5, a deeper understanding of the MITC3+ shell element is obtained from detailed static and 

dynamic mode analyses. We investigate eigenvalues and strain fields of the shell elements in static mode 

analysis and analyze the transverse shearing behavior of the MITC3+ shell element. We then analytically show 

that the MITC3+ shell element does not lock in the two-sided clamped plate problem. In dynamic mode analysis, 

the performance of the MITC3+ shell element is presented. 

 

In chapter 6, we perform the convergence tests for the classical benchmark shell problems using the 3-

node MITC triangular shell elements in a comparison with other 3-node triangular shell elements.  

 

In chapter 7, we present conclusions.  
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Chapter 2. Finite element analysis of shells 

 

 

 

In this chapter, the fundamental theory for the finite element analysis of shells is briefly reviewed. The 

asymptotic behavior of shell structures, the continuum mechanics based shell element, the locking phenomenon 

and locking treatment and the ideal shell finite element are explained. 

 

 

2.1 The asymptotic behavior of shell structures 

 

Shell structures are supported by three basic loading-bearing mechanisms, that is, bending action, 

membrane action and shearing action. With applied loads, shell structures store the bending strain energy, 

membrane strain energy and shear strain energy corresponding to these three basic loading-bearing mechanisms, 

respectively. Because the shear strain energy is negligible when the thickness is small, the strain energy of shells 

mainly include the bending strain energy and membrane strain energy [2, 14-16, 26].  

 

Depending on shell geometries, boundary conditions, and applied loadings, shell structures present the 

asymptotic behavior as the thickness is reduced. The behavior of shell structures can be sorted into one of the 

three asymptotic categories: membrane-dominated, bending-dominated, or mixed shell behavior [16].  

 

 

2.1.1 Fundamental asymptotic theory 

 

For the linear Naghdi shell model or Koiter shell model, the general variational form as follows [2, 16]: 

Find 


U  such that 

)(),(),(3 VFVUAVUA mb


   , 


V                                          (2.1) 

where   is the shell thickness relative to the overall characteristic length ( Lt / ), bA  is the bilinear form of 

the scaled bending energy, mA  is the bilinear form of the scaled membrane and shear energies, and U


 is the 

unknown solution for the displacement field. V


 is the test function, 


 is the Sobolev space in which to find 
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solutions, and F


 is the external virtual work connected to V


. Because the shear strains energy is much 

lower than the membrane energy when the thickness is thin, mA  mainly corresponds to the membrane energy 

in shell structures [16, 26]. 

 

As   goes to zero, the scaled loading in this form is given to establish the asymptotic behavior 

)()( VGVF


                                                                   (2.2) 

where   is the load-scaling factor. Because the left part of Eq. (2.1) is proportional to   and 3 ,   is 

between 1 and 3( 31   ). 

 

The given space is important when determining the asymptotic behavior 

 0),(0  VVAV m


                                                           (2.3) 

Here, 0


 is the subspace that represents pure bending displacements without the membrane and shear strain 

energies. When this subspace contains only a zero displacement field ( }0{0 


), the pure bending is inhibited 

in a shell structure or the inhibited shell is called. On the other hand, when the subspace contains only a non-

zero displacement field ( }0{0 


), the pure bending is non-inhibited in a shell structure or the non-inhibited 

shell is called [16, 26].  

 

If the pure bending is non-inhibited, the membrane energy term in Eq. (2.1) disappears with 3 . The 

general form of the bending-dominated problem is as follows: 

Find 0
0 


U  such that 

)(),( 0 VGVUAb


 , 0


V                                                        (2.4) 

This problem is shown only when the loading activates the pure bending displacements. If the loading does not 

result in pure bending displacements, the subspace is as follows: 

0)( VG


, 0


V .                                                              (2.5) 

The shell behavior does not converge to the solution of the bending-dominated shell problem. This asymptotic 

behavior is like a case in which pure bending is inhibited but very unstable. If only a small change in the 

loading without satisfying the condition in Eq. (2.5) will lead to the bending-dominated case [2, 16, 26].  

 

If the pure bending is inhibited, the load-scaling factor 1  is used and the shell problem is well-
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posed with only the membrane and shear strain energies in the space m


. This space is larger than 


 

because only the bounded membrane and shear strain energies are considered. The general form of the 

membrane-dominated problem is as follows: 

Find m
mU 


 such that    

)(),( VGVUA m
m


 , mV 


                                                      (2.6) 

and this problem is well-posed when the loading G


 is the dual space of m


. The condition 
'
mG 


 is 

equivalent to  

),()( VVACVG m


 , mV 


                                                    (2.7) 

where C  is constant. The corresponding load is the admissible membrane loading with the condition 
'
mG 


. 

In this applied loading condition, shell structures can be resisted by membrane energy only. If the loading is an 

non-admissible membrane loading (
'
mG 


), an ill-posed membrane problem is obtained. Because the 

asymptotic behavior is not supported by only the membrane energy, the shell behavior is classified as a mixed 

problem [16, 26]. 

 

 

 

 

 

Table 2.1 The asymptotic categories of shell behaviors [16, 26]. 

 

Case Category Loading 

Non-inhibited shell 

}0{0 


 

Bending-dominated Loading activates pure bending displacements 

0


V  such that 0)( VG


 

 Membrane-dominated 

or mixed but unstable 

Loading activates pure bending displacements 

0)( VG


, 0


V  

Inhibited shell 

}0{0 


 

Membrane-dominated Admissible membrane loading 

'
mG 


 

 Mixed Non-admissible membrane loading 

'
mG 


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Table 2.1 summarizes the asymptotic categories of the different shell behaviors. The asymptotic 

behaviors are important when attempting to determine the shell loading capacity. The stiffness of shells is 

changed with 
 . To demonstrate the shell response accurately, it is necessary to understand shell asymptotic 

behaviors.  

 

 

2.1.2 Layers and characteristic length 

 

The stress fields of shells are classified into global smooth parts and various layer parts. The layers arise 

due to discontinuities in the geometry (curvature or thickness), incompatibilities of the boundary conditions, and 

irregular loading. In the layers, the stresses, strains and displacements change extremely and the strain energy is 

concentrated. The characteristic length of the layer of shells is a function of the thickness ( t ) and the overall 

length of the shell structure ( L ) 

ll
c LctL  1

.                                                                      (2.8) 

Here, c is constant and l  is a non-negative real number [16, 26]. In Ref. [16], as the thickness becomes small, 

the boundary layer of the Scodelis-Lo roof shell problem, the inner layer of the hyperbolic paraboloid shell 

problem and other type of layers for shells are present. 

 

 

2.1.3 Asymptotic analysis 

 

Based on theory, a great deal of research has been constructed to determine shell asymptotic behaviors. 

However, this task is still very difficult. Recently, Lee and Bathe propose the simple method to determine the 

shell asymptotic behaviors using the finite element analysis [16]. The loading scaling factor   is given by  






log)log(

)(log)(log






EE
                                                        (2.9) 

where E is the strain energy for )/( Lt using the finite element analysis [26]. The more accurate the finite 

element solution is for a given value of )/( Lt , the more accurate the loading scaling factor is when 

calculated. A membrane-dominated shell problem arises when 1 . A bending-dominated shell problem 

arises when 3 . A mixed shell problem results when 31   . The asymptotic categories of shell 

problems are summarized in Table 2.2 according to the loading scaling factor   with the Gaussian curvatures 

shown in Fig. 2.1 [26].  
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Table 2.2 Asymptotic categories for shell problems [26].  

 

Asymptotic behavior(  ) Shell problems Gaussian curvature 

Membrane-dominated( 1 ) 

Fixed cylindrical shell problem 

Fixed hyperboloid shell problem 

Clamped hemispherical cap problem 

Modified Scodelis-Lo roof shell problem 

Zero 

Negative 

Positive 

Zero 

Bending-dominated( 3 ) 

Fully clamped plate problem 

Free cylindrical shell problem 

Free hyperboloid shell problem 

Partly clamped hyperbolic paraboloid shell problem 

Zero 

Zero 

Negative 

Negative 

Mixed( 31   ) Scodelis-Lo roof shell problem( 75.1 ) Zero 

Not well-defined Monster shell problem Positive 

 

 

 

 

 

Fig. 2.1 Curved surface depending on the Gaussian curvature. (a) Positive Gaussian curvature. (b) Zero 

Gaussian curvature. (c) Negative Gaussian curvature. 

 

 

 

2.2 The continuum mechanics based shell element 

 

Two basic concepts are used to formulate general shell finite elements. One is a flat shell element which 

is constructed by superimposing the plate bending action and membrane action. A membrane behavior is not 

coupled with a plate bending behavior (bending and transverse shearing behaviors). The other is a continuum 
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mechanics based shell element (degenerated shell element) obtained by the degeneration of three-dimensional 

continuum mechanics [27]. Bending, membrane and transverse shearing behaviors are fully coupled. In this 

paper, the continuum mechanics based shell element is considered. Using these elements, the shell behavior can 

be represented more reliably for general shell structures. Also, a linear formulation can directly be extended to a 

general nonlinear analysis. 

 

The geometry of a q-node continuum mechanics based triangular shell finite element is interpolated by 

[1,10] 






q

i

i
nii

q

i

ii Vsrha
t

xsrhtsrx

11

),(
2

),(),,(


,                                            (2.10) 

where ),( srhi  is the 2D shape function of the standard isoparametric procedure corresponding to node i, ix


 

is the position vector for node i in the global Cartesian coordinate system, and ia  and i
nV


 denote the shell 

thickness and the director vector at node i, respectively. 

 

The displacement interpolation of the element is obtained by 

)(),(
2

),(),,( 1

1

2

1

i
i

i

q

i

i
ii

q

i

ii VVsrha
t

usrhtsru 


 


,                                 (2.11) 

in which iu


 is the nodal displacement vector in the global Cartesian coordinate system, iV1


 and iV2


 are unit 

vectors orthogonal to i
nV


 and to each other, and i  and i  are the rotations of the director vector i
nV


 

about iV1


 and iV2


 at node i. 

 

The linear terms of the displacement-based covariant strain components are given by  

)(
2

1
,, ijjiij uguge

 ,                                                          (2.12) 

where 

i
i

r

x
g









,   
i

i
r

u
u









,    with   rr 1 , sr 2 , tr 3 ,                                (2.13) 

The displacement-based shell element shows the optimal convergence behavior in membrane-dominated shell 

problems. However, this shell element locks severely in bending-dominated shell problems. 

 

 

2.3 Locking phenomenon and locking treatment 



- 10 - 

 

The solution of the shell finite elements converges slowly when the thickness becomes thin during 

bending-dominated and mixed shell behaviors. This phenomenon is called “locking”. The solution accuracy 

deteriorates in bending dominated and mixed shell behaviors because a finite element discretization cannot 

accurately approximate the pure bending displacement fields of shells. In the shell finite element analysis, 

membrane locking and shear locking occur. Membrane locking occurs when the geometry of a shell element has 

a curvature. If the geometry of a shell element is flat, no membrane locking occurs. Shear locking occurs 

regardless of a curvature of a shell element. In the following sections, several locking treatment schemes are 

presented [1, 2]. 

 

 

2.3.1 Reduced Integration 

 

The reduced integration scheme reduces the order of Gaussian numerical integrations when constructing 

the stiffness matrix. The reduced integration scheme is divided into the uniformly reduced integration scheme 

and the selectively reduced integration scheme [28-30]. In the uniformly reduced integration scheme, a reduced 

order of Gaussian numerical integrations is applied to construct the stiffness matrix for all of the strain terms. 

Otherwise, in the selectively reduced integration scheme, a reduced order of the Gaussian numerical 

integrations is used to construct the stiffness matrix for the specific strain terms for which locking occurs. For 

example, in the 4-node shell element, only shear locking occurs. If reduced integration is used for the transverse 

shear strains of a 4-node shell element, the transverse shear strains are assumed to be constant as follows: 

),0,0(~ tee rtrt  , ),0,0(~ tee stst                                                        (2.14) 

However, when using the reduced integration scheme, a spurious energy mode occurs. In some shell problems, 

the solutions can oscillate if a spurious energy mode dominates. Hence, the reduced integration scheme should 

be used with a stabilization technique [30].  

 

 

2.3.2 Enhanced Assumed Strain method 

 

The Enhanced Assumed Strain formulation is derived from the Hu-Washizu functional [31-34]. The 

internal energy part is given by 

 
V

ETE
EAS dVuuU )()(

2

1



BCB                                               (2.15) 
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where B  is the strain-displacement matrix obtained by the original formulation, u


 is the displacement vector, 

C  is the stress-strain law matrix, and E


 is an enhanced strain vector with unknowns. The enhanced strain 

field is added to the inherent strain field obtained by the original formulation. The unknowns for the enhanced 

strain vector are condensed out on the element level.  

 

 

2.3.3 Hellinger-Reissner principle 

 

The Hellinger-Reissner functional (HR functional) is derived from the Hu-Washizu functional [1, 35, 

36]. The internal energy part is given by 

 
V

TT
HR dVuU )

2

1
(


εCC                                                     (2.16) 

where 


 is the strain vector, C  is the stress-strain law matrix, u


 is the displacement vector, and ε  is the 

differential operator on u


 for strain calculations. It is important to note that the independent variables are the 

strains and displacements in this Hellinger-Reissner functional. An approximated strain field with unknowns is 

newly defined. The static condensation is performed for the unknowns on the element level.  

 

 

2.3.4 Mixed Interpolation of Tensorial Components method 

 

The MITC shell formulation is given by 






ij

k
ij

k
ij

n

k
tsrij

k
ijij esrhtsre

1
),,(

),(),,(~                                                      (2.17) 

where ijn  is the number of tying points to obtain the covariant strain components on the shell midsurface with 

coordinates ( k
ij

k
ij sr , ) and k

ijh  is the assumed interpolation function corresponding to tying point k and 

satisfying 

kl
l
ij

l
ij

k
ij srh ),( ,  ijnl ,...,1                                                      (2.18) 

This tying procedure is performed on the element level. Note that to select the tying points and to construct the 

assumed strain interpolations are key to formulate the MITC shell elements successfully [1, 2].  

 

The MITC method was first applied to develop the MITC4 quadrilateral shell finite element in the 

research of Dvorkin and Bathe [19]. Under the plate bending assumption, the MITC4 shell element becomes the 
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MITC4 plate bending element. Although the concept of the MITC4 plate bending element is similar to that of 

the plate elements developed by Hughes and Tezduyar and MacNeal, the MITC4 shell element is proposed for 

general shell analyses and assumed covariant strains are first used for the element [37, 38]. For the MITC4 

element, the in-layer strain components are obtained from the displacement-based formulation and the 

transverse shear strains are assumed with the MITC method, as follows: 

)()( )1(
2

1
)1(

2

1~ C
rt

A
rtrt esese  , 

)()( )1(
2

1
)1(

2

1~ B
st

D
stst erere                             (2.19) 

Tying positions (A)-(D) are presented in Fig. 2.2. Note that the stiffness matrix is obtained corresponding to the 

same nodal point degree of freedom as the displacement-based shell element without using the static 

condensation, like the elements based on the EAS method or the Hellinger-Reissner principle [31-36]. 

 

For the 9-node shell elements, Park and Stanley developed the 9-ANS shell element using the Assumed 

Nature Strain method which is close to the MITC method. In ANS method, assumed physical strain fields were 

obtained from the strains along selected co-ordinate lines [7]. Based on the MITC method, Bucalem and Bathe 

developed the 9-node MITC9 and 16-node MITC16 quadrilateral shell finite elements [21]. Afterward, Bathe et 

al. proposed an improved MITC9 shell element [22].  

 

Lee and Bathe proposed a methodology with which to construct isotropic triangular shell elements based 

on the MITC method. The 3-node MITC3 shell element and 6-node MITC6 shell elements were developed by 

Lee and Bathe [10]. The improved MITC6 shell element was developed by Kim and Bathe [23].  

 

The 3-node MITC3 triangular shell finite element shows much better predictive capability than the 

displacement-based 3-node triangular shell finite elements and other 3-node isotropic triangular shell finite 

elements [10, 11]. However, the degree of locking alleviation by MITC3 is not as great as that gained when 

using MITC4; that is, the accuracy of the solutions is not as good as that of the MITC4 quadrilateral shell finite 

elements due to locking.  

 

 

2.4 The ideal shell finite element 

 

In the finite element analysis, the variational formulation is determined as follows [1, 2] 

Find hhU 


 such that 

)(),( hhhh VFVUA


 , hV 


                                                     (2.20) 
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Fig. 2.2 Tying positions for the assumed transverse shear strain field of the MITC4 shell element.  

 

 

 

where ),( hA  denotes the bilinear forms for finite element discretization, h


 is the space functions in which 

the finite element solution lies ( 


h ), hU


 is the finite element solution, and hV


 is the test function for 

finite element. ),( hhh VUA


 is given by 

h
V

hh
T

h
T
hhhh UdVVVUA


)(),(  BCB .                                                (2.21) 

where hB  is the strain-displacement matrix [1, 2, 10, 26].  

 

For general shell finite element analyses, the ideal shell finite elements satisfy the three aforementioned 

conditions. First, the ellipticity condition is defined as 

0  such that hhU 


 , 
2

1
),( hhhh UUUA


                                   (2.22) 

where   is a constant. This condition indicates that the given problems are solved using shell finite elements, 

that is, the shell finite element contains no spurious zero energy mode. Under unsupportable boundary 

conditions, the shell finite element contains exactly six zero eigenvalues corresponding to the rigid body modes. 

 

Second, because finite element discretization is based on a mathematical model, the finite element 

solution should converge to the solution of the mathematical model as the element size h approaches zero. This 

condition is called consistency. The definition is as follows: 

 

 



- 14 - 

UUh
h




0
lim  or ),(),(lim

0
UUAUUA hhh

h





                                           (2.23) 

where ),( hA  is the exact bilinear form of a mathematical model, and U


 is the exact solutions [1, 2, 26].  

 

Third, shell finite elements show uniformly optimal convergence behavior in bending-dominated 

problems or in mixed problems. This condition is called inf-sup condition. If shell finite elements satisfy inf-sup 

condition, the element is free from membrane locking and from shear locking, that is, the response is 

independent of the shell thickness. Although this condition is important, in general, it is not possible analytically 

to prove whether shell finite elements satisfy this condition. Hence, numerical tests are performed to verify 

whether shell elements satisfy this condition [1, 2, 26]. 

 

An additional condition is required for triangular shell finite elements. The response of the triangular 

shell elements should be the identical regardless of the node numbering sequence. This condition is called 

isotropy. The element stiffness matrices are independent of the node numbering sequence of a triangular shell 

element [10, 11].  

 

When developing shell finite elements, it is extremely difficult to satisfy the above conditions. It is 

therefore necessary to soften the requirements as follows: 

●  No spurious zero energy mode (ellipticity condition) 

●  Satisfy the consistency condition 

●  No shear locking for plate bending problems 

●  Reliable convergence behavior for membrane-dominated shell problems 

●  Reliable convergence behavior for bending-dominated shell problems and mixed shell problems 

●  Easy to extend to a nonlinear formulation (simple formulation) 

●  Satisfy the isotropic condition for triangular shell elements 

A practical range Lt /  is considered for bending-dominated shell problems and for mixed shell problems to 

soften the requirements [1, 2, 10]. 
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Chapter 3. Improving the MITC3 shell finite element 

 

 

 

In this chapter, formulation of the 3-node displacement-based shell finite element is first reviewed. Then, 

the formulation of the MITC3 shell element is reviewed with the detail studies. In order to improve the 

performance of the MITC3 shell element, the Hellinger-Reissner functional is modified with a special 

approximated transverse shear strain field based on rotated contravariant bases [12]. 

 

 

3.1 Formulation of the 3-node displacement-based shell finite element 

 

The geometry of a 3-node continuum mechanics based triangular shell finite element is interpolated by 

[10, 11] 






3

1

3

1

),(
2

),(),,(

i

i
nii

i

ii Vsrha
t

xsrhtsrx


,                                            (3.1) 

where ),( srhi  is the 2D shape function of the standard isoparametric procedure corresponding to node i, ix


 

is the position vector for node i in the global Cartesian coordinate system, and ia  and i
nV


 denote the shell 

thickness and the director vector at node i, respectively; see Fig. 3.1. 

 

The displacement interpolation of the element is obtained by 

)(),(
2

),(),,( 1

3

1

2

3

1

i
i

i

i

i
ii

i

ii VVsrha
t

usrhtsru 


 


,                                  (3.2) 

in which iu


 is the nodal displacement vector in the global Cartesian coordinate system, iV1


 and iV2


 are unit 

vectors orthogonal to i
nV


 and to each other, and i  and i  are the rotations of the director vector i
nV


 

about iV1


 and iV2


 at node i. 

 

The linear terms of the displacement-based covariant strain components are given by  

)(
2

1
,, ijjiij uguge

 ,                                                           (3.3) 

where 
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Fig. 3.1 A standard 3-node triangular continuum mechanics based shell finite element. 
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,    with   rr 1 , sr 2 , tr 3 ,                                 (3.4) 

The covariant strain components can be expressed by 

Ue ijij


b ,                                                                        (3.5) 

in which ijb is the covariant strain-displacement matrix and U


 is the vector of nodal displacements and 

rotations, which include ku


, k , and k . 

 

The base vectors of the shell-aligned local Cartesian coordinate system are defined as follows 

t

t
t

g

g
L 


 ,  

ts

ts
r

Lg

Lg
L 






 ,  rts LLL


 .                                             (3.6) 

The strains ( ij ) defined in the shell-aligned local Cartesian coordinate are calculated from the covariant strain 

components through the following relation, 

)()( nm
mnjiij ggeLL


    with   rLL


1 ,  sLL


2 ,  tLL


3 ,                     (3.7) 

In Eq. (3.7), the contravariant base vectors jg


 are given by 

j
i

j
i gg 


   with  rgg


1 ,  sgg


2 ,  tgg


3 ,                                  (3.8) 

where 
j

i  is the Kronecker delta in mixed form. 
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The strain vector defined in the shell-aligned local Cartesian coordinate system from the displacement-

based shell formulation is 

U


B ,                                                                         (3.9) 

where T
trtssrssrr ]222[  


. 

 

 

3.2 Formulation of the MITC3 shell finite element 

 

Since the 3-node triangular shell finite element is flat, the covariant in-plane strain components are 

calculated using Eqs. (3.1) to (3.3). However, the covariant transverse shear strain field is established using the 

MITC scheme. The additional transverse shear strain qte  shown in Fig. 3.2 is considered to obtain the isotropic 

behavior [10]  

)~~(
2

1~
rtstqt eee  .                                                                (3.10) 

The interpolation of the transverse shear strain field can be assumed as follows 

,~
111 scrbaert   

,~
222 scrbaest   

)~~(
2

1~
rtstqt eee                                                                  (3.11) 

 )()(
2

1
111222 scrbascrba  . 

Along the edges, the constant covariant transverse shear strain conditions shown in Fig. 3.3 are given by 

)1()0,0(~
rtrt ee  , 

)1()0,1(~
rtrt ee  , 

)2()0,0(~
stst ee  , 

)2()1,0(~
stst ee  , 

)(
2

1
)0,1(~ )3()3()3(

rtstqtqt eeee  ,                                                     (3.12) 

)(
2

1
)1,0(~ )3()3()3(

rtstqtqt eeee  . 
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Fig. 3.2 Transverse shear strain relation 

 

 

 

 

 

 

Fig. 3.3 Tying positions for the assumed transverse shear strain field of the MITC3 shell element. The constant 

transverse shear strain conditions are imposed along its edges.  
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Fig. 3.4 The nodal displacement pattern of the physical strain energy modes at the top view. (a) Symmetrical 

bending mode 1. (b) Symmetrical bending mode 2. (c) Symmetrical bending mode 3. 

 

 

 

The conditions in Eq. (3.12) is imposed to the interpolation in Eq. (3.11) to obtain the unknown coefficients. 

Finally, the assumed covariant transverse shear strain field is given by 

csee rt
MITC

rt  )1(3~ , cree st
MITC

st  )2(3~ ,                                               (3.13) 

where )()( )2()3()1()3(
ststrtrt eeeec   and the tying points are shown in Fig. 3.3 [10]. 

 

The assumed covariant transverse shear strain field in Eq. (3.13) can be separated into the constant part 

and linear part. The three cases can be defined to represent the constant transverse shear strain field for the three 

bending modes. In the symmetrical bending mode 1 shown in Fig. 3.4(a), the covariant transverse shear strain 

field with the conditions and tying points shown in Fig. 3.5(a) is given by 

)1(~
rt

a
rt ee   

)1()3()3(~
rtrtst

a
st eeee                                                                (3.14) 

In the symmetrical bending mode 2 shown in Fig. 3.4(b), the covariant transverse shear strain field based on the 

conditions and tying points shown in Fig. 3.5(b) is obtained by 

)2()3()3(~
strtst

b
rt eeee  , 

)2(~
st

b
st ee  .                                                                       (3.15) 

In the symmetrical bending mode 3 shown in Fig. 3.4(c), the covariant transverse shear strain field based on the 

conditions and tying points shown in Fig. 3.5(c) is given by 
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)1(~
rt

c
rt ee  , 

)2(~
st

c
st ee  .                                                                       (3.16) 

The constant transverse shear strain field can be obtained by the average of the Eqs. (3.14)-(3.16) 
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rtststrt
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3

2~ )3()3()1()2(.
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const
st eeeee  .                                               (3.17) 

 

For obtaining the assumed linear transverse shear strain field excluding the constant transverse shear 

strain filed, the assumed transverse shear strain field from the MITC3 shell formulation in Eq. (3.13) is 

subtracted by the constant transverse shear strain fields Eqs. (3.14)-(3.16) in the individual cases as follows 

csee a
rt

MITC
rt  ~~ 3

,  )1(~~ 3 rcee a
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MITC
st  ,                                            (3.18) 
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,                                           (3.19) 
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,  cree c
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MITC
st  ~~ 3

,                                               (3.20) 

the Eqs. (3.18)-(3.20) are averaged to obtain the spatially isotropic transverse shear strain field 

)13(
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st  .                                                               (3.21) 

 

The assumed transverse shear strain field of the MITC3 element can be separated as follows 

)13(
3

1
)(

3

1
)

2

1
(

3

2~~~ )3()3()2()1(.3  sceeeeeee rtststrt
linear
rt

const
rt

MITC
rt , 

)31(
3

1
)(

3

1
)

2

1
(

3

2~~~ )3()3()1()2(.3 rceeeeeee rtstrtst
linear
st

const
st

MITC
st  .                      (3.22) 

The constant part represents the constant transverse shearing mode. The linear part represents the in-plane 

twisting mode. The transverse strain fields Eqs.(3.14)-(3.16) and Eqs.(3.18)-(3.20) are automatically averaged 

with the Eq. (3.10) to satisfy the isotropic condition when constructing the assumed transverse shear strain field 

of the MITC3 element. Also, the MITC3 element can be developed with the mode decomposition, see Appendix 

A. 
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Fig. 3.5 The constant transverse shear strain condition and tying positions for the symmetrical bending modes,

2/)~~(~
rtstqt eee  . (a) Symmetrical bending mode 1. (b) Symmetrical bending mode 2. (c) Symmetrical 

bending mode 3. 
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The assumed covariant transverse shear strain components of the MITC3 element can also be expressed by 

Ue ijij


b
~~  .                                                                      (3.23) 

The covariant strains of the MITC3 shell finite element are transformed to the strains defined in the shell-

aligned local Cartesian coordinate system ( rL


, sL


, tL

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3.3 The Hellinger-Reissner principle for 3-node shell finite elements 

 

The Hellinger-Reissner functional (HR functional), which is derived from the Hu-Washizu functional [1], 

is given by 

 
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where 


 is the strain vector, C  is the stress-strain law matrix, u


 is the displacement vector, ε  is the 

differential operator on u


 for strain calculations, Bf


 is the vector for body forces, fS
f


 is the vector for 

applied surface tractions, pu


 is the vector for prescribed displacements, V  is the volume of the body, fS  is 

the surface on which fS
f


 is applied, uS  is the surface on which pu


 is prescribed, fS
u


 is the 

displacement vector over fS , uS
u


 is the displacement vector over uS , and uS
f


 is the reaction vector 

calculated by the stresses on uS . It is important to note that the independent variables are strains and 

displacements in this Hellinger-Reissner functional. 

 

For the 3-node shell finite element formulation, the Hellinger-Reissner functional is changed to separate 

the bending and membrane strains and the transverse shear strains as follows 
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where bm


 is the vector for the displacement-based bending and membrane strains, 


 is the vector for the 
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displacement-based transverse shear strains, and A


 is the vector for the approximated transverse shear strains 

with unknowns, 
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and all the strain components are defined in the shell-aligned local Cartesian coordinate system to satisfy the 

material stress-strain law for shells. 

 

In Eq. (3.26), bmC  is the stress-strain law matrix for the bending and membrane strains and C  is the 

stress-strain law matrix for the transverse shear strains, 
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where E ,  , and k  are Young’ modulus, Poisson’s ratio, and a shear correction factor, respectively. In this 

work, we use k = 1.0. 

 

In general, bm


 and 


 come from the 3-node displacement-based shell formulation; that is, bm


 

and 


 are obtained by Eq. (3.9) 
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The approximated transverse shear strain field ( A


) is constructed with the appropriate interpolation with 

unknowns (


),  
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Finally, the unknown variables in Eq. (3.26) are the nodal displacements and rotations ( U


) and the 

approximated transverse shear strains (


). The effectiveness of the shell finite element formulation based on 

the Hellinger-Reissner principle highly depends on how the interpolation function is constructed in Eq. (3.30). 
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3.4 Formulation of the MITC3-HR shell finite element 

 

We here modify the Hellinger-Reissner functional in Eq. (3.26) as follows 
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in which M
bm


 and M


 are the vector for the bending and membrane strains and the vector for the transverse 

shear strains obtained by Eq. (3.24) in the MITC3 shell finite element formulation. 

 

This is a very important modification of the Hellinger-Reissner functional. As a result, the new element, 

MITC3-HR, is based on the formulation of the MITC3 shell finite element. It provides strong potential to 

improve the MITC3 shell finite element. Since the MITC formulation can be represented by the Hellinger-

Reissner principle [39], the Hellinger-Reissner principle is, in effect, used twice in our formulation. 

 

Another important part for successful development is the approach taken to construct the approximated 

transverse strain field, which should retain the isotropic property as well as improve the predictive capability of 

the MITC3 shell finite element. For the construction of A


 in Eq. (3.32), we use a special approximated 

transverse shear strain field introduced on the rotated contravariant base vectors. The components of A


 are 

given by 
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se A
rt 32

~   , re A
st 31

~   ,                                                     (3.34) 
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Fig. 3.6 The rotated covariant base vectors for the MITC3-HR shell finite element. The dotted and solid vectors 

correspond to the original and rotated covariant base vectors, respectively. 

 

 

 

in which 
'rg


, 

'sg


and 
'tg


 are the rotated contravariant base vectors and 1 , 2 , and 3  are the unknown 

variables for the approximated covariant transverse shear strains. Here, it is important to note that the type of 

interpolation functions in Eq. (3.13) is the same as that of the interpolation functions used in Eq. (3.34), which 

belong to a "rotated Raviart-Thomas space". 

 

In order to calculate the rotated contravariant base vectors, as shown in Fig. 3.5, we first rotate the three 

covariant base vectors about the vector ( ne


) normal to the midsurface ( 0t ) of the shell element 
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in which ig


 are the covariant base vectors ( ri  , s  and t ) evaluated by Eq. (3.4) at the integration points of 

the shell element, and   is the angle of rotation about ne


. The rotated contravariant base vectors are then 

calculated by 

j
i

j
i gg 

'' 
.                                                                    (3.37) 

Note that ne


 is a constant vector, because the midsurface of the 3-node shell element is flat. 
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Invoking 0M
HR  in Eq. (3.31), we obtain corresponding to u


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Eqs. (3.38) and (3.39) are changed to the matrix form with Eq. (3.32) 
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and, using the static condensation on 


, the stiffness matrix of the MITC3-HR shell finite element is finally 

given as 

T
uuuu  KKKKK
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with 
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After obtaining the nodal displacement solution U


, 


 is given by 

UT
u


 KK

1 ,                                                                 (3.43) 

and the strains are then calculated by M
bm


 and A


in Eq. (3.32), and the stresses are obtained using the stress-

strain law in Eq. (3.28). 

 

 

3.5 Basic numerical tests 

 

In this section, the results of three basic tests of the MITC3-HR shell finite elements are presented. Table 

3.1 presents the results of the basic tests. 
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Table 3.1 Results of basic numerical tests 

 

Element Zero energy mode test Isotropy test Patch test 

MITC3-HR Pass Pass Pass 

 

 

 

3.5.1 Strain energy mode tests 

 

We count how many zero eigenvalues exist in the stiffness matrix of a single unsupported element. The 

single shell finite element should pose exactly six zero eigenvalues, corresponding to the six physical rigid body 

modes. When a shell finite element has additional zero eigenvalues corresponding to spurious energy modes, 

the stability of the solutions cannot be guaranteed [1]. 

 

The MITC3-HR shell finite element passes the zero energy mode test except for the case where the 

angle   in Eq. (3.35) is 90 deg and the element has a uniform thickness. Tables 3.1 and 3.2 present the 

eigenvalues of the strain energy modes of the MITC3-HR shell finite element according to the rotation angle ( ) 

of the contravariant base vector for the plate bending problem shown in Fig. 3.7(a) when Lt /  is 0.001 and 

0.0001 (uniform thickness). We use 0.1L , 7107472.1 E  and 3.0 . Because the eigenvalues change 

with the order of 3)/( Lt  in the modes 7, 8 and 9, these modes are easily identified as bending modes. After 

investigating the strain distributions by the modes 11 and 13, it is found that these two modes include both 

transverse shear and bending modes. 

 

When the angle 0 , all of the eigenvalues of the MITC3-HR shell finite element are identical to 

those of the MITC3 shell finite element. As the angle   increases to 90 deg, the 10th eigenvalue decreases. 

Fig. 3.8 presents the 10th mode shapes ( 89 deg) of the displacement based 3-node, MITC3 and MITC3-HR 

shell finite elements. It is very interesting to note that, while the 10th strain energy mode of the displacement 

based 3-node shell element is the pure in-plane twisting mode (Fig. 3.8(a)), the 10th modes of MITC3 and 

MITC3-HR shell finite elements includes a bending mode as well as the pure in-plane twisting mode (Fig. 3.8(b) 

and (c)). Also, we note that the 10th mode shape of the MITC3-HR shell finite elements varies depending on the 

angle  , but the change is very small, see Fig. 3.8(b) and (c). 
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We then investigate how the strain energy of the MITC3-HR shell finite element varies according to the 

rotation angle ( ) of the contravariant base vector in the in-plane twisting mode. Note that the in-plane twisting 

mode results in only non-zero transverse shear strains. When the single triangular elements shown in Fig. 3.8(a) 

are twisted at the angle   about the z-axis located at the barycenter, the in-plane twisting mode shown in Fig. 

3.8(b) is obtained: 12/12131  yyxx   and 12/232  yx  . We use 0.1L , 7107472.1 E  

and 3.0 . The single displacement based 3-node and MITC3 shell finite elements give the exact strain 

energy in the in-plane twisting mode, which results in only non-zero transverse shear strains. 

 

Fig. 3.9 shows the ratio of the strain energy of the MITC3-HR shell finite element to the strain energy of 

the MITC3 shell finite element depending on the rotation angle of the contravariant base vector ( 890  deg) 

when the in-plane twisting mode is applied. Note that less strain energy stored in the element means that the 

element is more flexible. The MITC3-HR shell finite element has the same flexibility as the MITC3 shell finite 

element when the rotation angle 0 deg. However, as the angle increases, the MITC3-HR shell finite 

element becomes increasingly flexible. As the angle approaches 90 deg, the MITC3-HR shell finite element 

becomes rapidly flexible and the zero strain energy is calculated when 90  deg. Therefore, it can be 

expected that the 10th mode of the MITC3-HR shell finite element with 89 deg becomes the spurious in-

plane twisting mode when 90 deg. 

 

 

 

 

Fig. 3.7 Strain energy mode test (L = 1.0, E = 1.7472×10
7
 and   = 0.3). (a) A single triangular shell finite 

element. (b) In-plane twisting mode for the single shell finite element. The dotted and solid lines correspond to 

the top surfaces before and after deformation, respectively. 
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Table 3.2 The eigenvalues of the strain energy modes of the MITC3-HR shell finite element for the plate 

bending problem shown in Fig. 3.8(a) when Lt / 1/1,000. Modes 1 to 6 are rigid body modes. Modes 12, 14 

and 15 are membrane modes. 

 

Mode Angle( )     

 0deg (MITC3) 30deg 60deg 89deg 90deg 

7 6.6764E-04 6.6764E-04 6.6764E-04 6.6764E-04 6.6764E-04 

8 8.1454E-04 8.1454E-04 8.1454E-04 8.1265E-04 1.0752E-03 

9 2.4924E-03 2.4924E-03 2.4924E-03 2.4924E-03 2.4924E-03 

10 3.6928E+02 2.7702E+02 9.2381E+01 1.1284E-01 0.0000E+00 

11 4.6707E+03 4.6696E+03 4.6676E+03 4.6667E+03 4.6667E+03 

13 1.1760E+04 1.1760E+04 1.1760E+04 1.1760E+04 1.1760E+04 

  

 

 

 

 

Table 3.3 The eigenvalues of the strain energy modes of the MITC3-HR shell finite element for the plate 

bending problem shown in Fig. 3.8(a) when Lt / 1/10,000. Modes 1 to 6 are rigid body modes. Modes 12, 14 

and 15 are membrane modes. 

 

Mode Angle( )     

     0deg (MITC3) 30deg 60deg 89deg 90deg 

7 6.6764E-07 6.6764E-07 6.6764E-07 6.6764E-07 6.6764E-07 

8 8.1455E-07 8.1455E-07 8.1455E-07 8.1453E-07 1.0752E-06 

9 2.4924E-06 2.4924E-06 2.4924E-06 2.4924E-06 2.4924E-06 

10 3.6928E+01 2.7702E+01 9.2381E+00 1.1258E-02 0.0000E+00 

11 4.6707E+02 4.6696E+02 4.6676E+02 4.6667E+02 4.6667E+02 

13 1.1760E+03 1.1760E+03 1.1760E+03 1.1760E+03 1.1760E+03 
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Fig. 3.8 Shapes of the normalized 10th strain energy mode. The dotted and solid lines correspond to the top 

surfaces before and after deformation, respectively. Plus and minus signs denote small out-of-plane 

displacements in the z and –z directions, respectively. (a) Displacement based 3-node shell finite element. (b) 

MITC3 shell finite element (MITC3-HR shell finite element when 0 deg). (c) MITC3-HR shell finite 

element when 89 deg. 

 

 

 

 

 

 

Fig. 3.9 Ratio of the strain energy of the MITC3-HR shell finite element to the strain energy of the MITC3 shell 

finite element depending on the rotation angle (θ) of the contravariant base vectors in the in-plane twisting 

mode. 

 



- 31 - 

In order to understand why the behaviors of the MITC3-HR shell finite element with 0  deg are 

identical to the MITC3 shell finite element and why the MITC3-HR element with 90  deg has a spurious 

mode, we calculate the approximated transverse shear strains in Eq. (3.33) for the single triangular element with 

an uniform thickness (node numbering: 1→2→3) in Fig. 3.7(a) and then separate the covariant transverse shear 

strain fields corresponding to the original contravariant base vectors jg


, 

  cossincossin 321 sre A
rt  , 

  sincossincos 321 sre A
st  .                                         (3.44) 

 

When 0  deg, Eq. (3.44) has the same form as Eq. (3.13), this results in MA 


  in Eq. (3.31). 

In this case, the MITC3-HR shell finite element becomes identical to the MITC3 shell finite element. In the case 

of 90 deg, Eq. (3.44) is as follows: 

re A
rt 31   , 

se A
st 32                                                                      (3.45) 

In addition, a comparison of Eq. (3.45) and Eq. (3.13) shows that the linear terms in each covariant transverse 

shear strain component are switched. This results in 03  ; thus, the constant transverse shear strain field is 

obtained. As pointed out in the literature [11], the 3-node plate/shell finite elements with a constant transverse 

shear strain field display a spurious zero energy mode. 

 

Through the studies in this section, we can conclude that the special approximated transverse shear 

strain field introduced by the modified Hellinger-Reissner functional selectively increases the flexibility of the 

MITC3 shell finite element corresponding to the 10th strain energy mode. In other words, the transverse shear 

strains by the 10th strain energy mode that contains both the in-plane twisting and bending modes becomes 

smaller in the MITC3-HR shell finite element. 

 

In all the following numerical examples, we use the rotation angle of the contravariant base vectors, 

89 deg, to make the MITC3-HR shell finite element flexible enough in the 10th strain energy mode without 

the spurious energy mode. 
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Fig. 3.10 A single 3-node triangular shell finite element for the isotropic test. The input values of the geometry 

are presented in Table 3.1. 
T

zyx MMFFFP ][ 


. 

 

 

 

Table 3.4 Input values for the geometry shown in Fig. 3.10 for the isotropic test. 

 

Node( i ) Cartesian coordinate ( ix


)  Director vectors ( i
nV )  Thicknesses 

 ix  iy  iz    i
nxV   

i
yxV   i

nzV     

1 2.0 0.0 0.0  0.43775 0.87549 0.20467  0.1 

2 0.0 1.0 0.0  -0.18273 0.69520 0.69520  0.01 

3 0.0 0.0 1.0  0.43775 0.20467 0.87549  0.2 

 

 

 

3.5.2 Isotropy test 

 

A single 3-node triangular shell finite element in Fig. 3.10 is analyzed with 3 different node numberings. 

All the input values are the same except for the node numbering. Different sequences of node numberings are 

used as follows: 1→2→3, 2→3→1 and 3→1→2. The results should be the same for all possible tip forces and 
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moments. The input values of the geometry of the 3-node triangular shell element are presented in Table 3.3. 

Each node has different thickness and director vectors, which are not normal to the shell midsurface in order to 

consider a general case. 

 

The MITC3-HR shell finite element gives identical results regardless of the numbering sequences; that 

is, the element passes the isotropic element test as the MITC3 shell finite element does. Also, the isotropic 

behavior is independent of the rotation angle of the contravariant base vectors. Of course, the MITC3-HR 

element shows isotropic behavior for other arbitrary element geometries.  

 

 

3.5.3 Patch test 

 

The mesh shown in Fig. 3.11 is used to perform the patch test [1]. The minimum number of degrees of 

freedom is constrained so as to prevent rigid body motions. Nodal forces that should result in constant stress 

conditions are applied. The constant stress should be calculated to pass the patch test. The MITC3-HR shell 

finite element passes the membrane, bending, and transverse shearing patch tests. 

 

 

 

 

 

 

Fig. 3.11 Triangular mesh used for the patch tests. 
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3.6 Convergence studies 

 

In this section, convergence studies using appropriate benchmark problems are performed to study the 

behavior of shell elements: a clamped square plate problem, a sixty-degree skew plate problem, cylindrical shell 

problems, and hyperboloid shell problems [1, 2, 10, 40]. These problem solutions pertain to measuring the 

errors in an appropriate norm considering membrane and bending dominated problems with various shell 

curvatures, shell thickness values, and boundary conditions. 

 

To measure the error in the finite element solution, we use the s-norm proposed by Hiller and Bathe [41] 

  duu T

sh 
 2

   with  h


 , h


 ,                             (3.46) 

where u


 is the exact solution, hu


 is the solution of the finite element discretization, and 


 and 


 are the 

strain and stress vectors. The s-norm is suitable to identify whether the finite element formulation satisfies the 

consistency and inf-sup conditions [2, 41-43]. 

 

Instead of the exact solution u


, an accurate finite element solution using a very fine mesh refu


 can be 

employed. Then the s-norm in Eq. (3.46) becomes 

 
ref

ref
T

s
href duu 

 2
   with  href 


 , href 


 .                   (3.47) 

 

To measure the performance of finite elements in shell analyses, it is important to consider decreasing 

shell thickness values. We then use the relative error hE   

2

2

s
ref

s
href

h

u

uu
E






 .                                                                (3.48) 

The optimal convergence behavior of the elements, for the shell problems considered, is given by 

k
h ChE  ,                                                                      (3.49) 

in which h  is the element size. For a 3-node shell element to be uniformly optimal, the value of C  must be 

constant, that is, independent of the shell thickness, and 2k . 
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In this study, well-converged reference solutions calculated using fine meshes of the MITC9 shell 

elements are used. The MITC9 shell element satisfies the ellipticity and consistency conditions and shows a 

good convergence behavior [22, 41-45].  

 

 

3.6.1 Fully clamped square plate problem 

 

The plate bending problem shown in Fig. 3.12 is considered. A square plate of dimensions LL 22   

with uniform thickness t is subjected to uniform pressure normal to the flat surface and all the edges are fully 

clamped. Due to symmetry, only a one-quarter model is considered, with the following boundary conditions 

imposed: 0 yxu   along BC, 0 xyu   along DC and 0 yxzyx uuu   along AB and AD 

[10, 11]. 

 

 

 

 

Fig. 3.12 Fully clamped square plate problem under uniform pressure ( 0.1L , 
7107472.1 E , 0.1q  and 

3.0 ) with 2 different 4×4 mesh patterns in (a) and (b). 
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Fig. 3.13 Convergence curves for the fully clamped square plate problem. The bold line represents the optimal 

convergence rate. The solid and dotted lines correspond to the results obtained by the mesh patterns in Figs. 

3.12(a) and (b), respectively. 

 

 

 

The convergence curves of the MITC3 and MITC3-HR shell elements calculated by Eq. (3.48) are 

shown in Fig. 3.13. The reference solution is obtained by a mesh of 96×96 MITC9 shell finite elements. The 

solutions of the MITC3 and MITC3-HR shell finite elements are calculated by N×N meshes (N = 4, 8, 16, 32 

and 64). The element size is h = L/N. For the range of t/L (1/100, 1/1000, and 1/10000) considered, the 

performance of the MITC3-HR shell finite element is much better than that of the MITC3 shell finite element. 

 

The convergence studies with the distorted meshes shown in Fig. 3.14 are performed. When an N×N 

element mesh is used, each edge is  discretized  in  the following ratio: 1L : 2L : 3L : …… NL  = 1 : 2 : 3 : 

…… N . Fig 3.15 present the convergence curves for the tested elements, respectively. The MITC3-HR shell 

element shows improved performance than the MITC3 shell element. 
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Fig. 3.14 Distorted mesh patterns (a) for 4N  and (b) for 8N . 

 

 

 

 

 

 

Fig. 3.15 Convergence curves for the fully clamped square plate problem with the distorted meshes shown in 

Fig. 3.14. The bold line represents the optimal convergence rate. 
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3.6.2 Simply supported sixty-degree skew plate problem 

 

Here the sixty-degree skew plate bending problem shown in Fig. 3.16 is solved. The simply supported 

skew plate with its edges of length L2  and uniform thickness t  is subjected to a uniform pressure. The 

boundary condition 0zu  is imposed along all edges [40]. 

 

Fig. 3.17 shows the convergence curves of the MITC3 and MITC3-HR shell finite elements in the 

simply supported skew plate problem. A mesh of 128×128 MITC9 shell finite elements is used for the 

calculation of the reference solution. N×N meshes (N = 8, 16, 32, 64, and 128) are used to evaluate the solutions 

of the MITC3 and MITC3-HR shell finite elements. The element size is h = 2L/N. The graphs indicate the 

improved capability of the MITC3-HR shell finite element compared with the original MITC3 element. 

 

 

 

 

 

 

 

Fig. 3.16 Simply supported sixty-degree skew plate problem ( 0.1L , 7107472.1 E  and 3.0 ). (a) 

Problem description. (b) Mesh pattern used for 4N . 
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Fig. 3.17 Convergence curves for the simply supported sixty-degree skew plate problem. The bold line 

represents the optimal convergence rate. 

 

 

 

3.6.3 Cylindrical shell problems 

 

The cylindrical shell of length 2L, radius R and uniform thickness t is considered as shown in Fig. 3.18. 

The loading is a smoothly varying pressure )(p  

)2cos()( 0  pp  .                                                               (3.50) 

 

This shell structure shows different asymptotic behaviors depending on the boundary conditions at its 

ends. When both ends are free, a bending dominated problem is solved, whereas when both ends are clamped, a 

membrane dominated problem is considered. 

 

Using symmetry, only the region ABCD in Fig. 3.18 is modeled. To have the membrane dominated 

problem, the clamped boundary condition is imposed: 0 xu  along BC, 0yu  along DC, 

0zu  along AB, and 0 zyx uuu  along AD. To have the bending dominated problem, the 

free boundary condition is imposed: 0 xu  along BC, 0yu  along DC, and 0zu  along AB. 
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Fig. 3.18 Cylindrical shell problem (4×4 mesh, 0.1 RL , 5100.2 E , 3/1  and 0.10 p ). 
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Fig. 3.19 Convergence curves for the clamped cylindrical shell problem. The bold line represents the optimal 

convergence rate. 

 

 

 

 

 

 

Fig. 3.20 Convergence curves for the free cylindrical shell problem. The bold line represents the optimal 

convergence rate. 
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Fig. 3.21 Convergence curves for the clamped cylindrical shell problem with the distorted meshes shown in Fig. 

3.14. The bold line represents the optimal convergence rate. 

 

 

 

 

 

 

Fig. 3.22 Convergence curves for the free cylindrical shell problem with the distorted meshes shown in Fig. 

3.14. The bold line represents the optimal convergence rate. 
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Figs. 3.19 and 3.20 present the convergence behaviors of the MITC3 and MITC3-HR shell finite 

elements for the clamped and free cylindrical shell problems, respectively. The reference solution is calculated 

by a mesh of 96×96 MITC9 shell finite elements for both cases. The solutions of the MITC3 and MITC3-HR 

shell finite elements are obtained by N×N meshes (N = 4, 8, 16, 32, and 64). The element size is h = L/N. 

Excellent convergence behavior of the MITC3 element in the cylindrical shell problems has been reported in 

Ref. [10]. The MITC3-HR shell finite element similarly shows excellent convergence behavior.  

 

Figs. 3.21 and 3.22 give the convergence curves of the MITC3 and MITC3-HR shell elements when the 

distorted meshes in Fig. 3.14 are used. In the membrane dominated problem, the testes shell elements show 

similarly good convergence behavior. In the bending dominated problem, the MITC3-HR presents improved 

capability compared with the original MITC3 element. 

 

 

3.6.4 Hyperboloid shell problems 

 

Finally, the hyperboloid shell shown in Fig. 3.23 is considered. The mid-surface of the shell structure is 

given by 

;1 222 yzx     ].1,1[y                                                     (3.51) 

 

As for the cylindrical shell problems, a smoothly varying pressure is applied, see Fig. 3.18,  

)2cos()( 0  pp  .                                                               (3.52) 

 

A bending dominated behavior is obtained with free ends and a membrane dominated behavior is given 

with clamped ends. The bending dominated problem is known to be difficult to solve accurately [2]. 

 

Due to symmetry, the analyses are performed using one-eighth of the structure corresponding to the 

shaded region ABCD in Fig. 3.23(a). For the membrane dominated case, the clamped boundary condition is 

imposed: 0 zu  along BC, 0 xu along AD, and 0yu  along DC, and 

0 zyx uuu  along AB. For the bending dominated case, the free boundary condition is imposed: 

0 zu  along BC, 0 xu  along AD, and 0yu  along DC. 
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Fig. 3.23 Hyperboloid shell problem ( 11100.2 E , 3/1  and 0.10 p ). (a) Problem description. (b) 

Graded mesh for the clamped case (8×8 mesh, 1000/1/ Lt ). 
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Fig. 3.24 Convergence curves for the clamped hyperboloid shell problem. The bold line represents the optimal 

convergence rate. 

 

 

 

 

 

Fig. 3.25 Convergence curves for the free hyperboloid shell problem. The bold line represents the optimal 

convergence rate. 
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Fig. 3.26 Convergence curves for the clamped hyperboloid shell problem with the distorted meshes shown in 

Fig. 3.14. The bold line represents the optimal convergence rate. 

 

 

 

 

 

Fig. 3.27 Convergence curves for the free hyperboloid shell problem with the distorted meshes shown in Fig. 

3.14. The bold line represents the optimal convergence rate. 
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In both cases, a 96×96 element mesh of MITC9 shell elements is used to obtain the reference solutions. 

The solutions of the MITC3, MITC3i and MITC3+ shell elements are calculated using NN   element meshes 

( N  4, 8, 16, 32 and 64). The element size is NLh / . In the clamped hyperboloid shell case, a boundary 

layer of width t6  is considered for half of the mesh, see Fig. 3.23(b). In the free hyperboloid shell case, the 

thin boundary layer is not specially considered [2]. 

 

For both the membrane and bending dominated cases, the convergence curves are shown in Figs. 3.24 

and 3.25. In the membrane dominated case (that is, the clamped hyperboloid shell problem), the performance of 

the MITC3-HR shell finite element is almost the same as that of the MITC3 shell finite element. Fig. 3.25 

displays the substantially improved performance of the MITC3-HR shell finite element compared to the MITC3 

shell finite element. 

 

Figs. 3.26 and 3.27 give the convergence curves of the MITC3 and MITC3-HR shell elements when the 

distorted meshes in Fig. 3.14 are used. In the membrane dominated case, the MITC3 and MITC3-HR shell finite 

element shows similar convergence behavior. However, in the bending dominated cases, the MITC3-HR shell 

element presents better performance than the MITC3 shell element.  

 

 

3.7 Closure 

 

The MITC3-HR shell finite element was developed by using the modified Hellinger-Reissner (HR) 

functional and applying the proposed rotated approximated transverse shear strain field. The results of the basic 

numerical tests show that the MITC3-HR shell finite element satisfies all the basic requirements. The results of 

the convergence studies proved that the MITC3 shell finite element is successfully improved; that is, the 

MITC3-HR shell finite element shows much better convergence behavior than the MITC3 shell finite element, 

especially in bending-dominated problems. From these studies and Appendix A, it is investigated that the 

stiffness of the in-plane twisting mode should be reduced to improve 3-node triangular shell elements. Also, 

bending displacements should be enriched to obtain better results than the MITC3-HR shell element in 

convergence tests because a 3-node triangular shell element lacks bending displacements. 
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Chapter 4. MITC3+ shell finite element 

 

 

 

In general, 3-node triangular elements for the two-dimensional analysis of solids and the analysis of 

shells suffer from a lack of displacement modes [1, 11, 12]. To overcome this inherent limitation in some 

elements, a scheme to enrich the displacement field can be effective [46-50]. In particular, bubble functions 

have been used to improve the predictive capability of finite elements for two- and three-dimensional solid and 

fluid flow analyses, and for plate and shell solutions [1, 22, 47, 50-53]. A cubic bubble function for a 3-node 

triangular element is attractive [47, 50] because it provides a higher-order interpolation inside the element while 

maintaining the linear interpolation along the element edges, thus providing compatibility between elements. 

 

In the development of the new triangular 3-node shell element, which we call the MITC3+ shell element, 

we use a cubic bubble function for the interpolation of the rotations to enrich the bending displacements. That is, 

only 2 internal rotation degrees of freedom are added to the standard 3-node shell element. Hence, the bubble 

function does not affect the mid-surface displacement of the shell element, and the corresponding degrees of 

freedom can be statically condensed out on the element level [24]. 

 

 

4.1 Geometry and displacement interpolation 

 

The geometry interpolation of the MITC3+ shell element, shown in Fig. 4.1, is given by  
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in which the ),( srfi  are two-dimensional interpolation functions that include the cubic bubble function
4f  

corresponding to the internal node 4 
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From Eq. (3.1), we obtain the displacement interpolation [10] 
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Fig. 4.1 Geometry of the MITC3+ shell element with an additional bubble node. 
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in which 4  and 4  are the rotation degrees of freedom at the bubble node. 

 

The bubble node, with rotation degrees of freedom only, is positioned on the flat surface defined by the 

three corner nodes of the element. Only the bending and shear fields are enriched by the bubble function, and 

the geometry of the element would remain flat, as for the MITC3 element, if a large deformation analysis were 

pursued. Hence, the membrane locking is no present and it is so effective in geometric nonlinear analysis. Also, 

static condensation can be carried out on the element level for the rotations 4  and 4 .  

 

 

4.2 Assumed transverse shear strain field 

 

As for the MITC3 shell element, we only use the mixed interpolation for the transverse shear strain 

components, but we must design a new assumed transverse shear strain field because the effect of the bubble 

function should be included. 
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Fig. 4.2 In-plane twisting mode of a single shell finite element. (a) Undeformed geometry. (b) In-plane twisting 

mode. 

 

 

To design the new assumed transverse shear strain field, we focus on two considerations. Firstly, the 

tying points for the covariant transverse shear strain components should be inside the element, that is, not on the 

element edges as for the MITC3 element, because the bubble function is zero along the element edges. Secondly, 

the stiffness of the in-plane twisting mode, see Fig. 4.2 must be reduced [12]. 

 

Considering a 3-node triangular shell element (that is, without the node for the bubble), the transverse 

shear strains occur in two transverse shearing modes and in an in-plane twisting mode. The in-plane twisting 

mode corresponds to twisting of the element about the axis normal to the mid-surface at the barycenter, 

3/1 sr , as shown in Fig. 4.2, with zero transverse shear strains at that point. 

 

The transverse shear strain field of the MITC3 shell element in Eq. (3.13) can be separated into the 

constant part corresponding to the transverse shearing modes and the linear part corresponding to the in-plane 

twisting mode 
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Fig. 4.3 Transverse shear strains te1 , te2  and te3 , and the tying positions (A)-(F) for the new assumed 

transverse shear strain field. 
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We can easily obtain the constant part by evaluating the transverse shear strains at the barycenter 
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Subtracting, for the MITC3 shell element, the constant part from the transverse shear strain field in Eq. (3.13), 

we obtain the linearly varying part 
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MITC
rt

linear
rt , 
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3

1~~~ .3 rceee const
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If this scheme were used for the new element, the constant part in Eq. (4.5) would not include the effect 

of the bubble function since the bubble function is zero along the element edges, that is, at the tying positions 

(1), (2) and (3). To include the effect of the bubble function in the constant part, we design a new tying scheme 

using element internal points. First, the three covariant transverse shear strains te1 , te2  and te3  are defined 

in the directions of the internal lines from the barycenter to the corners as shown in Fig. 4.3(a). The following 

vector relations are obtained for the covariant transverse shear strain components, for 1,0  sr ,  
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Using Eq. (4.7a), the transverse shear strain components are sampled at three internal tying points (A), (B) and 

(C) on the three internal lines, see Fig. 4.3(b) Table 4.1 
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It is important to note that the tying points have been selected to obtain a spatially isotropic element. 

 

Using next the relations in Eq. (4.7b), the constant covariant transverse shear strains along the element 

edge directions are assumed to be 
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and, using Eq. (4.8), a new constant transverse shear strain field is obtained 
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In order to render the in-plane twisting stiffness more flexible, the linear part is modified by using three 

new tying points (D), (E) and (F) instead of the tying points (1), (2) and (3) when we evaluate c  in Eq. (4.6) 
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The tying positions (D), (E) and (F) are positioned on the three internal lines from the barycenter to the 

centers of the edges with d defined in Fig. 4.3(c) and Table 4.1. As d  varies from 6/1  to 0, the three tying 

positions move from the centers of the edges to the barycenter, resulting in a smaller in-plane twisting stiffness. 

An effective value for d  is determined below.   

 

The new assumed transverse shear strain field is thus given by 
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At this point, it is interesting to consider a 3-node shell finite element in which the geometry and 

displacement interpolations in Eqs. (3.1) and (3.2) and the new assumed transverse shear strain field in Eq. 

(4.12) are employed. We label this element as MITC3i and study its performance as well in the following 

sections. Also, other new assumed transverse shear strain fields are presented using the new the tying scheme in 

Appendix B. 

 

 

 

Table 4.1 Tying positions for the new assumed transverse shear strain field for the MITC3i and MITC3+ shell 

elements. The distance d  is defined in Fig. 4.3(c). 

 

 Tying positions r s 

Fig. 4.3(b) (A) 1 / 6 2 / 3 

 (B) 2 / 3 1 / 6 

 (C) 1 / 6 1 / 6 

Fig. 4.3(c) (D) d3/1  d23/1   

 (E) d23/1   d3/1  

 (F) d3/1  d3/1  
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4.3. Basic numerical tests 

 

In this section, we consider the three basic tests: the isotropy, patch and zero energy mode tests. Table 4.2 

presents the results of the basic tests. 

 

The spatially isotropic behavior is an important requirement for triangular shell elements. The element 

behavior should not depend on the sequence of node numbering, i.e. the element orientation [1]. The numerical 

procedure for the isotropy element test is given in Section 3.5.2. The MITC3i and MITC3+ shell elements pass 

this test. 

 

Three patch tests are performed: the membrane, bending and shearing patch tests, see Ref [1] for the 

patch tests performed, see Section 3.5.3. The constant stress fields should be calculated to pass the patch tests. 

The MITC3i and MITC3+ shell elements pass the three patch tests. 

 

In the zero energy mode test, the number of zero eigenvalues of the stiffness matrix of a single 

unsupported element are counted [1, 2]. For the MITC3i and MITC3+ shell elements, only the six zero 

eigenvalues corresponding to the six rigid body modes are obtained when the distance d  defined for the tying 

positions (D), (E) and (F) in Fig. 4.3(c) is non-zero. As d  approaches 0, the eigenvalue corresponding to the 

in-plane twisting mode in Fig. 4.2 decreases and is zero when 0d . 

 

A similar phenomenon was investigated for the MITC3-HR shell element in Ref. [12], where it was 

shown that by decreasing the stiffness for the in-plane twisting mode, it is possible to improve the performance 

of 3-node shell elements. Therefore, we perform the in-plane twisting mode test given in Ref. [12] and 

investigate the effect of the distance d . 

 

 

 

Table 4.2 Results of basic numerical tests. 

 

Element Zero energy mode test Isotropy test Patch test 

MITC3+ Pass Pass Pass 

MITC3i Pass Pass Pass 
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The strain energies ( tE ) of the MITC3i and MITC3+ shell elements are calculated when the elements 

are subjected to the in-plane twisting mode in Fig. 4.2. We use 0.1L , 7107472.1 E  and 3.0 . The in-

plane twisting mode is given by prescribing the rotations at the nodes to be  12/12131  yyxx   and 

12/232  yx  . Fig. 4.4 gives the strain energies of the MITC3i and MITC3+ shell elements as a function 

of the distance d . When the distance d  approaches zero, both shell elements become rapidly more flexible in 

the in-plane twisting mode. 

 

Tables 4.3 and 4.4 present the eigenvalues of the stiffness matrices of the MITC3i and MITC3+ shell 

elements for the element geometry shown in Fig. 4.2(a). We consider 000,10/1/ Lt , 7107472.1 E  and 

3.0 . The eigenvalue corresponding to the in-plane twisting mode decreases as the distance d  decreases 

but is larger than the smallest eigenvalue of a bending mode. Based on this study we choose and always use the 

distance 000,10/1d . As a consequence, the element formulation contains no spurious zero energy mode, and 

the ellipticity condition is satisfied. Note that, due to the bubble function enrichment, the MITC3+ shell element 

contains two additional bending modes compared to the MITC3i shell element. 

 

 

 

 

 

 

Fig. 4.4 Strain energy stored in the MITC3i and MITC3+ shell elements depending on the distance d  in the 

in-plane twisting mode. Since the strain energy is proportional to 
2Lt   in the in-plane twisting mode, tE  is 

the strain energy normalized by 2Lt  . 
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Table 4.3 Eigenvalues of the stiffness matrix of the single MITC3i shell element for the element geometry 

shown in Fig. 4.2(a) when 000,10/1/ Lt . Note that modes 1 to 6 produce zero eigenvalues corresponding to 

rigid body modes. 

 

Mode d = 1/6 d = 1/10 d = 1/100 d = 1/10,000 

7 6.6764E-07 B 6.6764E-07 B 6.6764E-07 B 6.6764E-07 B 

8 8.1455E-07 B 8.1455E-07 B 8.1454E-07 B 7.9792E-07 B 

9 2.4924E-06 B 2.4924E-06 B 2.4924E-06 B 2.4924E-06 B 

10 3.6928E+01 T 1.3302E+01 T 1.3306E-01 T 1.3583E-05 T 

11 4.6707E+02 S 4.6681E+02 S 4.6667E+02 S 4.6667E+02 S 

12 8.3813E+02 M 8.3813E+02 M 8.3813E+02 M 8.3813E+02 M 

13 1.1760E+03 S 1.1760E+03 S 1.1760E+03 S 1.1760E+03 S 

14 1.3440E+03 M 1.3440E+03 M 1.3440E+03 M 1.3440E+03 M 

15 3.0019E+03 M 3.0019E+03 M 3.0019E+03 M 3.0019E+03 M 

B: Bending modes, T: In-plane twisting mode, S: Transverse shearing modes, M: Membrane modes 

 

 

 

Table 4.4 Eigenvalues of the stiffness matrix of the single MITC3+ shell element for the element geometry 

shown in Fig. 4.2(a) when 000,10/1/ Lt . Note that modes 1 to 6 produce zero eigenvalues corresponding to 

rigid body modes. 

 

Mode d = 1/6 d = 1/10 d = 1/100 d = 1/10,000 

7 6.6685E-07 B 6.6685E-07 B 6.6685E-07 B 6.6685E-07 B 

8 8.1273E-07 B 8.1273E-07 B 8.1272E-07 B 7.9621E-07 B 

9 2.4921E-06 B 2.4921E-06 B 2.4921E-06 B 2.4921E-06 B 

10 8.3211E-06 B+ 8.3211E-06 B+ 8.3211E-06 B+ 8.3107E-06 B+ 

11 1.4128E-05 B+ 1.4128E-05 B+ 1.4128E-05 B+ 1.3599E-05 T 

12 3.6928E+01 T 1.3302E+01 T 1.3306E-01 T 1.4128E-05 B+ 

13 4.6707E+02 S 4.6681E+02 S 4.6667E+02 S 4.6667E+02 S 

14 8.3813E+02 M 8.3813E+02 M 8.3813E+02 M 8.3813E+02 M 

15 1.1760E+03 S 1.1760E+03 S 1.1760E+03 S 1.1760E+03 S 

16 1.3440E+03 M 1.3440E+03 M 1.3440E+03 M 1.3440E+03 M 

17 3.0019E+03 M 3.0019E+03 M 3.0019E+03 M 3.0019E+03 M 

B: Bending modes, T: In-plane twisting mode, S: Transverse shearing modes, M: Membrane modes, B+: 

Bending modes due to the bubble function enrichment 
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4.4 Convergence studies 

 

In this section, the convergence studies are performed as constructed in Section 3.6. Also, the results of 

the tested elements are compared with those of the 4-node MITC4 quadrilateral shell element.  

 

 

4.4.1 Fully clamped square plate problem 

 

The plate bending problem shown in Fig. 3.12 is solved. A square plate of dimensions LL 22   and 

uniform thickness t  is subjected to a uniform pressure. All edges are fully clamped (in hard conditions [10]). 

Due to symmetry, only a one-quarter model is considered, with the following boundary conditions: 

0 yxu   along BC, 0 xyu   along DC and 0 yxzyx uuu   along AB and AD. 

 

Fig. 4.5 gives the convergence curves of the MITC3, MITC3i, MITC3+ and MITC4 elements. A 96×96 element 

mesh of the MITC9 shell element is used to obtain the reference solution. We use NN   element meshes 

( N  4, 8, 16, 32, and 64) to calculate the solutions using the triangular shell elements. The element size in the 

convergence curves is NLh / . The performance of the MITC3+ shell element is best among the triangular 

shell elements and, practically, uniformly optimal, like the MITC4 shell element. 

 

The convergence studies with the distorted meshes shown in Fig. 3.14 are also performed. When an N×N 

element mesh is used, each edge is  discretized  in  the following ratio: 1L : 2L : 3L : …… NL  = 1 : 2 : 3 : 

…… N . Fig 4.6 presents the convergence curves for the tested elements, respectively. The MITC3+ shell 

element still shows an excellent performance. 

 

 

4.4.2 Simply supported sixty-degree skew plate problem 

 

Here the sixty-degree skew plate bending problem shown in Fig. 3.16 is considered. The simply 

supported skew plate with its edges of length L2  and uniform thickness t  is subjected to a uniform pressure. 

The boundary condition 0zu  is imposed along all edges [40].  
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Fig. 4.5 Convergence curves for the fully clamped square plate problem. The bold line represents the optimal 

convergence rate. The solid and dotted lines correspond to the results obtained by the mesh patterns in Figs. 

3.12(a) and (b), respectively. 
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Fig. 4.6 Convergence curves for the fully clamped square plate problem with the distorted meshes shown in Fig. 

3.14. The bold line represents the optimal convergence rate. 
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Fig. 4.7 Convergence curves for the simply supported sixty-degree skew plate problem. The bold line represents 

the optimal convergence rate. 
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 The convergence behavior of the MITC3, MITC3i, MITC3+ and MITC4 shell elements is shown in 

Fig. 4.7. The reference solutions are obtained using a 128×128 element mesh of MITC9 shell elements. The 

solutions of the triangular shell elements are calculated using NN   element meshes ( N  8, 16, 32, 64 and 

128). The element size is NLh /2 . The performance of the MITC3+ shell element is much better than those 

of the other triangular shell elements. The MITC3+ shell element present similar excellent convergence 

behavior like the MITC4 shell element.  

 

 

4.4.3 Cylindrical shell problems 

 

The cylindrical shell of length 2L, radius R and uniform thickness t is considered as shown in Fig. 3.18. 

The loading is a smoothly varying pressure )(p  

)2cos()( 0  pp  .                                                                (4.13) 

 

This shell structure shows different asymptotic behaviors depending on the boundary conditions at its 

ends. When both ends are free, a bending dominated problem is solved, whereas when both ends are clamped, a 

membrane dominated problem is considered. 

 

Using symmetry, only the region ABCD in Fig. 3.18 is modeled. To have the membrane dominated 

problem, the clamped boundary condition is imposed: 0 xu  along BC, 0yu  along DC, 

0zu  along AB, and 0 zyx uuu  along AD. To have the bending dominated problem, the 

free boundary condition is imposed: 0 xu  along BC, 0yu  along DC, and 0zu  along AB. 

 

Figs. 4.8 and 4.9 give the convergence curves of the MITC3, MITC3i, MITC3+ and MITC4 shell 

elements for the clamped and free cylindrical shell problems. The reference solutions are calculated using a 

96×96 element mesh of MITC9 shell elements. The solutions using the MITC3, MITC3i and MITC3+ and 

MITC4 shell elements are obtained with NN   element meshes ( N  4, 8, 16, 32, and 64). The element 

size is NLh / . In these problem solutions, the MITC3, MITC3i and MITC3+ and MITC4 shell elements 

present similarly good convergence behaviors. 
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Fig. 4.8 Convergence curves for the clamped cylindrical shell problem. The bold line represents the optimal 

convergence rate. 
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Fig. 4.9 Convergence curves for the free cylindrical shell problem. The bold line represents the optimal 

convergence rate. 
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Fig. 4.10 Convergence curves for the clamped cylindrical shell problem with the distorted meshes shown in Fig. 

3.14. The bold line represents the optimal convergence rate. 
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Fig. 4.11 Convergence curves for the free cylindrical shell problem with the distorted meshes shown in Fig. 

3.14. The bold line represents the optimal convergence rate. 

 

 

 

 

  



- 66 - 

 

Figs. 4.10 and 4.11 give the convergence curves of the MITC3, MITC3i, MITC3+ and MITC4 shell 

elements when the distorted meshes in Fig. 3.14 are used. In the membrane dominated problem, all four shell 

elements show similarly good convergence behavior. In the bending dominated problem, in particular, even 

though the convergence behavior of the MITC4 shell element deteriorates due to locking, the MITC3+ shell 

element still shows a good performance. 

 

 

4.4.4 Hyperboloid shell problems 

 

Finally, the hyperboloid shell shown in Fig. 3.23 is considered. The mid-surface of the shell structure is 

given by 

;1 222 yzx     ].1,1[y                                                     (4.14) 

 

As for the cylindrical shell problems, a smoothly varying pressure is applied, see Fig. 3.18,  

)2cos()( 0  pp  .                                                                (4.15) 

 

A bending dominated behavior is obtained with free ends and a membrane dominated behavior is given 

with clamped ends. The bending dominated problem is known to be difficult to solve accurately [2]. 

 

Due to symmetry, the analyses are performed using one-eighth of the structure corresponding to the 

shaded region ABCD in Fig. 3.23(a). For the membrane dominated case, the clamped boundary condition is 

imposed: 0 zu  along BC, 0 xu along AD, and 0yu  along DC, and

0 zyx uuu  along AB. For the bending dominated case, the free boundary condition is imposed: 

0 zu  along BC, 0 xu  along AD, and 0yu  along DC. 

 

In both cases, a 96×96 element mesh of MITC9 shell elements is used to obtain the reference solutions. 

The solutions of the MITC3, MITC3i and MITC3+ shell elements are calculated using NN   element 

meshes ( N  4, 8, 16, 32 and 64). The element size is NLh / . In the clamped hyperboloid shell case, a 

boundary layer of width t6  is considered for half of the mesh, see Fig. 3.23(b). In the free hyperboloid shell 

case, the thin boundary layer is not specially considered [2]. 
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Fig. 4.12 Convergence curves for the clamped hyperboloid shell problem. The bold line represents the optimal 

convergence rate. 
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Fig. 4.13 Convergence curves for the free hyperboloid shell problem. The bold line represents the optimal 

convergence rate. 

 

 

 

 

  



- 69 - 

 

 

 

 

 

 

 

Fig. 4.14 Convergence curves for the clamped hyperboloid shell problem with the distorted meshes shown in 

Fig. 3.14. The bold line represents the optimal convergence rate. 

 

 

 

 

  



- 70 - 

 

 

 

 

 

 

 

Fig. 4.15 Convergence curves for the free hyperboloid shell problem with the distorted meshes shown in    

Fig. 3.14. The bold line represents the optimal convergence rate. 
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Figs. 4.12 and 4.13 show the convergence curves for the clamped and free hyperboloid shell problems. 

In the clamped hyperboloid shell case, the performance of all four shell elements is similarly good. However, in 

the free hyperboloid shell case, the MITC3+ shell element shows much better convergence behavior compared 

to the other triangular shell elements. 

 

Figs. 4.14 and 4.15 give the convergence curves of the MITC3, MITC3i, MITC3+ and MITC4 shell 

elements when the distorted meshes in Fig. 3.14 are used. The MITC3+ shell element still displays again an 

excellent convergence behavior even though the others present the deteriorated convergence behavior due to 

locking. 

 

Note that, in all of the numerical studies presented in Sections 4.3 and 4.4, the standard 7-point Gauss 

integration in the r-s plane is employed to calculate the element stiffness matrix of the MITC3+ shell element 

due to the cubic bubble function. If the 3-point Gauss integration is used for the MITC3+ shell element, all of 

the basic numerical tests are also passed and similar convergence behaviors are observed. In the Ref. [54], 

considering a geometric nonlinear analysis using the total Lagrangian formulation and allowing for large 

displacements and large rotations, the excellent performance of the MITC3+ shell element is measured in the 

problems considered as performed in the linear analysis.  

 

 

4.5 Closure 

 

The 3-node MITC3+ triangular shell element based on the ‘basic mathematical shell model’ is 

developed. A cubic bubble function for the rotations is used. A new assumed transverse shear strains field is 

constructed with a new tying scheme to reduce shear locking while satisfying the consistency and ellipticity 

conditions. For comparison, the shell element using the standard displacement interpolation of the 3-node shell 

element and the new assumed transverse shear strain field is considered. 

 

The developed shell elements pass the basic numerical tests (the isotropy, zero energy mode, and patch 

tests) and the MITC3+ shell element shows an excellent convergence behavior in basic and ecompassing 

convergence tests. 
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Chapter 5. Modal behavior of the MITC3+ shell finite element 

 

 

 

The MITC3+ shell element passes the three basic tests (the patch, zero energy mode and isotropy tests) 

and shows excellent convergence behaviors in various shell problems even when highly distorted meshes are 

used [24]. An excellent performance of the MITC3+ shell element in geometric nonlinear analysis was also 

measured [54]. With such encouraging results at hand, it is clearly of interest to further study this element and 

identify more deeply its fundamental features.  

 

The objective in this chapter is to present a deeper understanding of the MITC3+ shell element through 

detailed static and dynamic mode solutions. The DISP3, MITC3 and MITC4 shell elements are also considered 

for comparisons. In the static mode solutions of a single right-angled triangular element and an assemblage of 

two right-angled triangular elements, we investigate the transverse shear strain fields in the bending modes. This 

study shows how the MITC3+ shell element performs on the mode level. The transverse shear strain fields of 

the MITC3+ shell element are also studied analytically in a two-sided clamped plate problem, to see whether 

and how locking occurs. In the dynamic mode solutions, the frequencies and mode shapes are evaluated 

considering a free square plate problem and a hyperboloid shell problem and the convergence of the frequencies 

is presented. 

 

In the following sections, we first review the isotropic 3-node triangular shell finite elements. We then 

perform the static mode analyses for the tested elements. Next, we study the transverse shear strain fields of the 

MITC3+ shell element in the two-sided clamped plate problem. We also perform the dynamic mode analyses in 

completely free plate and shell problems. 

 

 

5.1 Formulations of 3-node triangular shell elements 

 

In this section, the formulations of the isotropic 3-node continuum mechanics based triangular shell 

finite elements are briefly reviewed: the DISP3, MITC3 and MITC3+ shell elements. 
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5.1.1 The DISP3 shell element  

 

The geometry of a standard 3-node continuum mechanics based triangular shell finite element is 

obtained by [1, 11] 
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where ),( srhi  is the two-dimensional interpolation function of the standard isoparametric procedure 

corresponding to node i , ix


 is the position vector of node i  in the global Cartesian coordinate system, and 

ia  and i
nV


 denote the shell thickness and the director vector at the node, see Fig. 3.1. 

 

The corresponding displacement interpolation of the element is given by 
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in which iu


 is the nodal displacement vector in the global Cartesian coordinate system, iV1


 and iV2


 are unit 

vectors orthogonal to i
nV


 and to each other, and i  and i  are the rotations of the director vector i
nV


 

about iV1


 and iV2


, respectively, at node i . 

 

The linear part of the displacement-based covariant strain components is given by  
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,    with  rr 1 , sr 2 , tr 3 ,                                  (5.4) 

 

The displacement-based 3-node shell finite element has no spurious zero energy mode and satisfies the 

isotropy condition. However, in the bending-dominated problems, this shell finite element is extremely stiff due 

to locking [11].  

 

 

5.1.2 The MITC3 shell element 

 

The geometry and displacement interpolations are identical to the DISP3 shell element, but the MITC 
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method is applied [1]. The covariant in-plane strain components are obtained by Eq. (5.3) because the geometry 

of the 3-node triangular shell finite element is flat. The MITC method is only applied to construct the covariant 

transverse shear strain field with constant covariant transverse shear strain conditions along the edges. The 

assumed transverse shear strain field of the MITC3 shell element is given by [10] 

csee rt
MITC

rt  )1(3~ , cree st
MITC

st  )2(3~ ,                                                (5.5) 

in which )()( )2()3()1()3(
ststrtrt eeeec   and the tying points are shown in Fig. 3.3. 

 

The MITC3 shell element passes the basic tests: zero energy mode, isotropy and patch tests. In 

convergence tests, the practically good convergence behavior is presented. However, when the thickness 

decreases, some locking occurs in bending-dominated problems [10]. 

 

 

5.1.3 The MITC3+ shell element 

 

The geometry of the MITC3+ shell element, see Fig. 4.1, is interpolated by 
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in which the ),( srf i  are two-dimensional interpolation functions with the cubic bubble function 4f  

corresponding to the internal node 4 

411
3

1
fhf  ,  422

3

1
fhf  ,  433

3

1
fhf  ,  )1(274 srrsf  .                     (5.7) 

From Eq. (5.6), the displacement interpolation is described by 
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where 4  and 4  are the rotation degrees of freedom at the bubble node [24]. 

 

Since the bubble node that includes only rotation degree of freedom is positioned at the average of the 

three corner nodes of the element, the geometry of the MITC3+ shell element is also flat. Hence, the transverse 

shear strain components are only established using the MITC method. 

 

The assumed transverse shear strain field of the MITC3+ shell finite element is given by [24] 
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in which )()(ˆ )()()()( E
st

F
st

D
rt

F
rt eeeec   and the 6 tying points (A)-(F) with the tying distance d  defined 

for the tying points (D)-(F) are presented in Fig. 4.3 and Table 4.1. A fixed value 000,10/1d  is suggested in 

Ref. [24]. 

 

The MITC3+ shell element passes the basic tests: zero energy mode, isotropy and patch tests. The 

excellent convergence behavior is reported considering various thickness and element distortions [24]. 

 

 

5.2 Static mode analysis 

  

In this section, we perform the static mode solutions of the DISP3, MITC3 and MITC3+ shell elements 

considering two plate bending cases: a single right-angled triangular shell element and an assemblage of two 

right-angled triangular shell elements. Note that membrane locking is not present because the geometry of the 

3-node triangular shell elements is flat. 

 

For the static mode solution, the following eigenvalue problem is considered 

s
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s
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s
i 


K    with  Ni ......,,2,1 ,                                               (5.10) 

where K  is the stiffness matrix, 
s
i  and  

s
i


 are the eigenvalue and orthonormal eigenvector of the ith  

static mode, respectively, and N is the number of degrees of freedom [1]. The eigenvector represents a 

deformation mode and the corresponding eigenvalue is twice of the strain energy stored in that deformation, 

since 1s
i

Ts
i 


. 

 

For the deformation mode 
s

i


, the strain fields defined in the global Cartesian coordinate are  

s
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B  with 
T

yzxzxyyyxx ][  
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 ,                                     (5.11) 

where  B  is the strain-displacement relation matrix obtained in the finite element formulation. 
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Fig. 5.1 A single right-angled triangular shell element for plate bending problem ( 0.1L , 000,10/1/ La , 

7107472.1 E  and 3.0 ). (a) A single 3-node triangular shell element. (b) A single 3-node triangular shell 

element with the bubble node on rotations. 

 

 

 

Using the above relations, we can study the detailed strain behavior of shell finite elements in each 

eigenvector mode. Since shell finite elements should produce zero transverse shear strains in the bending modes, 

important insight into shear locking of an element can be obtained when considering the eigenvectors. 

 

 

5.2.1 Single right-angled triangular element 

 

As shown in Fig. 5.1, we consider a single right-angled triangular shell element with free boundary 

(length 0.1L  , thickness to length ratio 000,10/1/ La , Young’s modulus 7107472.1 E  and Poisson’s 

ratio 3.0 ). The static mode solutions are performed for the DISP3, MITC3 and MITC3+ shell finite 

elements, and we focus on the static modes related to plate bending. 

 

The eigenvalues of the stiffness matrices of the DISP3, MITC3 and MITC3+ shell elements are 

presented in Table 5.1. The modes are named based on their fundamental kinematics (bending, in-plane twisting, 

transverse shearing, and membrane kinematics). While the DISP3 and MITC3 shell elements have the 3 

symmetric bending modes B1, B2, and B3 shown in Fig. 5.2, the MITC3+ shell element has 2 additional 
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antisymmetric bending modes B1+ and B2+ shown in Fig. 5.3(a) and (b) due to the bubble function enrichment 

on rotations. Note that the antisymmetric bending modes B1+ and B2+ "correspond" to the symmetric bending 

modes B1 and B3, respectively. It is observed that, in the bending modes B1, B2 and B3, the eigenvalues of the 

DISP3 shell element are much larger than those of the MITC3 and MITC3+ shell element. That is, the DISP3 

shell element is much stiffer. Another important observation is that the MITC3+ shell element contains a much 

more flexible in-plane twisting mode T than the MITC3 shell element. 

 

Next, on the deformation mode level, the transverse shearing behavior of the DISP3, MITC3 and 

MITC3+ shell elements is investigated. The bending modes B1, B2, B3, B1+ and B2+ are considered. Note that 

the transverse shear strains should be zero in the bending modes. Table 5.2 summarizes the strain fields of the 

DISP3 and MITC3 shell elements obtained by Eq. (5.11) in the bending modes. Obviously, the DISP3 shell 

element produces non-zero transverse shear strains in all bending modes, that is, the element severely locks. 

 

However, the MITC3 shell element produces zero transverse shear strains in the bending modes B1, B2 

and B3. Hence the shear locking is completely removed on the element level. A further analysis shows that the 

same observation holds for a single MITC3 triangular element of arbitrary shape. However, it is important to 

note that, nevertheless, the MITC3 shell element still shows shear locking on the element assemblage level, see 

the convergence test results in Refs. [10, 11, 12, 24]. Of course, the locking is much less severe than for the 

DISP3 shell element. 

 

The MITC3+ shell element also gives zero transverse shears in the bending modes B1, B2 and B3. In 

addition, Table 5.3 presents the strain fields in the bending modes B1+ and B2+ and shows that in these bending 

modes, as well, zero transverse shear strains are seen. 

 

We also investigate the strain fields of the MITC3+ shell element in the in-plane twisting mode T shown 

in Fig. 5.3(c). Table 5.3 shows that the transverse shear strains in the in-plane twisting mode depend on the 

tying distance d defined in Fig. 4.3(c) and Table 4.1. In Refs. [12, 24], we observed that the performance of the 

3-node shell element can be improved by reducing the transverse shear strains in the in-plane twisting mode. In 

the following section, we study how the in-plane twisting mode affects the modal behavior. 
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Table 5.1 Eigenvalues of the stiffness matrices of the single triangular shell element for the element geometry 

shown in Fig. 5.1. Note that modes 1 to 6 produce zero eigenvalues corresponding to rigid body modes. The 

order of zero eigenvalues calculated is smaller than 1.0E-12. 

 

Mode DISP3  MITC3  MITC3+  

7 2.8000E+01 T 6.6764E-07 B1 6.6685E-07 B1 

8 2.8000E+01 B1 8.1455E-07 B2 7.9621E-07 B2 

9 2.8000E+01 B2 2.4924E-06 B3 2.4921E-06 B3 

10 2.8000E+01 B3 3.6928E+01 T 8.3107E-06 B1+ 

11 4.4800E+02 S1 4.6707E+02 S1 1.3599E-05 T 

12 8.3813E+02 M 8.3813E+02 M 1.4128E-05 B2+ 

13 1.1200E+03 S2 1.1760E+03 S2 4.6667E+02 S1 

14 1.3440E+03 M 1.3440E+03 M 8.3813E+02 M 

15 3.0019E+03 M 3.0019E+03 M 1.1760E+03 S2 

16 -  -  1.3440E+03 M 

17 -  -  3.0019E+03 M 

B: Bending modes, T: In-plane twisting mode, S: Transverse shearing modes, M: Membrane modes, B+: 

Bending modes due to the bubble function enrichment 
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Fig. 5.2 Shapes of the bending modes for the single right-angled MITC3 shell element shown in Fig. 5.1(a). The 

dotted and solid lines correspond to the top surfaces before and after deformation, respectively, on the xy-plane. 

Plus and minus signs denote small out-of-plane displacements in the z and –z directions, respectively. 
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Fig. 5.3 Mode shapes of the single right-angled MITC3+ shell element shown in Fig. 5.1(b). The dotted and 

solid lines correspond to the top surfaces before and after deformation, respectively, on the xy-plane. Plus and 

minus signs denote small out-of-plane displacements in the z and –z directions, respectively. 
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Table 5.2 Strain fields of the single right-angled DISP3 and MITC3 shell elements in the bending modes B1, B2 

and B3. 

0001.0/ La , )2/(taz   

Bending mode  DISP3 MITC3 

B1 Eigenvalue 2.8000E+01 6.6764E-07 

 Bending 

Strains 

εxx = 0.280z 

εyy = 0.280z 

γxy = -1.38z 

εxx = 0.269z 

εyy = 0.269z 

γxy = -1.36z 

 Transverse 

shear strains 

γxz = 0.137 + 0.280r - 0.691s 

γyz = 0.137 - 0.691r + 0.280s 

γxz = 0.0 

γyz = 0.0 

B2 Eigenvalue 2.8000E+01 8.1455E-07 

 Bending 

Strains 

εxx = -z 

εyy = z 

γxy = 0.0 

εxx = -0.853z 

εyy = 0.853z 

γxy = 0.0 

 Transverse 

shear strains 

γxz = 0.5 - r - 0.5s 

γyz = -0.5 + 0.5 r + s 

γxz = 0.0 

γyz = 0.0 

B3 Eigenvalue 2.8000E+01 2.4924E-06 

 Bending 

strains 

εxx = 0.960z 

εyy = 0.960z 

γxy = 1.45z 

εxx = 0.963z 

εyy = 0.963z 

γxy = -1.42z 

 Transverse 

shear strains 

γxz = -0.561 + 0.960r + 0.723s 

γyz = -0.561 + 0.723r + 0.960s 

γxz = 0.0 

γyz = 0.0 
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Table 5.3 Strain fields of the single right-angled MITC3+ shell element in the bending modes B1+ and B2+, and 

in-plane twisting mode T. 

0001.0/ La , )2/(taz   

Bending mode B1+ Eigenvalue 8.3107E-06  

 Bending 

strains 

εxx = [0.019 - 21.3(s - 2rs - s
2
)]z  

εyy = [-0.019 + 21.3(r - 2rs - r
2
)]z 

γxy = -21.3(r - s - r
2
 +s

2
)z 

 Transverse 

shear strains 

γxz = 0.0 

γyz = 0.0 

Bending mode B2+ Eigenvalue 1.4128E-05  

 Bending 

strains 

εxx = [-0.001 - 21.8(s - 2rs - s
2
)]z 

εyy = [-0.001 - 21.8(r - 2rs - r
2
)]z 

γxy = [-0.064 - 21.8(r + s - 4rs -r
2
 -s

2
)]z 

 Transverse 

shear strains 

γxz = 0.0 

γyz = 0.0 

In-plane twisting mode T  

( 000,10/1d ) 

Eigenvalue 1.3599 E-05 

Bending 

strains 

εxx = [-0.514 + 1.49(s - 2rs - s
2
)]z 

εyy = [0.514 – 1.49(r - 2rs - r
2
)]z 

γxy = 1.49(r - s - r
2
 +s

2
)z 

 Transverse 

shear strains 

γxz = 1.99d (1 - 3s) 

γyz = 1.99d (-1 + 3r) 
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Fig. 5.4 An assemblage of two right-angled triangular elements ( 0.1L , 7107472.1 E  and 3.0 ). (a) 

Assemblage of two 3-node triangular shell elements. (b) Assemblage of two 3-node triangular shell elements 

with the bubble nodes on rotations. (c) A single 4-node quadrilateral shell element. 

 

 

5.2.2 Assemblage of two right-angled triangular elements 

 

We consider an assemblage of two right-angled triangular shell elements with free boundary as shown in 

Figs. 5.4(a) and (b). The static mode solution is performed for the MITC3 and MITC3+ shell elements, and, for 

comparison, a single MITC4 shell element is also tested, see Fig. 5.4(c). We use 000,10/1/ La , 

7107472.1 E  and 3.0 . 

 

Table 5.4 presents the eigenvalues of the stiffness matrices of the MITC4, MITC3 and MITC3+ models. 

The deformation modes are named based on their kinematics (bending, in-plane twisting, transverse shearing, 

and membrane kinematics). All shell element models produce 6 bending modes BC1, BC2, BC3, BC4, BL1 and 

BL2, and the MITC3+ shell element additionally produces 4 bending modes BQ1+, BQ2+, BQ3+ and BQ4+ 
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due to the bubble function enrichment on rotations. It is seen that, in the bending mode BL1 shown in Fig. 5.5, 

the MITC3 shell element shows a much stiffer behavior than the MITC4 and MITC3+ shell elements. 

Compared to the MITC3 shell element, the MITC3+ shell element is much more flexible in the bending mode 

BL1 and in the in-plane twisting mode TQ. 

 

In Ref. [24], we observed that, for a single MITC3+ shell element, as the tying distance d  decreases, 

the eigenvalue corresponding to the in-plane twisting mode T decreases and is zero when 0d . Considering 

now the assemblage of the MITC3+ shell elements shown in Fig. 5.4(b), we also perform the eigenvalue test by 

varying the tying distance d . Table 5.5 presents the eigenvalues of the assemblage of the two MITC3+ shell 

elements. As the tying distance d  decreases (that is, the eigenvalue of the in-plane twisting mode T of a single 

MITC3+ element becomes smaller), the eigenvalues corresponding to the bending mode BL1 and in-plane 

twisting mode TQ decrease together. This fact implies that the in-plane twisting acts together with the bending 

mode BL1. In Table 5.5, we also show that, unlike for a single MITC3+ shell element [2], a zero eigenvalue is 

not present when 0d . The reason is graphically explained in Fig. 5.6, which shows that the in-plane twisting 

mode of an assemblage of two triangular shell elements cannot be activated like for a single triangular shell 

element [24, 55]. 

 

Table 5.6 presents the strain fields for the MITC4, MITC3 and MITC3+ shell elements to investigate the 

shear locking behavior in the bending mode BL1. For the MITC4 shell element, the bending mode BL1 

produces the linear bending strain fields for xx , yy  and xy  (that is, the strain fields are the linear 

functions of r  and s ) and zero transverse shear strains. The bending mode BL1 of the MITC3 shell elements 

produces constant bending strain fields and non-zero transverse shear strains, that is, shear locking occurs in the 

element assemblage. However, with the help of the bending mode B1+ of a single MITC3+ shell element, in the 

bending mode BL1, the MITC3+ shell element produces bending strain fields up to quadratic order for xx , 

yy  and xy  and zero transverse shear strains when 0d . Hence, in the bending mode BL1, shear locking 

can be alleviated with a small value of d  and is completely removed with 0d . 

 

In summary, for the MITC3+ element, an enriched bending strain field is provided through the bending 

mode BL1 for the two element assemblage. The shear locking in this mode is alleviated by reducing the 

stiffness in the in-plane twisting mode T of a single MITC3+ shell element. This behavior is not present in the 

MITC3 shell element, which does not lock on the element level, but locks in the two element assemblage due to 

a deficiency of pure bending modes. 



- 85 - 

 

 

 

 

 

 

 

Fig. 5.5 Shapes of the bending mode BL1 shown in Fig. 5.4. The dotted and solid lines correspond to the top 

surfaces before and after deformation, respectively, on the xy-plane. Plus and minus signs denote small out-of-

plane displacements in the z and –z directions, respectively. 
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Table 5.4 Eigenvalues of an assemblage of two right-angled triangular shell elements shown in Fig. 5.4 when 

000,10/1/ La . Note that modes 1 to 6 produce zero eigenvalues corresponding to rigid body modes. The 

order of zero eigenvalues calculated is smaller than 1.0E-12. 

 

Mode MITC4  MITC3  MITC3+  

7 7.2000E-07 BL1 9.9556E-07 BC1 9.3805E-07 BC1 

8 7.2000E-07 BL2 1.1200E-06 BC2 1.0608E-06 BC2 

9 9.9556E-07 BC1 2.0800E-06 BC3 1.9629E-06 BC3 

10 1.1200E-06 BC2 3.2000E-06 BL2 3.0544E-06 BL2 

11 2.0800E-06 BC3 3.4167E+01 BL1 8.9316E-06 BQ1+ 

12 5.6000E+01 TQ 5.6000E+01 TQ 1.1912E-05 BQ2+ 

13 5.0400E+02 BC4 8.4000E+02 SQ1 1.4173E-05 TQ 

14 8.4000E+02 SQ1 9.1783E+02 SQ2 1.5159E-05 BL1 

15 8.4000E+02 SQ2 1.3440E+03 MQ 1.6660E-05 BQ3+ 

16 8.6400E+02 MQ 1.3440E+03 MQ 9.3333E+01 BQ4+ 

17 8.6400E+02 MQ 1.3440E+03 MQ 8.0267E+02 SQ1 

18 1.3440E+03 MQ 1.5120E+03 BC4 8.4000E+02 SQ2 

19 1.3440E+03 MQ 2.4960E+03 MQ 1.3440E+03 MQ 

20 2.4960E+03 MQ 3.8400E+03 MQ 1.3440E+03 MQ 

21 -  -  1.3440E+03 MQ 

22 -  -  1.5493E+03 BC4 

23 -  -  2.4960E+03 MQ 

24 -  -  3.8400E+03 MQ 

BC: Bending modes with constant bending strain fields, BL: Bending modes with linear bending strain fields, 

TQ: In-plane twisting mode, SQ: Transverse shearing modes, MQ: Membrane modes, BQ+: Bending modes 

due to the bubble function enrichment 
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Table 5.5 Eigenvalues of the stiffness matrix of the assemblage of two MITC3+ shell elements shown in Fig. 

5.4(b) according to the tying distance d  in the plate bending problem when La / = 1/10,000. Note that modes 

1 to 6 produce zero eigenvalues corresponding to rigid body modes. The order of zero eigenvalues calculated is 

smaller than 1.0E-12. Modes 19-21, 23 and 24 are membrane modes. When d 1/10,000, the eigenvalues are 

present in Table 5.4. 

 

 d        

Mode 1/100  1/1,000  1/100,000  0.0  

7 9.3805E-07 BC1 9.3805E-07 BC1 9.3805E-07    BC1 9.3805E-07 BC1 

8 1.0611E-06 BC2 1.0611E-06 BC2 1.0545E-06  BC2 1.0099E-06 BL1 

9 1.9629E-06 BC3 1.9629E-06 BC3 1.1303E-06 BL1 1.0522E-06 BC2 

10 3.0544E-06 BL2 3.0544E-06 BL2 1.5394E-06 TQ 1.4140E-06 TQ 

11 9.7882E-06 BQ1+ 9.7846E-06 BQ1+ 1.9629E-06 BC3 1.9629E-06 BC3 

12 1.1912E-05 BQ2+ 1.1912E-05 BQ2+ 3.0544E-06 BL2 3.0544E-06 BL2 

13 1.6660E-05 BQ3+ 1.6660E-05 BQ3+ 1.0320E-05 BQ1+ 1.0312E-05 BQ1+ 

14 1.2767E-01 TQ 1.2782E-03 TQ 1.1912E-05 BQ2+ 1.1912E-05 BQ2+ 

15 1.2768E-01 BL1 1.2783E-03 BL1 1.6660E-05 BQ3+ 1.6660E-05 BQ3+ 

16 9.3340E+01 BQ4+ 9.3333E+01 BQ4+ 9.3333E+01 BQ4+ 9.3333E+01 BQ4+ 

17 8.0267E+02 SQ1 8.0267E+02 SQ1 8.0267E+02 SQ1 8.0267E+02 SQ1 

18 8.4001E+02 SQ2 8.4000E+02 SQ2 8.4000E+02 SQ2 8.4000E+02 SQ2 

22 1.5493E+03 BC4 1.5493E+03 BC4 1.5493E+03 BC4 1.5493E+03 BC4 

BC: Bending modes with constant bending strain fields, BL: Bending modes with linear bending strain fields, 

TQ: In-plane twisting mode, SQ: Transverse shearing modes, BQ+: Bending modes due to the bubble function 

enrichment 

 

 

 

 

 



- 88 - 

 

 

 

Table 5.6 Strain fields of the MITC4, MITC3 and MITC3+ shell element in the bending mode BL1. 

0001.0/ La , )2/(taz   

MITC4  MITC3 (ele. 1)  MITC3+ (ele. 1, 0d ) 

Eig. : 7.2000E-07   Eig. : 3.4167E+01  Eig. : 1.0099E-06 

εxx = -0.403sz 

εyy = 0.915 rz 

γxy = (-0.403r + 0.915 s)z 

 

εxx = -0.675z 

εyy = 0.675z 

γxy = 0.0 

 

εxx = [-0.670 - 0.401(s - 2rs - s
2
)]z 

εyy = [0.670 + 0.401(r - 2rs - r
2
)]z 

γxy = 0.401(-r + s + r
2
 -s

2
)z 

γxz = 0.0 

γyz = 0.0 
 

γxz = -0.235 + 0.675s 

γyz = 0.235 - 0.675r 
 

γxz = -1.34d(1 - 3s) 

γyz = -1.34d(-1 + 3r) 

 

 

 

 

 

 

 

 

 

Fig. 5.6 In-plane twisting of two 3-node triangular shell elements. The dotted and solid lines correspond to the 

top surfaces before and after deformation, respectively, in the xy-plane. 
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5.3 Two-sided clamped plate problem 

 

In this section, we study the behavior of the MITC3+ shell element in the two-sided clamped plate of 

dimension LL  shown Fig. 5.7. This plate is subjected to uniform moments m  and m  along its free 

sides. The boundary conditions are 0 wvu  along the two clamped edges. 

 

This plate problem was used to investigate the shear locking behavior of 3-node triangular shell 

elements in Ref. [11], which reports that, while the MITC3 shell element does not lock in Mesh B, the shell 

element severely locks in Mesh A. In general, triangular shell elements show such stiff behavior in Mesh A due 

to shear locking. To improve the performance of 3-node triangular shell elements, this phenomenon should be 

overcome. Hence, we investigate the effectiveness of the MITC3+ shell element in the analysis of this two-

sided clamped plate problem. 

 

 

 

 

 

Fig. 5.7 Two-sided clamped plate problem ( 0.1L , Lmm /2  , 
7107472.1 E  and 0.0 ) and 

meshes used for the MITC3+ shell elements (Meshes A and B) and the MITC4 shell elements (Mesh C) 
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Fig. 5.8 Element node numbers for the two-sided clamped plate problem using the MITC3+ shell elements with 

Mesh A shown in Fig. 5.7. 

 

 

 

5.3.1 Transverse shear strain fields 

 

Using the two MITC3+ shell elements, the two-sided clamped plate is modeled by element-I and 

element-II as shown in Fig. 5.8. The geometry of the elements is given by the following nodal positions 

11 x , 01 y , 12 x , 12 y , 03 x , 03 y , 3/24 x , 3/14 y  for element-I, 

01 x , 11 y , 12 x , 12 y , 03 x , 03 y , 3/14 x , 3/24 y  for element-II,          (5.12) 

where the subscripts are the element node numbers, see Fig. 5.8. 

 

The boundary condition of the elements is given by 

03131313131  wwvvuu  for element-I, 

03131313131  wwvvuu for element-II.                         (5.13) 

 

For this pure bending problem, the exact transverse shear strains are 

0 strt ee    in elements-I and II,                                                  (5.14) 

and the theoretical relationship among the deflection 2w ( tipw ), rotation 2 ( tip ) and rotation 2 ( tip ) 

is given, like for beams in the x- and y-directions [11], as 
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222
2

1

2

1
 w .                                                              (5.15) 

No anticlastic curvature exists because Poisson’s ratio 0v . If a triangular shell element does not show shear 

locking, Eqs. (5.14) and (5.15) should be satisfied. 

 

For element-I, we derive the transverse shear strain field, see Eq. (C.3) in Appendix C. Using Eqs. (5.12) 

and (5.13) with the symmetric condition 22    in Eq. (5.15), the transverse shear strain fields for element-

I and element-II are, respectively, 

)13(ˆ
3

1
)

2

1

2

1
(

4
422  scw

a
e II

rt  , 

)31(ˆ
3

1
)

2

1
(

4
4 rc

a
e II

st       with   2
4

3
ˆ adc I  ,                               (5.16) 

and 

)13(ˆ
3

1
)

2

1

2

1
(

4
422  scw

a
e IIII

rt  , 

)31(ˆ
3

1
)

2

1
(

4
4 rc

a
e IIII

st      with   2
4

3
ˆ adc II  .                                 (5.17) 

 

With the tying distance 0d , the transverse shear strains vanish with 

0
2

1

2

1
422  w , 04   for element-I,                                          (5.18) 

0
2

1

2

1
422  w , 04   for element-II.                                         (5.19) 

 

When 04   in Eq. (5.18) and 04   in Eq. (5.19), the pure bending condition is satisfied with 

0
2

1
22  w , 0

2

1
22  w .                                                     (5.20) 

 

This result shows that the MITC3+ shell element can correctly represent the pure bending conditions in 

Eqs. (5.14) and (5.15) when 0d . Similarly, we tested the MITC3+ shell element in Mesh B and observed 

that the elements in Mesh B also satisfy the pure bending conditions Of course, the MITC3 shell element does 

not satisfy the pure bending conditions in Mesh A and thus shear locking occurs [11]. 
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Table 5.7 Strain energies for the two-sided clamped plate problem shown in Fig. 5.7. The tying distance 0d  

is used for the MITC3+ shell element. 

 

 Mesh A  Mesh B  Mesh C 

La /  MITC3 MITC3+ MITC3 MITC3+ MITC4 

1/100 4.1190E-04 4.8858E-01 6.8681E-01 6.8681E-01 1.0989E+00 

1/1,000 4.1209E-03 4.8840E+02 6.8681E+02 6.8681E+02 1.0989E+03 

1/10,000 4.1209E-02 4.8840E+05 6.8681E+05 6.8681E+05 1.0989E+06 

Order of change La /  
3)/( La  

3)/( La  
3)/( La  

3)/( La  

 

 

 

5.3.2 Strain energy 

 

Considering three different thicknesses (1/100, 1/1,000 and 1/10,000), we next solve the two-sided 

clamped plate problem using the MITC3, MITC3+ and MITC4 shell elements with the applied moments  

Lmm /2  , see Fig. 5.7. 

 

Table 5.7 presents the strain energies calculated using the MITC3, MITC3+ ( 0d ) and MITC4 shell 

elements, respectively. Analytically, the calculated strain energy should change in the order of 
3)/( La  for this 

pure bending problem [2]. The MITC3 shell element shows correct results only in Mesh B. The MITC3+ shell 

element shows correct behaviors in both Meshes A and B, although the solutions depend on the mesh patterns. 

The MITC4 shell element obviously shows excellent results. 

 

Changing the tying distance d  in the assumed transverse shear strain field of the MITC3+ shell 

element, we investigate the strain energy stored in the two-sided clamped plate problem with Mesh A. Four 

different tying distances are considered: 1/100, 1/1,000, 1/10,000 and 1/100,000. Table 5.8 shows that, as the 

distance d  approaches zero, the behavior of the MITC3+ shell element become better. 

 

Note that the bending mode BL1 of the assemblage of two right-angled triangular elements is 

significantly present in the pure bending displacement field of the problem with Mesh A. Thus, the improved 

behavior of the MITC3+ shell element is directly due to the alleviation of shear locking in this mode. 
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Table 5.8 Strain energies for the two-sided clamped plate problem shown in Fig. 5.7 using the Mesh A with the 

MITC3+ shell elements according to the tying distance d .  

 

 d    

La /  1/100 1/1,000 1/10,000 1/100,000 

1/100 1.5589E-01 4.7837E-01 4.8848E-01 4.8858E-01 

1/1,000 2.2787E+00 1.5587E+02 4.7820E+02 4.8830E+02 

1/10,000 2.2893E+01 2.2787E+03 1.5587E+05 4.7820E+05 

 

 

 

 

5.4 Dynamic mode analysis 

 

In this section, the dynamic mode analysis is performed to investigate the predictive capability of the 

MITC3 and MITC3+ shell elements in dynamic analysis. Frequencies and modes are calculated and the results 

are compared with those of the MITC4 shell element. Hence, two benchmark problems are considered: a free 

square plate problem and a free hyperboloid shell problem [10, 24, 56-64]. 

 

For dynamic mode analysis, the following eigenvalue problem is solved 

d
i

d
i

d
i 


MK     with  2

i
d
i    and Ni ,......,2,1 ,                                 (5.21) 

where K and M  is the stiffness and consistent mass matrices, respectively, 
d
i  is the eigenvalue(the square 

of the free vibration frequency i , 
2
i

d
i   ), 

d
i


 is the corresponding M-orthonormal eigenvector (dynamic 

mode), and N is the number of the degrees of freedom [1]. Note that, unlike in static mode analysis, both 

stiffness and mass matrices are considered in dynamic mode analysis. 

 

To measure the convergence of the finite element solutions in dynamic mode analysis, we use the 

relative error in the reciprocal frequencies as follows 

h

ref

ref

href

he










 1

/1

/1/1
,                                                    (5.22) 
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in which ref  is the reference frequency, h  is the frequency of the finite element discretization. The 

analytical solution is not available for ref  in the considered benchmark problems. Hence, the reference 

frequency ref  is obtained using very fine meshes of the MITC4 shell element. 

 

For the dynamic analysis of the shell problems, the optimal convergence behavior of the elements is 

given by 

k
h Che  ,                                                                       (5.23) 

where h  is the element size. For a 3-node shell element to be uniformly optimal, the value of C  must be 

constant, that is, independent of the shell thickness, and 2k [62, 63]. 

 

 

5.4.1 Free square plate problem 

 

A free square plate of dimensions LL  shown is considered, see Fig. 5.9. 0.1L , 111007.2 E , 

3.0 and density 
3108.7   are used. No boundary condition is imposed. The reference solutions are 

obtained using a 50×50 element mesh of the MITC4 shell elements and verified by Refs. [60, 61]. 

 

Table 5.9 presents the frequencies calculated with NN   element meshes ( N 5, 10, 15 and 20) when 

000,1/1/ La . The frequencies of the modes 7 to 9 are close to the reference solutions for all tested elements. 

The frequencies corresponding to modes 10 and 11 should be identical, but this can hardly be the case using 

triangular shell elements due to the non-symmetry in the mesh patterns used. While the MITC3 shell element 

produces considerably different frequencies for modes 10 and 11, the MITC3+ shell element shows very similar 

frequencies for the modes. Using the MITC4 and MITC3+ shell elements produces much more accurate 

frequencies than obtained with the MITC3 shell element. In Fig. 5.10, we see that the MITC3 shell element 

produces a wrong mode shape for the 11th frequency. 

 

The convergence curves of the 10th and 11th frequencies are plotted in Fig. 5.11. Three different 

thicknesses ( 100/1/ La , 000,1/1  and 000,10/1 ) are considered. The shell finite element solutions are 

calculated using four different NN   element meshes ( N 5, 10, 15 and 20). We observe that the 

performance of the MITC3 shell element deteriorates as the thickness decreases, that is, locking occurs. 

However, the MITC3+ and MITC4 shell elements show, similarly, excellent convergence.  
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Fig. 5.9 Free square plate problem for dynamic mode analyses with 2 different 5×5 mesh patterns ( 0.1L , 

111007.2 E , 3.0  and 
3108.7  ). (a) Mesh pattern used for quadrilateral shell elements. (b) Mesh 

pattern used for triangular shell elements.  

 

 

 

The distorted mesh shown in Fig 5.12 is considered. When an NN  element mesh is used, each edge is  

discretized in the following ratio: 1L : 2L : 3L : …… NL  = 1 : 2 : 3 : …… N . Table 5.10 presents the 

frequencies with distorted NN   element meshes ( N 5, 10, 15 and 20) when 000,1/1/ La . Fig. 5.13 

shows the convergence curves of the 10th and 11th frequencies. In both results, the MITC3+ and MITC4 shell 

elements still show good results even though the modes 10 and 11 are slightly different. 
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Table 5.9 Frequencies of the modes 7-11 for the free plate problem shown in Fig. 5.9 with N×N meshes when 

000,1/1/ La .  

 

  Mode number    

Shell elements N 7 8 9 10 11 

MITC4 5 21.366 31.922 40.568 57.223 57.223 

 10 21.094 30.915 38.547 55.067 55.067 

 15 21.040 30.714 38.153 54.619 54.619 

 20 21.021 30.642 38.015 54.459 54.459 

MITC3 5 21.738 31.964 40.687 60.007 118.46 

 10 21.647 30.986 38.684 57.523 101.67 

 15 21.576 30.787 38.284 56.845 98.340 

 20 21.468 30.710 38.129 56.273 84.032 

MITC3+ 5 21.247 31.677 40.017 57.568 57.908 

 10 21.051 30.862 38.431 55.088 55.451 

 15 21.011 30.690 38.103 54.601 54.783 

 20 20.998 30.629 37.986 54.434 54.540 

Ref.  21.000 30.564 37.864 54.284 54.284 

* The reference solutions are obtained by a 50×50 element meshes of MITC4 shell elements. 
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Fig. 5.10 Shapes of the modes 7-11 for the free plate problem shown in Fig. 5.9 with 5×5 element meshes when 

001.0/ La . 
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Fig. 5.11 Convergence curves of the 10th and 11th frequencies for the free plate problem. The solutions of the 

shell elements are obtained with uniform NN   element meshes ( N 5, 10, 15 and 20). The bold line 

represents the optimal convergence rate. 
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Fig. 5.12 Distorted mesh pattern for N 5. (a) Quadrilateral shell elements. (b) Triangular shell elements.  

 

 

 

5.4.2 Free hyperboloid shell problem 

 

The free hyperboloid shell shown in Fig. 5.14 is considered. The mid-surface of the shell structure is 

given by [10, 24] 

;1 222 yzx     ].1,1[y                                                    (5.24) 

We use 0.1L , 
11100.2 E , 3/1  and 

3108.7  . No boundary condition is imposed. 

 

Table 5.11 presents the frequencies calculated with uniform N4 (circumferential direction) N2

(longitudinal direction) element meshes ( N  5, 10, 15 and 20) when 000,1/1/ La . The reference solutions 

are obtained using a 200×100 uniform mesh of the MITC4 shell elements. For all the elements tested, the 

frequencies 7, 9 and 11 are identical to the frequencies 8, 10 and 12, respectively. Using the MITC4 and 

MITC3+ shell elements produces much more accurate frequencies than obtained with the MITC3 shell element. 

Fig. 5.15 displays the shapes of the modes 7-12 for uniform 20×10 element meshes. The mode shapes of the 

MITC3+ shell element are similar to those of the MITC4 shell element. 
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Table 5.10 Frequencies of the modes 7-11 for the free square plate problem with N×N distorted meshes shown 

in Fig. 5.12 when 000,1/1/ La . 

 

  Mode number    

Shell elements N 7 8 9 10 11 

MITC4 5 21.575  33.071  42.004  57.191  61.420  

 10 21.189  31.311  39.109  55.541  56.437  

 15 21.087  30.908  38.436  54.892  55.286  

 20 21.049  30.757  38.183  54.628  54.851  

MITC3 5 22.184  33.780  43.522  62.781  105.68  

 10 21.812  32.397  40.587  60.633  93.456  

 15 21.692  32.053  39.838  59.615  89.827  

 20 21.630  31.829  39.445  58.909  87.021  

MITC3+ 5 21.817  33.177  43.060  59.889  69.344  

 10 21.318  31.546  39.651  56.842  60.559  

 15 21.148  31.052  38.734  55.571  57.419  

 20 21.079  30.848  38.366  55.026  56.096  

Ref.  21.000 30.564 37.864 54.284 54.284 

* The reference solutions are obtained by a 50×50 element meshes of the MITC4 shell elements. 
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Fig. 5.13 Convergence curves of the 10th and 11th frequencies for the free plate problem with the distorted 

meshes shown in Fig. 5.12. The bold line represents the optimal convergence rate. 
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Fig. 5.14 Free hyperboloid shell problem ( 0.1L , 11100.2 E , 3/1  and 
3108.7  ). (a) Problem 

description with the uniform mesh. (b) Distorted mesh pattern.  
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Table 5.11 Frequencies of the modes 7-12 for the free hyperboloid shell problem with the NN 24   uniform 

meshes shown in Fig. 5.14(a) when 000,1/1/ La .  

 

  Mode number     

Shell elements N 7 8 9 10 11 12 

MITC4 5 4.0562 4.0562 6.8339 6.8339 13.163 13.163 

 10 4.0089 4.0089 6.7965 6.7965 12.808 12.808 

 15 3.9976 3.9976 6.7903 6.7903 12.745 12.745 

 20 3.9924 3.9924 6.7882 6.7882 12.721 12.721 

MITC3 5 37.449 37.449 149.20 149.20 157.83 157.83 

 10 10.029 10.029 35.321 35.321 39.830 39.830 

 15 6.0202 6.0202 16.534 16.534 21.429 21.429 

 20 4.9650 4.9650 10.734 10.734 16.452 16.452 

MITC3+ 5 4.1610 4.1610 7.0337 7.0337 13.781 13.781 

 10 4.0309 4.0309 6.8420 6.8420 12.969 12.969 

 15 4.0091 4.0091 6.8096 6.8096 12.819 12.819 

 20 4.0010 4.0010 6.7986 6.7986 12.767 12.767 

Ref.  3.9830 3.9830 6.7859 6.7859 12.690 12.690 

* The reference solutions are obtained by 200×100 element meshes of MITC4 shell element. 
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Fig. 5.15 Shapes of the modes 7-12 for the free hyperboloid shell problem shown in Fig. 14(a) with 20×10 

element meshes when 001.0/ La . 
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Fig. 5.16 Convergence curves of the 7th and 8th frequencies for the free hyperboloid shell problem with the 

uniform meshes shown in Fig. 5.14(a). The solutions of the shell elements are obtained with uniform NN 24   

element meshes ( N 5, 10, 15 and 20). The bold line represents the optimal convergence rate. 

 

 

 

Fig. 5.16 displays the convergence curves of the 7th and 8th frequencies for three different thicknesses: 

100/1/ La , 000,1/1 , and 000,10/1 . The MITC3+ shell element displays good convergence behaviors 

similar to the MITC4 shell element. As the thickness decreases, the convergence of the MITC3 shell element 

becomes worse due to locking. 

 

Also, the distorted mesh shown in Fig 5.14(b) is considered. Using the shaded region in Fig. 14(b), each 

edge is discretized by the following ratio: 1L : 2L : 3L : …… NL  = 1 : 2 : 3 : …… N . Table 5.12 presents the 

frequencies with distorted NN 24  element meshes ( N  5, 10, 15 and 20) when 000,1/1/ La . Fig. 5.17 

shows the convergence curves of the 7th and 8th frequencies. In both results, we observe that, while the MITC4 

and MITC3 shell elements lock, the MITC3+ shell element still shows good results. 
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Table 5.12 Frequencies of the modes 7-12 for the free hyperboloid shell problem with the NN 24   distorted 

meshes shown in Fig. 5.14(b) when 000,1/1/ La . 

 

  Mode number     

Shell elements N 7 8 9 10 11 12 

MITC4 5 35.751  43.056  44.075  78.905  102.856  123.838  

 10 12.537  16.050  17.223  28.059  42.093  43.224  

 15 7.8465  9.4797  11.936  16.397  25.840  26.525  

 20 6.0587 6.8917  9.7234  11.844  19.647  19.995  

MITC3 5 43.052  51.536  168.76  203.23  221.47  228.83  

 10 12.338  15.239  44.835  56.487  59.559  80.330  

 15 7.2037  8.3684  22.653  29.413  30.099  40.473  

 20 5.7356  6.1662  15.218  20.757  21.105  24.968  

MITC3+ 5 4.6031  4.6142  8.5172  8.5405  15.019  15.034  

 10 4.1392  4.1514  7.0032  7.1431  13.316  13.343  

 15 4.0347  4.0368  6.8320  6.8816  12.867  12.881  

 20 4.0073  4.0090  6.7988  6.8250  12.738  12.748  

Ref.  3.9830 3.9830 6.7859 6.7859 12.690 12.690 

* The reference solutions are obtained by 200×100 element meshes of MITC4 shell element. 
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Fig. 5.17 Convergence curves of the 7th and 8th frequencies for the free hyperboloid shell problem with the 

distorted meshes shown in Fig. 5.14(b). The bold line represents the optimal convergence rate. 
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5.5 Closure 

 

In this chapter, the static and dynamic modal behaviors of the MITC3+ triangular shell element are 

studied. For comparison, also the DISP3, MITC3 and MITC4 shell elements were considered. 

 

The detailed static mode analyses were performed for the single right-angled triangular shell element 

and the assemblage of two right-angled triangular shell elements. We also investigated the transverse shear 

strain fields of the MITC3+ shell element in the two-sided clamped plate problem. Through these studies, we 

found that, in the MITC3+ shell element, additional antisymmetric bending modes (B1+ and B2+) are activated 

due to bubble function enrichment and shear locking is alleviated in those modes by using the MITC method. 

Consequently, unlike the DISP3 and MITC3 shell elements, the MITC3+ shell element does not lock in two 

element assemblages as well as in a single element. 

 

Dynamic mode analyses are performed considering the free square problem and the free hyperboloid 

shell problem. The frequencies and mode shapes are investigated. The MITC3+ shell element shows much 

better behaviors than the MITC3 shell element. Indeed, the MITC3+ shell element gives as accurate results as 

the MITC4 shell element in the uniform meshes. Even when the distorted mesh is used, the MITC3+ shell 

element still presents good results. 
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Chapter 6. Performance of 3-node shell elements for classical  

benchmark problems 

 

 

 

In this chapter, several classical benchmark problems are considered to assess the performance using the 

following MITC shell elements and other 3-node triangular shell elements [65-70]. 

● MITC3: 3-node triangular shell element based on the MITC method [10] 

● MITC3+: 3-node triangular shell element enriched by a cubic bubble function on rotations using the MITC 

method [24] 

● MITC3i: MITC3+ triangular shell element without a cubic bubble function [24] 

● MITC4: 4-node quadrilateral shell element based on the MITC method [19] 

● A3: 3-node triangular shell element in ANSYS [66] 

● S3: 3-node triangular shell element in ABAQUS [67] 

 

In benchmark shell problems, to measure the performance in the finite element solution, the 

displacement normalized by the reference solution is used.  

 

 

6.1 Fully clamped square plate problem 

 

The plate bending problem shown in Fig. 6.1 is considered. A square plate of dimensions LL 22   with 

uniform thickness t is subjected to both loading cases. One loading case is the concentrated load P  at the 

center of the plate. The other loading case is the uniform pressure q  normal to the flat surface. All the edges 

are fully clamped. Due to symmetry, only a one-quarter model is considered.  

 

For the reference solution, based on Kirchhoff theory, the central displacement due to concentrated load 

P  is given by [68] 

D

LP
Pw

ref
C

2)2(
0056.0)(  .                                                          (6.1) 
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Fig. 6.1 Fully clamped square plate problem ( 0.1L , 7107472.1 E  and 3.0 ). (a) Concentrated load 

( 0.4p ). (b) Uniform pressure ( 0.1q ). 

 

 

 

The central displacement due to the uniform pressure q  normal to the flat surface is obtained by 

D

Lq
qw

ref
C

2)2(
00126.0)(  ,                                                          (6.2) 

where D is the flexural rigidity of the plate given by 

)1(12 2

3

v

Et
D


 .                                                                    (6.3) 

 

Fig. 6.2 and 6.3 present the convergence curves for the normalized displacements ( Cw ) at the center in 

both concentrated load and uniform pressure cases, respectively. We use NN  element meshes ( N 4, 8, 16, 

and 32) to calculate the solutions using the shell elements. The performance of the MITC3+ shell element is 

much better than that of the other triangular shell elements. Also, the convergence behavior of the MITC3+ shell 

element is as good as that of the quadrilateral MITC4 shell element. 
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Fig. 6.2 Convergence curves of the normalized displacements ( Cw ) for the fully clamped square plate problem 

under the concentrated load.  
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Fig. 6.3 Convergence curves of the normalized displacements ( Cw ) for the fully clamped square plate problem 

under the uniform pressure.  
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Fig. 6.4 Morley’s thirty-degree skew plate problem ( L 100, 7100.1 E  and 3.0 ). (a) Problem 

description. (b) Mesh pattern used for 4N . 

 

 

6.2 Morley’s thirty-degree skew plate problem.  

 

The simply supported thirty-degree skew plate with edges of L and uniform thickness t is subjected to 

uniform pressure( 1q ) normal to the flat surface, as shown in Fig. 6.4. The boundary condition 0zu  is 

imposed along all edges . For the reference solution, the central displacement is given by [69] 

D

qL
qwref

center

4

000408.0)(  .                                                           (6.4) 

 

Fig. 6.5 gives the convergence curves of the normalized central displacements. NN  element meshes 

( N 4, 8, 16, and 32) are used to calculate the solutions using the shell elements. The performance of the 

MITC3+ shell element is best among them. Even when 000,10/1/ Lt , the performance of the MITC3+ is 

excellent while the other shell elements present some locking phenomenon. 

 

 

6.3 Scordelis-Lo roof problem 

 

The Scordelis-Lo roof of length L, radius R and uniform thickness t is considered as shown in Fig. 6.6. 

The structure is supported by rigid diagrams and loaded by gravity force (density 360 ). Due to symmetry, 

only a one-quarter model is considered. The displacement at the middle of the free edge is 0.3024 for the 

reference solution [65].  
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Fig. 6.5 Convergence curves of the normalized central displacements ( centerw ) for the Morley’s thirty-degree 

skew plate problem.  
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Fig. 6.6 Scordelis-Lo roof problem ( 25R , 50L , 25.0t , 81032.4 E  and 0.0 ). 

 

 

 

 

 

Fig. 6.7 Convergence curves of the normalized displacements ( Bw ) for the Scordelis-Lo roof problem. 
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Fig. 6.7 presents the convergence curves of the normalized displacements ( Bw ). NN  element meshes 

( N 4, 8, 16, and 32) are used to calculate the solutions using the shell elements. The performance of the 

MITC4 shell element is better than that of all the tested 3-node triangular shell elements.  

 

 

6.4 Pinched cylindrical shell problem 

 

A pinched cylindrical shell of uniform thickness t, length 2L, and radius R is considered, as seen in Fig. 

6.8. Two cases are considered: a pinched cylinder with rigid diaphragms at both ends and a pinched cylinder 

with free ends. Due to symmetry, only a one-eighth model is considered [6, 19].  

 

Fig. 6.9 presents the convergence curves of the normalized displacements ( Cw ) for the pinched cylinder 

with rigid diaphragms at both ends. The reference solution is 5108248.1  . NN  element meshes ( N 4, 8, 

16, and 32) are used to calculate the solutions using the shell elements. The performance of the MITC3+ shell 

element is better than that of the other triangular shell elements. Also, the MITC3+ shell element displays the 

convergence behavior similar to the MITC4 shell element.  

 

 

 

 

Fig. 6.8 Pinched cylindrical shell problem with the two end conditions: rigid diagrams ( 0.1R , 0.1L , 

01.0t , 
7100.3 E  and 3.0 ) and free ends ( 953.4R , 175.5L , 

6105.10 E  and 3125.0 ).  
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Fig. 6.9 Convergence curves of the normalized displacements ( Cw ) for the pinched cylindrical shell problem 

with the rigid diagrams. 

 

 

Fig. 6.10 presents the convergence curves of the normalized displacements ( Cw ) for the pinched 

cylinder with free ends in two different thickness: 094.0t  and 01548.0 . The reference solution is 0.1139 

when 094.0t . The reference solution is 0.02439 when 01548.0t [70]. We use NN   element meshes 

( N 4, 8, 16, and 32) to calculate the solutions using the shell elements. In these problems, all the tested shell 

elements present similarly good convergence behaviors. 

 

 

6.5 Hemispherical shell problem 

 

The hemispherical shell is considered with the uniform thickness t, radius R and 18 hole, as shown in 

Fig. 6.11. The two opposite radial concentrated force P is applied. Due to symmetry, only a one-quarter model is 

considered. The displacement under the applied load is 0.094 as the reference solution [65]. 

 

Fig. 6.12 presents the convergence curves of the normalized displacements ( Au ). NN  element 

meshes ( N 4, 8, 16, and 32) are used to calculate the solutions using the shell elements. The performance of 

the MITC3+ shell element is much better than that of the other triangular shell elements like the MITC4 shell 

element. 
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Fig. 6.10 Convergence curves of the normalized displacements ( Cw ) for the pinched cylindrical shell problem 

with the free ends. 
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Fig. 6.11 Hemispherical shell problem ( 10R , 04.0t , 0.1p , 710825.6 E  and 3.0 ). 

 

 

 

 

 

 

 

Fig. 6.12 Convergence curves of the normalized displacements ( Au ) for the hemispherical shell problem. 
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6.6 Effects of mesh distortion 

 

In this section, the MITC3+ triangular shell element and MITC4 quadrilateral shell element are 

considered to study the effect of mesh distortion.  

 

 

6.6.1 Distorted mesh A 

 

The plate bending problem shown in Fig. 6.13 is solved using the distorted mesh A [34]. A square plate 

of dimensions LL  and uniform thickness t  is subjected to a uniform pressure and all the edges are fully 

clamped. Mesh A-1 is used for the MITC4 shell element. Mesh A-2 is used for the MITC3+ shell element.  

 

Table 6.1 presents the strain energies calculated using the MITC4 and MITC3+ shell elements for three 

different thicknesses ( 100/1/ Lt , 000,1/1 and 000,10/1 ). Even though the MITC4 shell element presents 

locking phenomenon, the MITC3+ shell element shows good results.  

 

The quarter of an infinitely long cylinder under constant bending is also considered, see Fig. 6.14. The 

distorted mesh A shown in Fig 6.13 is used [34]. Table 6.2 presents the strain energies calculated using the 

MITC4 and MITC3+ shell elements for three different thicknesses ( 100/1/ Lt , 000,1/1 and 000,10/1 ). 

The MITC4 shell element locks. However, the MITC3+ shell element shows much better results. 

 

 

6.6.2 Distorted mesh B 

 

At first, we consider the pinched cylindrical shell of uniform thickness t, length 2L, and radius R with 

free ends, as shown in Fig. 6.8. Two different thicknesses ( 100/1/ Rt  and 000,10/1/ Rt ) are used. Due 

to symmetry, only a one-eighth model is considered. For the reference solution, the displacement under the 

applied load is given by [68] 

DL

PR
PwC

2
0745.0)(

3

 .                                                            (6.5) 
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Fig. 6.13 Fully clamped square plate problem under uniform pressure ( 10L , 1000E , 10q  and 3.0 ). 

(a) Distorted mesh A-1 for quadrilateral elements. (b) Distorted mesh A-2 for triangular elements. 

 

 

 

The distorted mesh B shown in Fig. 6.15 is considered. Each edge is discretized by the following ratio: 

1L : 2L : 3L : …… NL  = 1 : 2 : 3 : …… N . Fig. 6.16 presents the convergence curves of the normalized 

displacements ( Cw ) for the pinched cylinder with free ends using the distorted mesh. We use NN   element 

meshes ( N  4, 8, 16, and 32) to calculate the solutions using the shell elements. The solution of the MITC4 

shell element presents more degree of locking than that of the MITC3+ shell element. Indeed, the MITC3+ shell 

element shows good performance regardless of the mesh distortion.  

 

The hemispherical shell problem shown in Fig. 6.11 is considered [65]. The distorted mesh shown Fig. 6. 

15 is used. Fig. 6.17 presents the convergence curves of the normalized displacements ( Au ). NN  element 

meshes ( N  4, 8, 16, and 32) is used to calculate the solutions using the shell elements. The MITC3+ shell 

element still excellent convergence behavior even when distorted mesh.  
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Table 6.1 Strain energy for the fully clamped plate problem under uniform pressure with the distorted mesh 

shown in Fig. 6.13. 

 

 Mesh A-1 Mesh A-2 

Lt /  MITC4 MITC3+ 

1/100 1.6025E+03 1.2688E+05 

1/1,000 1.6186E+04 1.2616E+08 

1/10,000 1.6188E+05 1.1916E+11 

Order of change Lt /  
3)/( Lt
 

 

 

 

 

 

 

 

 

 

Fig. 6.14 Quarter of an infinitely long cylinder under constant bending ( 10R , 10L , 1000E  and 3.0 ). 
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Table 6.2 Strain energy for the quarter of an infinitely long cylinder with the distorted mesh shown in Fig. 6.13. 

 

 Mesh A-1 Mesh A-2 

Lt /  MITC4 MITC3+ 

1/100 1.4670E+02 1.1907E+03 

1/1,000 1.5935E+03 1.0070E+06 

1/10,000 1.5953E+04 6.9991E+08 

Order of change Lt /  2)/( Lt ~
3)/( Lt  

 

 

 

 

 

 

 

 

 

 

Fig. 6.15 Distorted mesh B for the cylindrical shell problem. (a) Mesh pattern used for 4N . (b) Mesh pattern 

used for 8N . 
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Fig. 6.16 Convergence curves of the normalized displacements ( Cw ) for the pinched cylindrical shell problem 

with the free ends using the distorted meshes shown in Fig 6.15. 
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Fig. 6.17 Convergence curves of the normalized displacements ( Au ) for the hemispherical shell problem using 

the distorted meshes shown in Fig 6.15. 

 

 

 

6.7 Closure 

 

In the classical benchmark shell problems, the MITC3+ shell element is best among the tested 3-node 

shell elements. Even though the distorted mesh is used for the several benchmark shell problems, the MITC3+ 

shell element still shows the good results.  
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Chapter 7. Conclusions 

 

 

 

The purpose of this thesis is to develop an effective 3-node continuum mechanics based triangular shell 

finite element in the analysis of general shell structures. Such element should present isotropic behavior and 

pass the consistency, ellipticity and inf-sup conditions hence and optimal in convergence tests for general shell 

structures. 

 

The MITC3-HR shell finite element is developed by using the modified Hellinger-Reissner (HR) 

functional and by applying the proposed rotated approximated transverse shear strain field. The results of the 

basic numerical tests show that the MITC3-HR shell finite element satisfies all of the basic requirements. The 

results of the convergence studies prove that the MITC3 shell finite element is successfully improved; that is, 

the MITC3-HR shell finite element shows much better convergence behavior than the MITC3 shell finite 

element, especially in bending-dominated problems [12].  

 

A new 3-node triangular MITC3+ shell finite element is developed for general use [24]. The MITC3+ 

element is based on the ‘basic mathematical shell model’ [2, 45] and the MITC approach used for the 

development of triangular elements. The MITC3+ shell element uses a cubic bubble function for the 

interpolation of the rotations to enrich the bending displacement fields. The corresponding rotation degrees of 

freedom can be statically condensed out on the element level. A new assumed transverse shear strain field was 

developed with a new tying scheme to alleviate shear locking while satisfying the consistency and ellipticity 

conditions. The MITC3+ shell element passes the three basic tests (the patch, zero energy mode and isotropy 

tests) and shows excellent convergence behaviors in various shell problems even when highly distorted meshes 

are used [24]. Excellent performance of the MITC3+ shell element in geometric nonlinear analysis was also 

measured [54]. 

 

Insight into the static and dynamic modal behavior of the MITC3+ triangular shell element is presented. 

For comparison, the pure displacement-based (DISP3), MITC3 and MITC4 shell elements are considered. 

Detailed static mode solutions are studied for the single right-angled triangular shell elements and the 

assemblage of two right-angled triangular shell elements. In the two-sided clamped plate problem, the 
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transverse shear strain fields of the MITC3+ shell element are investigated. Through these studies, the MITC3+ 

shell element formulation contains additional anti-symmetric bending modes (B1+ and B2+) due to the bubble 

function enrichment, and shear locking is alleviated in these modes using the MITC method. Consequently, 

unlike the DISP3 and MITC3 shell elements, the MITC3+ shell element performed well in the solutions of all 

cases.  

 

Considering the free square problem and the free hyperboloid shell problem, dynamic mode analyses are 

performed. The frequencies and mode shapes are investigated. The MITC3+ shell element shows much better 

behaviors than the MITC3 shell element. Indeed, the MITC3+ shell element gives as accurate results as the 

MITC4 shell element for uniform meshes. Even when a distorted mesh is used, the MITC3+ shell element still 

presents good results.  

 

In future works, firstly, it is important to develop the MITC3+ shell finite element formulation based on 

the large strain assumption for general shell structures [71]. Second, it is valuable to improve the membrane 

behavior of the MITC3+ shell element because no treatment is used for the membrane behavior [48, 49, 72, 

73]. Third, the MITC3+ solid-shell element can be developed to model the three-dimensional effects of surface 

tractions [9]. Finally, the effectiveness of the MITC3+ shell element was demonstrated only numerically, and a 

mathematical analysis would be very valuable to obtain further insight into the element behavior. 
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Appendix A. Mode decomposition of the 3-node plate element 

 

 

 

The plate bending case is considered for developing the 3-node triangular plate element using the mode 

decomposition. The geometry and displacement interpolations in Eqs. (3.1) and (3.2) are considered. The mode 

decomposition method can be applied to develop other finite elements (solid, beam, shell elements, etc.). 

 

 

A.1 The MITC3 plate element 

 

A 3-node plate element contains the 9 kinematic modes, that is, 3 rigid body modes 3 symmetrical 

bending modes, 1 In-plane twisting mode and 2 constant transverse shearing modes. The i
th 

kinematic modes of 

the 3-node plate element are defined in the Cartesian coordinates. The mode vector is considered as follows 

T
iiiiiiiiii }{ ,9,8,7,6,5,4,3,2,1  



,                                (A.1) 

in which the components given by the nodal displacements are  

T
yyyxxxi www }{ 321321

321  


.                                      (A.2) 

 

The rigid body modes ( 1


, 2


, 3


) consist of the 1 translational and 2 rotational rigid body modes. The 

bending modes ( 4


, 5


, 6


) of the arbitrary 3-node plate element are obtained from the bending axes shown in 

Fig. 3.4. The in-plane twisting mode( 7


) shown in Fig. A.1 can be obtained by twisting about the z-axis located 

at the barycenter. The constant transverse shearing modes can be represented as follows 

T}111000000{8 


,                                                  (A.3) 

T}000111000{9 


.                                             (A.4) 

 

The displacement-based 3-node plate element is modified with the above mode decomposition. For the 3 

bending modes, the transverse shear strain fields Eqs. (3.14)-(3.16) are imposed, respectively. The developed 3-

node plate element is the same as the MITC3 plate element. 
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Fig. A.1 In-plane twisting mode when a single 3-node plate element is twisted at the barycenter. 

 

 

 

A.2 The MITC3-MD plate element 

 

The modes of a 3-node plate element also consist of 3 rigid body modes, 3 symmetrical bending modes 

and 3 antisymmetrical bending and shearing modes [6]. The antisymmetrical bending and shearing modes ( 7


,

8


, 9


) of the arbitrary 3-node plate element are shown in Fig. A.2. For the 3 symmetrical bending modes, the 

transverse shear strain fields Eqs.(3.14)-(3.16) are imposed, respectively.  

 

For the antisymmetrical bending and shearing mode 1 ( 7


) shown in Fig. A.2(a), the assumed covariant 

transverse shear strain field with the tying points shown in table A.1 and Fig. A.3 is given by 

)13(
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1~ )(  scee A
rt

d
rt , 

)31(
3
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st

d
st  ,                                                             (A.5) 

where )()( )()()()( E
st

F
st

D
rt

F
rt eeeec  .

 

For the antisymmetrical bending and shearing mode 2 ( 8


) shown Fig. A.2(b), the assumed covariant transverse 

shear strain field with the tying points shown in table A.1 and Fig. A.3 is obtained by
 

 



- 130 - 

 

 

 

 

Fig. A.2 The nodal displacement pattern of the physical antisymmetrical bending and shearing strain energy 

modes (type A) at the top view. (a) Antisymmetrical bending and shearing mode 1. (b) Antisymmetrical bending 

and shearing mode 2. (c) Antisymmetrical bending and shearing mode 3. 

 

 

 

 

 

 

 

Fig. A.3 Tying positions for assumed transverse shear strain fields in the antisymmetrical bending and shearing 

modes. 
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F
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For the antisymmetrical bending and shearing mode 3 ( 9


) shown Fig. A.2(c), the assumed covariant transverse 

shear strain field with the tying points shown in table A.1 and Fig. A.3 is given by 
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where )()( )()()()( E
st

F
st

D
rt

F
rt eeeec  . 

The tying positions (A)-(F) are positioned on the three internal lines from vertices to the centers of the edges 

with the 1d  and 2d . The 1d  and 2d  vary from 3/2  to 3/1 . 1d  is used 12/1  or 0 . When 1d  

becomes smaller, the element becomes more flexible. 000,10/12 d  is used to make the in-plane twisting 

mode more flexible without a spurious mode. This element passes the zero energy mode test, isotopic element 

test and the patch test except for the transverse shearing patch test.  

 

 

 

 

Table A.1 Tying positions for the assumed transverse shear strain field in the antisymmetrical bending and 

shearing modes. The 1d  and 2d  are defined in Fig. A.3. 

 

 Tying positions r s 

Fig. A.3(a) (A) 13/1 d  123/1 d  

 (B) 123/1 d  13/1 d  

 (C) 13/1 d  13/1 d  

Fig. A.3(b) (D) 23/1 d  223/1 d  

 (E) 223/1 d  23/1 d  

 (F) 23/1 d  23/1 d  
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The strain energy is used for the convergence studies. The relative strain energy is defined 

ref

href

r
E

EE
E




,                                                                 (A.8) 

where Eref is the reference of the strain energy obtained by the MITC4 plate element with 128×128 meshes. Eh  

is the strain energy from the finite element solutions. Considering the fully clamped plate problem shown in Fig. 

3.12, the convergence curves are presented in Fig. A.4. The MITC3-MD element presents the improved 

performance compared with the MITC3 element. If the antisymmetrical bending and shearing modes shown in 

Fig. A.5 are used with 12/11 d , the element passes all the basic tests. The performance is similar to the 

MITC3-HR element.  

 

 

 

 

 

 

 

Fig. A.4 Convergence curves for the fully clamped square plate problem. The bold line represents the optimal 

convergence rate. The solid and dotted lines correspond to the results obtained by the mesh patterns in Figs. 3. 

12(a) and (b), respectively. (a) MITC3 element. (b) MITC3-MD element ( 12/11 d ). (c) MITC3-MD element 

( 01 d ).  
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Fig. A.5 The nodal displacement pattern of the physical antisymmetrical bending and shearing strain energy 

modes (type B) at the top view. (a) Antisymmetrical bending and shearing mode 1. (b) Antisymmetrical bending 

and shearing mode 2. (c) Antisymmetrical bending and shearing mode 3. 

 

 

 

From these studies, it is revealed that when developing a standard 3-node shell finite element in which 

the geometry and displacement interpolations in Eqs. (3.1) and (3.2), the 3-node shell finite element that passes 

all the basic tests (the zero energy mode test, the patch test, and the isotropic element test) has limitation to 

obtain the excellent results in convergence tests like the 4-node shell element (MITC4). Fundamentally, the 3-

node shell element lacks bending displacements. The 3-node shell element cannot properly represent the 

antisymmetrical bending modes, that is, the higher order bending modes. In the plate bending problems, when 

using the higher-order triangular shell element that the antisymmetrical bending modes can be represented 

properly, the convergence behavior is excellent [10, 23]. Hence, to improve the performance of the 3-node shell 

element as good as that of the 4-node shell element, the shape functions should be enriched to represent the 

antisymmetrical bending modes suitably [10, 23, 46-48].  

 

  



- 134 - 

 

Appendix B. Assumed transverse shear strain fields for a 3-node shell element 

 

 

 

New assumed transverse shear strain fields are designed using the new tying scheme. The 3-node shell 

elements are developed using the new assumed transverse shear strain fields.  

 

First, the nine covariant transverse shear strains shown in Fig. B.1 are defined as follows 
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The transverse shear strain components are sampled at nine internal tying points (1)-(9) on the nine 

internal lines, see Fig. B.2(a) and Table B.1. The constant covariant transverse shear strains along the element 

edge directions are assumed to be 
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The conditions in Eq. (B.4) is imposed to the interpolation in Eq. (3.11) to obtain the unknown coefficients. 

Finally, the assumed covariant transverse shear strain field (Type A) is given by 
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The 3-node shell finite element in which the geometry and displacement interpolations in Eqs. (3.1) and 

(3.2) and is developed with the new assumed transverse shear strain field in Eq. (B.5). We label the MITC3i-a 

element. The element passes all the basic tests.  

 

Also, the transverse shear strain components are sampled at six internal tying points (1)-(6) on the six 

internal lines, see Fig. B.2(b) and Table B.1. The constant covariant transverse shear strains along the element 

edge directions are assumed to be 
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The conditions in Eq. (B.6) is imposed to the interpolation in Eq. (3.11) to obtain the unknown coefficients. The 

assumed covariant transverse shear strain field (Type B) is obtained by 
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The 3-node shell finite element where the geometry and displacement interpolations in Eqs. (3.1) and 

(3.2) is developed with the new assumed transverse shear strain field in Eq. (B.7). We label the MITC3i-b 

element. The element passes all the basic tests.      

 

The fully clamped problem shown in Fig. 3.12, the cylindrical shell problems shown in Fig. 3.18 and the 

hyperboloid shell problems shown in Fig. 3.23 in Section 3.3 are considered for convergence tests of the 

MITC3i-a and MITC3i-b elements. Using the s-norm, the convergence curves are shown in Figs. B.3-B.7 for 

above benchmark shell problems, respectively. In the bending-dominated problems, the performance of the 

MITC3i-a and MITC3i-b shell elements is improved compared to the MITC3 shell element. However, the 

performance of the MITC3i shell element is better than that of two developed shell elements because the 

MITC3i shell element contains the more flexible in-plane twisting mode, see the convergence curves for the 

MITC3i element in section 4.4.   
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Fig. B.1 Transverse shear strains. 

 

 

Table B.1 Tying positions for the assumed transverse shear strain fields for the MITC3i-a and MITC3i-b shell 

elements. 

 

 Tying positions r s 

Fig. B.2(a) (1) 1 / 12 5 / 6 

 (2) 5 / 36 5 / 9 

 (3) 5 / 36 11 / 36 

 (4) 1 / 12 1 / 12 

 (5) 11 / 36 5 / 36 

 (6) 5 / 9 5 / 36 

 (7) 5 / 6 1 / 12 

 (8) 5 / 9 11 / 36 

 (9) 11 / 36 5 / 9 

Fig. B.2(b) (i) 1/ 18 13 / 18 

 (j) 1 / 18 4 / 18 

 (k) 4 / 18 1 / 18 

 (l) 13 / 18 1 / 18 

 (m) 13 / 18 4 / 18 

 (n) 4 / 18 13 / 18 
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Fig. B.2 Tying positions for the assumed transverse shear strain field. (a) Type A. (b) Type B.  
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Fig. B.3 Convergence curves for the fully clamped square plate problem. The bold line represents the optimal 

convergence rate. The solid and dotted lines correspond to the results obtained by the mesh patterns in Figs. 

3.12(a) and (b), respectively. 

 

 

 

 

 

 

Fig. B.4 Convergence curves for the clamped cylindrical shell problem. The bold line represents the optimal 

convergence rate. 
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Fig. B.5 Convergence curves for the free cylindrical shell problem. The bold line represents the optimal 

convergence rate. 

 

 

 

 

 

 

 

Fig. B.6 Convergence curves for the clamped hyperboloid shell problem. The bold line represents the optimal 

convergence rate. 
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Fig. B.7 Convergence curves for the free hyperboloid shell problem. The bold line represents the optimal 

convergence rate. 
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Appendix C. Transverse shear strain fields of the MITC3+ element in flat geometry 

 

 

 

The shell finite element can be used for plate bending problems with the following assumption when the 

geometry is defined on the XY-plane with constant thickness [11]  
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where xi


, yi


 and zi


 are the unit base vectors in the global Cartesian coordinate system. 

 

From Eqs. (5.1)-(5.3), the geometry and displacement interpolations of the MITC3+ shell element are 

given with the conditions in Eq. (C.1) 

































 







a
t

yh

xh

x

i

ii

i

ii

2

3

1

3

1


,   















































3

1

4

1

4

1

2

2

i

ii

i

ii

i

ii

wh

fa
t

fa
t

u 




.                                               (C.2) 

 

Using Eq. (5.9) and (C.2), the transverse shear strain field of the MITC3+ element is given by 
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요 약 문 

 

쉘 구조물 해석을 위한 삼각형 유한요소의 개발 

 

 

쉘 구조물은 다양한 공학분야에서 많이 쓰이고 있으며, 지난 수십 년간 유한요소법은 쉘 

구조물 해석에 주요하게 쓰여 왔다. 효과적인 3절점 삼각형 쉘 유한요소의 개발을 위해 많은 

노력이 있었지만, 여전히 일반적인 쉘 구조물 해석을 신뢰도 있고 효과적으로 하는 3절점 삼각형 

쉘 유한요소는 존재하지 않는다.  

 

본 논문의 목적은 일반적인 쉘 구조물 해석을 위한 효과적인 3절점 삼각형 쉘 유한요소를 

개발하는 것이다. 효과적인 3절점 쉘 유한요소는 등방성(isotropy) 거동을 보이면서 정합성 

(consistency)과 타원율(ellipticity) 조건을 만족시키고 해의 수렴 성능실험에서 쉘 구조물의 

형상, 두께, 경계조건, 작용하는 하중 등에 상관없이 최적의 수렴 성능을 보여야 한다. 

 

개선된 성능을 보이는 3절점 MITC3-HR 삼각형 쉘 유한요소가 개발 되었다. Hellinger-

Reissner 변분법 이론을 MITC(Mixed Interpolation of Tensorial Components) 방법의 관점에서 

수정을 하고, 새로운 근사전단변형률장(approximated transverse shear strain field)을 

제안하였다. 개발된 MITC3-HR 쉘 유한요소는 등방성(isotropy), 거짓영에너지모드(spurious zero 

energy mode), 조각(patch) 실험들을 포함한 기본적인 실험들을 모두 통과한다. 해의 수렴 성능 

실험으로 진행된 4변이 완전히 구속된 정사각형 판 문제, 60도 기울어진 단순지지 판 문제, 

원기둥(Cylinder) 문제, 쌍곡면(hyperboloid) 문제에서 MITC3-HR 쉘 요소는 기존의 3절점 쉘 

유한요소인 MITC3 보다 개선된 성능을 나타내었다. 새로운 근사전단변형률장이 면내 뒤틀림(In-

plane twisting) 모드를 약화시키면서 MITC3-HR 쉘 요소의 성능을 개선시키는 것이다. 본 연구를 

통하여 3절점 삼각형 쉘 요소의 성능을 개선시키기 위해서는 면내 뒤틀림 모드를 약화시켜야 

된다는 것을 알아내게 되었다.  
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효과적인 새로운 3절점 MITC3+ 삼각형 쉘 요소가 개발되었다. 3차승을 가지는 버블함수를 

굽힘 변위를 풍성하게 해주기 위하여 회전 자유도에 추가 되었다. 버블함수가 성능을 개선시킬 

수 있게 작동하고, 면내 뒤틀림 모드(in-plane twisting mode)도 줄여서 전단잠김(shear locking) 

현상을 줄일 수 있는 새로운 표본선정기술(tying scheme)을 제시하였다. 이를 기반으로 새로운 

대체전단변형률장(assumed transverse shear strain field)이 만들어 졌다. MITC3+ 쉘 

유한요소는 등방성(isotropy), 거짓영에너지모드(spurious zero energy mode), 조각(patch) 

실험들을 포함한 기본적인 실험들을 모두 통과하며, 다양한 판과 쉘 구조물의 

검증문제(benchmark problems)에서 해의 수렴성능이 우수하였다. 또한, 판과 쉘 구조물의 

검증문제에서 요소망이 찌그러진 것을 사용하여도 MITC3+ 쉘 요소는 여전히 우수한 성능을 보여 

주었다. 

 

개발된 MITC3+ 쉘 요소는 다양한 선형 및 기하학적 비선형 정적 해석문제에서 우수한 

성능을 보인다. 그래서 정적 및 동적인 모드해석을 통하여 MITC3+ 쉘 요소의 기본 메커니즘과 

특성에 대한 통찰력을 얻는 연구를 하였다. 정적모드 해석을 위해서는 하나의 직각 삼각형과 두 

개의 직각 삼각형의 결합으로 이루어진 직각 사각형을 각각 이용하였다. 각 굽힘 모드에 대한 

변형률장이 구해졌으며, 전단잠김 현상이 모드수준에서 어떻게 줄어드는지 밝혀 낼 수 있었다. 

또한, 기존의 3절점 쉘 요소(MITC3)를 사용하였을 때 잠김현상이 일어나는 두 개 변이 구속된 

정사각형 판 구조물 문제에서 MITC3+ 쉘 요소가 순수굽힘 조건을 잘 나타낸다는 것을 해석적으로 

밝혔다. 쉘 구조물의 동적 모드 해석에서는 MITC3+ 쉘 요소는 요소망의 찌그러짐에 상관 없이 

우수한 성능을 보여 주었다. 

 

 

핵심어: 쉘 구조물; 쉘 유한요소; 3절점 요소; MITC 방법; 수렴성 
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