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Abstract

Recently, the demands for the dynamic response analysis of the large and complex structures have been increas-
ing rapidly. Because the finite element (FE) models for those structures contain over several millions of degrees
of freedoms (DOFs), considerable computing time would be required. This issue has inspired the needs for mod-
el reduction methods, and for decades, various model reduction methods have been developed to reduce the
computational cost with negligible accuracy loss. The model reduction methods can be categorized into two
groups, mode based and DOFs based reduction methods. A representative mode based reduction method is com-
ponent mode synthesis (CMS) method such as Craig-Bampton (CB) and automated multi-level substructuring
(AMLS) methods, and a representative DOFs based reduction method are Guyan reduction and the improved

reduced system (IRS) methods.

In model reduction methods, there are three critical issues remaining to be solved. One is how to evaluate the
reliability of reduced models. To handle this, various error estimation methods have been proposed. In general,
relative eigenvalue errors are used for the reliability evaluation of reduced models. However, basically, it is diffi-
cult to estimate relative eigenvalue errors because the exact eigenvalues are unknown. Another is to develop a
new reduction method suggesting the approximated eigensolutions more accurately than the previous methods.
The other is how to effectively reduce the large FE models containing several millions DOFs without any limita-
tions of computer memory and computational costs. In this thesis, these issues will be discussed, and as the solu-
tions for those issues, we propose the error estimation methods to guarantee the solution reliability of the re-
duced model, a new reduction method to improve the solution accuracy, and an efficient reduction method to

improve the reduction efficiency.

For the first issue, we propose the simplified error estimation method developed for the CB method that is the
most famous one in the CMS methods. The original formulation is simplified by neglecting insignificant terms, a
new error estimator is obtained, and thus computational cost is significantly reduced with negligible accuracy
loss. In addition, the contribution of a specific substructure to a relative eigenvalue error can be estimated using
the new formulation, in which the estimated relative eigenvalue error is represented by a simple summation of

the substructural errors estimated. Therefore, the new formulation can be employed for error control by using the



detailed errors estimated for a certain substructure. Through various numerical examples, we verify the accuracy

and computational efficiency of the new formulation, and demonstrate an error control strategy.

We also propose the error estimation method for the AMLS method. A new, enhanced transformation matrix for
the AMLS method is derived from the original transformation matrix by properly considering the contribution of
residual substructural modes. The enhanced transformation matrix is an important prerequisite to develop the
error estimation method. Adopting the basic concept of the error estimation method developed for the CB meth-

od, an error estimation method is developed for the AMLS method.

For the second issue, to improve the solution accuracy, we propose an effective new CMS method based on the
concept of the AMLS method. Herein, the original transformation matrix of the AMLS method is enhanced by
considering the residual mode effect, and the resulting unknown eigenvalue in the formulation is approximated
by employing the idea of the IRS method. Using the newly defined transformation matrix, we develop an en-
hanced AMLS method by which original FE models can be more precisely approximated by reduced models,
and their solution accuracy is significantly improved. The formulation details of the enhanced AMLS method is

presented, and its accuracy and computational cost is investigated through numerical examples.

For the final issue, to improve the reduction efficiency, we develop a robust reduced-order modeling method,
named algebraic dynamic condensation, which is based on the IRS method. Using algebraic substructuring, the
global mass and stiffness matrices are divided into many small submatrices without considering the physical
domain, and substructures and interface boundary are defined in the algebraic perspective. The reduced model is
then constructed using three additional procedures: substructural stiffness condensation, interface boundary re-
duction, and substructural inertial effect condensation. The formulation of the reduced model is simply expressed
at a submatrix level without using a transformation matrix that induces huge computational cost. Through vari-
ous numerical examples, the performance of the proposed method is demonstrated in terms of accuracy and

computational cost.

Keywords Structural dynamics; Finite element method; Model reduction; Component mode synthesis; CB

method; AMLS method; Guyan reduction; IRS method; Error estimation; Eigenvalue problem;
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Chapter 1. Introduction

These days, we frequently deal with finite element (FE) models with more than millions of degrees of
freedom (DOFs) for analysis of ships, automobiles and aircraft. Despite continuing advances in computing pow-
er, computational cost has continued to rise due to the rapidly increasing size of FE models used in engineering.
For these reasons, it is crucial to reduce the computational time, and with that goal, various model reduction
methods have been developed since the 1960s [1-48]. The model reduction methods can be categorized into two
groups, mode based and DOFs based reduction methods. A representative mode based reduction method is com-
ponent mode synthesis (CMS) method such as Craig-Bampton (CB) and automated multi-level substructuring
(AMLS) methods, and a representative DOFs based reduction method are Guyan reduction and the improved

reduced system (IRS) methods.

In 1960s, the CMS method was first presented by Hurty [2]. In the decades since then, various CMS
methods have been developed [1-22]. The CMS methods have generally been employed to solve large and com-
plex structural vibration problems efficiently, and their applications have been extended to new areas of research
such as controller design for multi-body dynamics systems, structural health monitoring, structural design opti-
mization, model identification, real-time control of dynamic systems, and so on [49-54]. In CMS methods, an
original (global) FE model is partitioned into smaller substructures, substructural eigenvalue problems are
solved, and a reduced model constructed by retaining only dominant substructural modes is used for calculations,
instead of the much larger original FE model. For this reason, CMS methods can significantly reduce overall
computational cost required for many applications. Since the 1990s, the AMLS (automated multi-level substruc-
turing) method became popular because it offered great computational efficiency, along with recursive partition-
ing and matrix reordering processes. The original idea of the AMLS method was developed in applied mathe-
matics [55-61]. However, in the structural dynamics community, a well-defined formulation of the AMLS meth-

od has recently been proposed that borrows from the basic concept of the Craig-Bampton (CB) method [1].

Among DOFs based model reduction methaods, the improved reduced system (IRS) method introduced
by O’Callahan [30] has been very widely used due to its excellent solution accuracy and simple formulation. In
the IRS method, all DOFs in the global model are separated into the retained and truncated DOFs, and the re-
duced model is constructed by condensing the stiffness and inertial effects for the truncated DOFs into the re-
tained DOFs. Over the last several decades, various studies on the improvement of the solution accuracy of the

IRS method have been carried out. Suarez [32] and Friswell [33] applied the iterative scheme to the IRS method,

-1-



and those methods gave excellent solutions almost close to the exact solutions. Xia and Lin [34] developed the
improved version of the iterative IRS method by using the modified transformation matrix, and they proved that

the improved iterative IRS method was identical with the subspace iteration method.

In model reduction methods, there are three critical issues remaining to be solved. One research issue is
how to evaluate the reliability of eigensolutions obtained from the reduced model, when the exact eigensolutions
are unknown. In general, relative eigenvalue errors are used for the reliability evaluation of reduced models.
However, basically, it is difficult to estimate relative eigenvalue errors because the exact eigenvalues are un-
known. To handle this problem, several a priori and a posteriori error estimation methods have been developed
[62-66]. Recently, an accurate error estimator was developed for the CB method using an enhanced transfor-
mation matrix derived considering the residual mode effect [10]. Its estimation accuracy and computational effi-
ciency were tested with various structural finite element (FE) models (within 5,000 DOFs). However, since the
original formulation requires full matrix operations, its computational cost may become severe in problems with
very large DOFs. Another issue is how to develop a new reduction method suggesting the approximated eigen-
solutions more accurately than the previous methods, and the other issue is how to effectively reduce the large
FE models containing several millions DOFs without any limitations of computer memory and computational
costs. In this thesis, these issues will be discussed, and as the solutions for those issues, we propose the error
estimation methods to guarantee the solution reliability of the reduced model, a new reduction method to im-

prove the solution accuracy, and an efficient reduction method to improve the reduction efficiency.

For the first issue, we propose a newly formulated error estimator in order to improve the computational
efficiency of original error estimation method. First, the original formulation is simplified at the component ma-
trix level and some higher order terms are neglected. Then, we newly define a simplified error estimator, in
which the contribution of a specific substructure to a relative eigenvalue error can be calculated and the summa-
tion of the substructural eigenvalue errors is equal to the total eigenvalue error estimated. Consequently, using
the simplified error estimator, we provide two important advantages (reduction of computational cost and capa-
bility to estimate substructural errors) with negligible loss of accuracy. In particular, using the second feature,
we can identify the substructural distribution of relative eigenvalue errors, which makes it possible to handle
locally fluctuated eigenvalue errors by adjusting the number of substructural modes selected. It is important to
note that the concept of the substructural error mentioned here nicely matches with the key idea of the compo-

nent mode synthesis (CMS). That is, a whole model is the summation of its substructural models.



Furthermore, we propose an accurate error estimation method for the AMLS method. Since the AMLS
method is based on the CB method [1], the simplified concept of the error estimation method described can be
also employed for the AMLS method. However, an important prerequisite is the need to obtain an enhanced
transformation matrix for the AMLS method, based on consideration of the contribution of residual substructural
modes. This is the major difficulty in development of the error estimation method for the AMLS method due to
the relatively complicated architecture of the AMLS method. We derive the enhanced transformation matrix and,

using it, propose an error estimation method for the AMLS method.

For the second issue, we derive a new method for the AMLS method, which gives more accurate ei-
gensolutions by using a new transformation matrix. The new transformation matrix is enhanced by considering
the residual mode effect. One difficulty is the fact that the enhanced transformation matrix contains an unknown
eigenvalue. In order to approximate the unknown eigenvalue, we adopt O’Callahan’s idea, which was originally
proposed to develop the IRS method by improving Guyan reduction [23]. Finally, the enhanced transformation
matrix is defined without the unknown eigenvalue, and by using the newly defined transformation matrix, an
enhanced AMLS method is proposed. The reduced FE models obtained from the enhanced AMLS methods have
the same size as those obtained from the original AMLS method. However, compared to the original AMLS

method, the enhanced AMLS method can provide significantly improved reduced-order models.

For the final issue, we develop a new efficient reduced-order modeling technique, named algebraic dy-
namic condensation to improve the reduction efficiency. The formulation is based on the IRS method. The de-
sign focus is on computational efficiency, which is achieved avoiding expensive global matrix operations and
matrix populations. First, global mass and stiffness matrices are automatically partitioned using algebraic sub-
structuring. The substructural stiffness is then condensed into the interface boundary, and the interface boundary
is reduced considering the dominant interface normal modes. Finally, the reduced model is constructed by con-
densing the substructural inertial effects into the reduced interface boundary. The formulation of the proposed
method can be simply expressed using multiplications and summations of submatrices, and thus it presents ex-
cellent computational efficiency in comparison to the IRS method. The proposed method also provides better
accuracy than the IRS method. A great feature of our method is that, as the number of substructures (submatri-
ces) increases, both accuracy and computation cost improve, and unlike the IRS method, the proposed method

can handle relatively large FE models.

In the following section, we briefly introduce the key concepts and formulations of the CB method,

AMLS method, and IRS method. In Chapter 3, we derive the simplified error estimator and propose an error



control strategy for the CB method, and in Chapter 4, the error estimation method for the AMLS method is de-
rived. In Chapter 5, the formulation details of the enhanced AMLS method are presented, and in Chapter 6, the
formulation of the algebraic dynamic condensation is derived. Finally, the conclusions of the thesis are de-

scribed in Chapter 7.



Chapter 2. Model reduction methods

In this chapter, we briefly introduce the formulations of Craig-Bampton (CB), automated multi-level
substructuring (AMLS), Guyan reduction, and improved reduced system (IRS) methods. The detailed derivation

procedures are well described in references [1, 30, 59 and 60].

2.1 Craig-Bampton (CB) method

Let us consider a global finite element model partitioned into N substructures fixed to its boundary in-

terface. The interface handling in the CB method is described in Figure 2.1.

(a) (b)

Figure 2.1 Interface handling in the CB method: (a) Partitioned structure, (b) Fixed interface boundary

In the CB method, the equations of motion for free vibration are given

M, i, +K u, =0, (2.0)
= , = s u = , .
’ MI M, ’ KI K, ° |,

where M and K are mass and stiffness matrices, respectively, u is the displacement vector, and
(")=d?( )/dt? with time variable t. The subscript g denotes the global structural quantities, and the
subscripts S and b denote the substructural and interface boundary quantities, respectively. The subscript

C denotes the coupled quantities between substructures and interface boundary. Note that M and K| are



the block-diagonal mass and stiffness matrices that consist of substructural mass and stiffness matrices, M;

and K, (for i=1,2,---,n).

The eigenvalue problem for the global structure is defined as

K, (9,); =4, M (9,); for i=12,---,N (2.3)

g L
in which 4, and ((pg )i are the eigenvalue and eigenvector corresponding to the i ™ global mode, and Ng

is the number of DOFs in the global FE model. Note that (@ ); is the mass-normalized eigenvector, and 4

and ((pg ), satisfy mass-orthonormality and stiffness-orthogonality conditions.

Using the eigenvectors obtained from Equation (2.3), the global displacement vector u, is expressed

by
u, =®.q,, (2.42)
q;
®,=[0) (@) = @] ay=| | for i=1,2N,. (2.40)
q;

where (I)g is the global eigenvector matrix that contains the eigenvectors ((pg)i and q, is the generalized

coordinate vector that contains the generalized coordinates q; corresponding to ((pg )i -

Then, the transformation matrix T, is constructed by combination of the fixed-interface normal modes

® and interface-constraint modes W as

T, =[® Y], (2.5)

()] 4

(I):|: 05:|| ‘P:|:IC:|: (I)Sz[(l)g (I);]v ‘Pcz_K;IKC’ (26)
b

where @, is the block-diagonal eigenvector matrix that consists of substructural eigenvectors, and it is de-

composed into (I)g and (I); that are the eigenvector matrices corresponding to the dominant and residual

substructural modes, respectively. Here, ¥_ is the constraint modes matrix and I, is an identity matrix for

the interface boundary. The superscripts d and r denote the dominant and residual terms, respectively.



Then, @, is obtained using the following substructural eigenvalue problems
K" = AOMP@"  @® :[(I)S) (I)(ri)] for 1=12,---,n, (2.7)
where @Y and A" are the substructural eigenvector and eigenvalue matrices corresponding to the it
substructure, respectively. The substructural eigenvector matrix @Y s decomposed into the dominant term

@ and residual term ® .

The constraint mode matrix ¥, in Equation (2.6) is defined by
@
‘PC
wo=| ¢ | with YO =—(KO)KD for i=12,,n, (2.8)
()
B8
in which ‘I’S) is the constraint mode matrix of the 1™ substructure, and Kg) is the stiffness matrix of the
I " substructure coupled with the interface boundary. Here, (K(i))’l is computed using the Cholesky factori-

zationof KO

Using the transformation matrix T, in Equation (2.5), the global displacement vector u, is ex-

pressed by

d

u, PR A

u, = =T,u with T, = , u=|qq |, (2.9)
u, 0 0 I

in which qg and qg are the generalized coordinate vectors corresponding to the dominant and residual sub-

structural modes, respectively.

Neglecting the residual terms in T in Equation (2.9), the global displacement vector u, is ap-

proximated by
= — | ¥ ‘
u, ~u, =T with T,=| ° | w=| ¥, (2.10)
0 I u,

in which TO and u are the reduced CB transformation matrix and reduced generalized coordinate vector,



respectively. The overbar () denotes the approximated quantities.

The reduced matrices of the CB method could be obtained as
— e = = =Ty, =
M =T, MgTO, K=T, KgTO, (2.11)
and then the reduced eigenvalue problem in the CB method is given by
K(©), =4, M(®), for i=12,-N, (212)

where /Ti and (6)i are the approximated eigenvalues and eigenvectors, respectively, and N is the number

of DOFs in the reduced model (N = N, + N, ). Here, N, and N, are the numbers of dominant substruc-

tural modes and interface boundary DOFs, respectively.

Using the eigenvectors obtained from the reduced eigenvalue problem in Equation (2.12), u is de-

fined as
u=®0q, (2.13)
in which @ is the approximated eigenvector matrix that contains all the approximated eigenvectors (6)i :

and q is the corresponding generalized coordinate vector.

In the CB method, using the reduced transformation matrix T, the approximated global eigenvector
matrix @, is defined as

(2.14)



2.2 Automated Multi-Level Substructuring (AMLS) method

In the 1990s, the automated multi-level substructuring (AMLS) method, a computer-aided CMS
method, was proposed in the field of applied mathematics [55-58]. Due to its computational efficiency, involv-
ing recursive partitioning and matrix reordering processes, the AMLS method has become popular for reduced-
order modeling. Recently, Bennighof and Lehoucq proposed a well-defined formulation of the AMLS method
based on the concept of the CB method [59-61]. The AMLS method has been also used as a solver of eigenvalue

problems in many commercial FE software.

In CMS methods, the FE model of the global structure is partitioned into small substructural FE mod-
els, and then various interface handling techniques are used. Since the AMLS method is based on the CB meth-

od [1], the substructures are connected with a fixed interface boundary, see Figure 2.1.

In the AMLS method, interior DOFs are considered bottom level substructures and interface DOFs
are considered higher level substructures, or the highest level substructure. The substructural relationship is de-
fined using the terms, ancestors and descendants. Higher level substructures are called ‘ancestors’ and lower
level substructures are called ‘descendants’. Figure 2.2 shows substructural tree diagrams that define the sub-
structural relationships for two different partitioned types. In this study, the formulation of the AMLS method is

based on previous work [60].

Level 0

Level 1

Figure 2.2 Substructural tree diagrams: (a) Substructural levels 0 and 1, (b) Substructural levels 0, 1 and 2



After partitioning the global structure into N substructures, Equation (2.1) is reordered as

M, K,

sym. . sym.

u,=| w | for i,j=12,---, N, and i# j, (2.15)

S

llNS

in which the diagonal component matrices M; and K; are the mass and stiffness matrices of the ™ sub-
structure, the off-diagonal component matrices M ; and K, ; are the mass and stiffness matrices of the it
substructure coupled with the ] substructure, and u; is the displacement vector of the 1™ substructure.

Whenthe i™and ] ™ substructures are not coupled to each other, M, ; and K are zero matrices.

Invoking the harmonic response with frequency @ in Equation (2.1), the generalized eigenvalue
problem for the global structure is defined as

K, (0,); =4 M (9,); for i=12,---,N (2.16)

g’

in which A (=@”) and (@,); are the eigenvalues and eigenvectors, respectively, N is the number of

DOFs in the global structural FE model. Note that A

. is the square of the i " natural frequency w;, and
(o g)i is the corresponding mass normalized eigenvector. Those satisfy mass-orthonormality and stiffness-

orthogonality conditions as follows:

((Pg)-ing((Pg)j :§j for i1j=1121"'| N

: ¢ (2.17a)

((pg);rKg((pg)j :ﬂ“jé"j for ia J =1121"'1 N (217b)

I g’

where & is the Kronecker delta (0; =1 if 1= j, otherwise o; =0).

Using the eigenvectors obtained from Equation (2.16), the global displacement vector u, is defined

as

-10-



ug = (I)gqg , (2.18)
where (I)g is the global eigenvector matrix that contains all the eigenvectors ((|)g)i ,and q, is the corre-

sponding generalized coordinate vector.

In the AMLS method, the global displacement vector u_ is expressed by

9

N, _
u, =Tyn, with T,=TOT@..T =TT, (2.19)

i=1

where the transformation matrix T, is given by sequentially multiplying the substructural transformation ma-

trices TV from T® to T™ and M, is the generalized coordinate vector for the partitioned structure.

The subscript P denotes the partitioned structure.

Due to the recursive transformation procedure used in the AMLS method, the | ™incompletely trans-

formed mass and stiffness matrices, M and K are defined by

2 =(T(1)T(2) --‘T“))TMQ(T(“T(Z) -‘-T“)),

KO = (10T ...TO) K _(TOT@...TO) for =12+, (N, ~1). (2:20)
In Equation (2.20), the i ™ transformation matrix T s given by
10 | 0
0|0 @ W, W W | @0l @)
0, 0! I
for i=1,2,---,N,, j=i+11+2, -+, N, (2.21)

in which @®; and W, ; are the eigenvector matrix of the I substructure and the constraint mode matrix to
couple the it and j™ substructures, respectively. The eigenvector matrix @, can be decomposed into the

dominant term (I)fj and residual term @] . The superscripts d and r denote the dominant and residual

terms, respectively.

The eigenvector matrix @, in Equation (2.21) is calculated from the following substructural eigen-

value problems

-11 -



KM@, =AMP0, wih KO =K, MO=M, for i=1,2,---,N,, (222
where A, is the eigenvalue matrix for the i substructure, and Mfi_l) and IA(i(i_l) are the diagonal com-

ponent mass and stiffness matrices of the 1™ substructure in the (i —1) ™ incompletely transformed mass and

stiffness matrices, MY and K™ , defined in Equation (2.20). It is important to note that, in order to ob-

tain the 1t eigenvector matrix @, , we use the (i —1) " incompletely transformed mass and stiffness matrices.

The constraint mode matrix ‘I’i’j in Equation (2.21) is defined by

¥, = (KM)TKS) with KO =K,

for i=12,+N,, j=i+Li+2 - N (2:23)

s 1
in which K,('Il) is the off-diagonal component matrix to couple the 1™ and | "substructures in the (i —1)®

(i-1)

incompletely transformed stiffness matrix K"~ . Note that, when the 1™ and ™ substructures are not cou-

pled to each other, ¥, ; is a zero matrix.

In order to make the reduced-order model using AMLS method, a small number of dominant modes

are used selectively. Neglecting the residual modes (I)ir in Equation (2.21), the dominant transformation ma-

trix Ty is defined by

: (2.24)

d [ e
T, c

where ‘I’i' j are the substructural component matrices of multi-level constraint modes [59-61]. Note that, in the
AMLS method, the substructural modes of the highest level substructure are not truncated for static complete-

ness (see references [59-61]). Therefore, Tg is the Ngx Np matrix, in which Np is the number of DOFs

in the reduced model. Np is calculated by adding the number of dominant modes N, and the number of

-12 -



N, -1
DOFs in the highest substructure Ny - (N, =Nj + Ny with N, = z N’ where N is the number
i=1

of dominant modes of the | ™ substructure).

Using the obtained dominant transformation matrix, the global displacement vector wu, in Equation

9

(2.19) can be approximated by

u, ~u =T,q, with T, =T, (2.25)

where TO is the reduced transformation matrix of the original AMLS method and ﬁp is the corresponding

generalized coordinate vector. The overbar (~ ) denotes approximated guantities.

Using T, in Equation (2.25), the reduced mass and stiffness matrices are defined as
— e = = =p _
Mp:TOMgTO, Kp=TO KgTo, (2.26)
and, then, the final reduced eigenvalue problem is given by

K, (9,) =AM (9,); for i=1,2,-,N_, (2.27)

p

where Z and (ﬁp )i are the approximated eigenvalues and eigenvectors, respectively.

Using the eigenvectors calculated in Equation (2.27), ﬁp is defined as

1,=0,q,, (2.28)

in which (I)p is the approximated eigenvector matrix that contains all the approximate eigenvectors (ﬁp)i ,

and ﬁp is the corresponding generalized coordinate vector.

Substituting M, = (I)pqp in Equation (2.28) into Equation (2.25), the approximated global dis-

placement vector ﬁg can be rewritten as

u,=T,®.q,. (2.29)

The global displacement vector in Equation (2.28) can be approximated as

u, ~, =®.q,. (2.30)

-13-



Comparing Equations (2.29) and (2.30), the following relations are obtained

6g = TOap or (6g )i = T0 ($p)i ' (231)

In this paper, the original AMLS formulation is presented without any consideration of computational
strategy. The formulation details of the multi-level computing strategy, and the computational efficiency can be

found elsewhere [59-61].
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2.3 Improved Reduced System (IRS) method

In this section, we briefly review the formulation of the IRS method for a structural FE model. The

detailed derivations are well presented in Refs. [30, 33].

In the IRS method, the equations of motion for free vibration without damping are given by
Mgug +Kgug =0 (2.32)

Mt Mtr Kt Ktr ut
Mg = T ) Kg = T ) ug = ) (2.33)
M] M, K K u

r

where M g and Kg are the global mass and stiffness matrices, respectively, u , is the global displace-

g

ment vector, and (") =d?( )/dt® with time variable. The subscripts t and r denote the truncated and

retained DOFs, respectively. The subscript tr denotes the coupled DOFs between the truncated and retained

DOFs.

The eigenvalue problem for the global structural FE model is given
Kg ((Pg)i :ii Mg ((Pg)i for I :1121"'5 Ngy (234)

and, using the calculated eigenvectors, the global displacement vector u, is expressed by

u, =®.q, (2.353)
R

q, A

q)g:[((pg)l ((Pg)z ((pg)Ng]’ q, = 7 (2.35h)
[,

in which /1i and ((|)g )i are the eigenvalue and eigenvector corresponding to the it global mode, and N g
is the number of DOFs in the global FE model. (I)g is the global eigenvector matrix that contains the eigen-

vectors ((Pg)i ,and q, is the generalized coordinate vector. Note that ((pg )i is the mass-normalized eigen-

vector.

Using the relation (") =d?( )/dt? = —A( ), Equation (2.32) is rewritten as
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{Kt Kﬂ{ut} /{Mt M}N .30
T - T ) )
Ktl‘ KI’ ur Mtr MI’ ur

and, expanding the first row equation, the truncated DOF vector u, is represented by

u =—(K,-AM,) (K, —AM)u,

= [_Kt_thr + th_l (Mtr _Mth_thr)+ 0(2’2) +] u,. (2.37)

Neglecting higher order terms of A in Equation (2.37), the truncated DOF vector is approximated as
— -1 -1 -1
u; ~ U :[_Kt Ktr +1Kt (Mtr _Mth Ktr)]ur : (2.38)

and then the global displacement vector u, is approximated as

_ u,
Ug = Uy :LI}Z(TG +AT)u,, (2.3%)
r
-1 -1 -1
T, = _Ki Ky T, = KMy _{I)VIth K,) , (2.39b)

r

in which T denotes the Guyan transformation matrix [23] called the static condensation matrix, T, is an

additional transformation matrix containing the inertial effects of the truncated DOFs, and Ir is the identity

matrix for the retained DOFs. The overbar () denotes the approximated quantities.

Considering only the transformation matrix T in Equation (2.39a), the approximated global dis-

placement vector ﬁg in Guyan reduction is defined by

ug =T.u,, (2.40)
and the resulting reduced eigenvalue problem becomes

Kou, =AMgu, with Mg =ToM T, Ko =T K T, (2.41)

where M and K are the reduced mass and stiffness matrices, respectively, in Guyan reduction, and

A is the approximated eigenvalue.

The matrix Mél is pre-multiplied in the left and right hand sides of Equation (2.41), the following

equation is obtained
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Au, =Hgu, with Hy =M K. (2.42)

Substituting Equation (2.42) into Equation (2.39a), the approximated global displacement vector ﬁg

is redefined as

u, =T, with T, =T, +T,H, (2.43)
in which 'Ii is the transformation matrix of the IRS (improved reduced system) method.
The reduced mass and stiffness matrices in the IRS method are obtained as
N 1) NA T T T T T
M =T Mng =M; +T;, MgTaHG +H;T, MgTG +H;T, MgTaHG , (2.443)
74 T 574 T Tl Tl
K, =T Kng =K, +TGKgTaHG +H;T, KgTG +HT, KgTaHG . (2.44b)
The reduced eigenvalue problem is given by
(2.45)

K1(¢)i =Zil\_’[1(@i for i:1;27"',N,

where 2, and (@), are the approximated eigenvalues and eigenvectors in the IRS method, and N s the

number of DOFs in the reduced model ( N =N ¢, inwhich N, is the number of the retained DOFs), and

the approximated global eigenvector (6)I can be calculated by

(@) =T (2.46)

The transformation procedure in Equation (2.44) is performed through simple matrix multiplications.

However, since the matrices in Equation (2.44) have the size of the global system ( N g ) and the transformation

matrices are highly populated, the required computational cost could be huge for large FE models.
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Chapter 3. Simplified error estimator for the CB method

In CMS methods, one research issue is how to evaluate the reliability of eigensolutions obtained from
the reduced model, when the exact eigensolutions are unknown. To handle this problem, several a priori and a
posteriori error estimation methods have been developed [62-66]. Of special interest here, Elssel and Voss [62]
developed an upper bound of the relative eigenvalue error for the automated multi-level substructuring (AMLS)
method [59-61]. Since it is an a priori method and a scalar operation technique, it requires almost no computa-
tional cost. However, although it gives the tendency of the relative eigenvalue error as an upper bound, its esti-

mation capability is not adequate for practical use in engineering problems.

Recently, an accurate error estimator was developed for the CB method using an enhanced transfor-
mation matrix derived considering the residual mode effect [10]. Its estimation accuracy and computational effi-
ciency were tested with various structural finite element (FE) models (within 5,000 DOFs). However, since the
original formulation requires full matrix operations, its computational cost may become severe in problems with

very large DOFs.

In order to improve its computational efficiency, we here propose a newly formulated error estimator
extending the previous work [65]. First, the original formulation is simplified at the component matrix level and
some higher order terms are neglected. Then, we newly define a simplified error estimator, in which the contri-
bution of a specific substructure to a relative eigenvalue error can be calculated and the summation of the sub-
structural eigenvalue errors is equal to the total eigenvalue error estimated. Consequently, using the simplified
error estimator, we provide two important advantages (reduction of computational cost and capability to esti-

mate substructural errors) with negligible loss of accuracy.

In particular, using the second feature, we can identify the substructural distribution of relative eigen-
value errors, which makes it possible to handle locally fluctuated eigenvalue errors by adjusting the number of
substructural modes selected. It is important to note that the concept of the substructural error mentioned here
nicely matches with the key idea of the component mode synthesis (CMS). That is, a whole model is the sum-

mation of its substructural models.

In the following sections, the enhanced transformation matrix, and the previous error estimation

method are briefly reviewed. We then derive the simplified error estimator, and propose an error control strategy.
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Finally, the performance of the error estimator is tested using a variety of numerical examples.

3.1 Enhanced CB transformation matrix

In this section, we briefly review the enhanced transformation matrix that is the key ingredient of the
error estimator. Substituting Equation (2.9) into Equation (2.1) and pre-multiplying T, , the transformed equa-

tions of motion considering all the substructural modes are obtained as follows:

Mii+Ku=0, (3.1)
I 0 (@M, AP 0 0
M=T,M,T,=| 0 I (@)M, |, K=T,K,T,=| 0 Al 0| (32
M (@) M[(@) M, 0 0 K,
where the component matrices are defined by
I = (@) M, (@), I;=(®;)" M,(@;), (3.33)
M, =M, +M,W_+¥ M_, M_=M_+M.V_, (3.3)
AL =(@]) K (@), Al = (@)K (®]), K,=K,+K[¥,. (3.30)

Note that the dominant and residual eigenvector matrices, (I)g and @, are orthogonal for the
mass matrix M and stiffness matrix K. Thus, in Equation (3.2), the off-diagonal component matrices

(@)™ (D), (@) M (@), (@) K, (P) and (@) K (D)) become zero matrices.

Using (") =d?( )/dt?> =—A( ), Equation (3.1) is rewritten as

Al =21 0 — @)™, |[q¢
0 A2 —A(®)™M, || ¢ |=0. (34)
AMI(®@¢) -AMI(®)) K,-AM, || u,

From the second row in Equation (3.4), qg can be defined

q; = AAL - A1) (@) M,u,. (35)
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Substituting Equation (3.5) into Equation (2.9) and neglecting higher order terms of A, the global

displacement vector u, is approximated by
(3.6)

in which Tl is the enhanced transformation matrix, TO is the CB transformation matrix defined in Equation

(2.10).

In Equation (3.6), the additional transformation matrix T, is given by

Ta :{3 Frs(l)\/[c:| with Frs = ((I);)(Ag)l((l);)T =Ks—1 _ (QS)(AS)—l((DS), (37)

where F_ is the static term of the residual flexibility matrix [65], and K" and (®Y)(AL) *(@2)" are

the full and dominant flexibility matrices for substructures, respectively.

It is important to note that the term T, in the enhanced transformation matrix contains the effect of

the residual substructural modes (I)g. However, in the original transformation matrix of the CB method (TO ),

the residual substructural modes are simply truncated without any consideration. For this reason, the enhanced

transformation matrix T, can more accurately approximate the global displacement vector. The enhanced

transformation matrix is essential for developing the error estimation method. However, Tl could not be used

to construct the reduced model without a proper treatment because it contains the unknown A4 [65].

3.2 Original error estimator

In CMS methods, to verify the reliability of reduced models, the relative eigenvalue error could be

employed
A A
=21 g (3.8)
Si 2

inwhich &, denotes the relative eigenvalue error for the i ™ global mode, and the exact global eigenvalue A

and approximated eigenvalue /Ti are calculated from Equation (2.3) and (2.12), respectively.
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From the eigenvalue problem in Equation (2.3), the following relation is obtained
1 T T
I((Pg)i Kg(q)g)i :((Pg)i Mg((pg)i' (3.9)
1

where the exact global eigensolutions, A; and ((|)g )i , satisfy the mass-orthonormality and stiffness orthogo-

nality conditions.

The exact global eigenvector ((pg )i is approximated using the enhanced transformation matrix T,

((pg)i ~ Tlﬁi = [To + AT, ]o;. (3.10)

Using Equation (3.10) in Equation (3.9), the following equation is obtained
%@TITO + AT KT +4T,19 ~ 9 [T+ AT, I'M [T, + 4T, 19, (311
and its expansion results in

%6|TK6| + 6|T [TOTKgTa + TaTKgTO + ﬂ’iTaTKgTa ]6I

~ @ Mo, + ¢/ [LTIM T, + AT,M T, + AT,M T, 19,.  (3.12)

Since @, K@, =4, and 9, M@, =1, Equation (3.12) is rewritten as

%—1:@ [ATyMT, + 4, T,M_T,

+AT,M T,-T)K T,-T, K, T, -AT,K T,]9, (3.13)

In Equation (3.13), the scalar terms @, TOTMQTB@i and @, TOTKgTaﬁi are equal to

0T, MgToﬁi and @, T, K gTO@ , respectively. Therefore, Equation (3.13) becomes

Ai —TAT — | —TmTrg2 —
I_lz 2(P| TO [ﬂ“ng _Kg]Ta ¢ + O Ta [ﬂ“ng _ﬂ’iKg]Ta(Pi’ (3.14)

in which the left side is the relative eigenvalue error ¢&; in Equation (3.8).

Using A, instead of unknown A, in Equation (3.14), the relative eigenvalue error & could be
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approximated as

A,
2 /AN
with 7, =2¢] Ty [A, M, -K T, 9, +¢/ T, [1'M, -1, K T, 9;, (3.15)

in which 77, is the original error estimator for the i " global mode. It can be used to evaluate the accuracy of

the approximated eigenvalue A

i Without knowing the original eigenvalue A,. Its estimation accuracy and

computational efficiency were tested in previous work [65]. This general conceptual idea of the error estimator

could be also employed for the DOFs based model reduction techniques [66].

3.3 New error estimator

Only simple matrix and vector operations are required in the original error estimation method, see

Equation (3.15). However, when problems with large DOFs are handled, computational costs may become sig-

nificant because there are four matrices of global DOF size, Mg and Kg ( Ng X Ng matrices), and T

and T, (Ng x N matrices). To solve this problem, we approximate the original formulation in Equation

(3.15), and then newly derive a simplified formulation.

The error estimator 77, in Equation (3.15) is rewritten as

=9 2ATEM T, -2T/K T, + A/ TIM, T, -4 T, K T, 19,. (3.16)

Using TO in Equation (2.10) and T, in Equation (3.7), TOTMQTa and TOTKQTa in Equation

(3.16) are represented in the component matrix form as follows

0 gra 0 A with c ( s ) stors c’ b — crors c’ (3-173)
b

g-a
b

_ 0 B ~ .
T'K,T :[0 BC} with B, =(®!)'K.F M_, B, =(V/K,+K])F M_. (3.17b)

since @ and F have orthogonality for the mass matrix M and stiffness matrix K, we
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can identify that (@) M. F =0 and (@) 'K_F =0 in the matrices A_ and B_. In addition,
using ¥, in Equation (2.6), it is identified that ‘I‘IKS +KI =0 in B, matrix. Then, Equation (3.17) is
rewritten as

. 0 0
TMT,= | (3.18a)
b

T, K,T,=0. (3.18b)

In addition, substituting T, into T;KQTa in Equation (3.16), we have the following relation:

TMT, =T K.T,. (3.19)

Using Equation (3.18) and (3.19), Equation (3.16) is rewritten as

77-=/T-6-T[0 0

0+l TTM T. o.. (3.20)
0 Abi|(p| |(P| a g a(pl

The approximated eigenvector @; in Equation (3.20) can be partitioned as

9, :Fs} , (3.21)
q)b i

where (@,), and (@, ), are the substructural and interface boundary terms of the approximated eigenvector

@, , respectively.

Neglecting the second order term of A,

and using Equation (3.21), Equation (3.20) can be approx-

imated as
= 1 =4(@,)1 Ay (@);, (3.22)
where £ is a new error estimator. Note that, since (¢,); and A, are N, x1 vector and N, x N,

matrix, we do not need to handle the matrices of global DOF size.

The new error estimator £ could be more efficiently described in a substructural component matrix

form. The matrices M, and F, partsof A, , are represented as
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c rs
~ M@ F(Z)
M, =" ¢ | F, = & ,
wol Lo R
FY =(K“) " - (@) AP) (@) for k=1,2,---,n, (3.23)

where Fr(sk) is the static term of the residual flexibility matrix for the K ™ substructure, and it is easily calcu-

lated by reusing (K“)™, ®{) and A{ in Equation (2.6) and (2.7).

Then, A, can be represented by the addition of the substructural matrix terms

n ~ T ~
Ay =Y AY with A = MO FONI® . (3.24)
k=1

Due to symmetry, Fr(sk) in Equation (3.24) can be decomposed into three parts

F® =F{ +F9 +F®" for k=1,2,---,n, (3.25)

in which Fék) and Fu(k) are the diagonal and upper triangular parts of F&

rs | » respectively.

Finally, using Equation (3.22), (3.24) and (3.25), the new error estimator £ for the 1™ relative ei-

genvalue error is redefined by
"0 K0 a9k
Hi :Zﬂi My =6 +28,)7,
k=1
: M — 7 (o \T O RO K (o ) — 7 (o YT MO T RON O (o
with € =4,(9,); M" F"M " (9,);, & =21,(0,); M” F,"M " (@,);, (3.26)
where ,ufk) is the estimated substructural error corresponding to the K ™ substructure for i™ relative eigen-

value error, and the new error estimator ¢ is simply obtained by a summation of the substructural errors es-

timated.

In Equation (3.26), there is no need to calculate the matrix T, that is a prerequisite of the original

error estimation method, and it only requires substructural component matrices such as Mf:k) and Fr(sk).

Therefore, it is easy to identify that Equation (3.26) is much more computationally efficient than the original

error estimation method in Equation (3.15). Details of the computational cost are presented in Section 3.2.
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In addition, it is important to note that the estimated substructural error ,ui(k) in Equation (3.26)

provides the contribution of the Kk ™ substructure to the it relative eigenvalue error. Using this feature, we
propose an error control strategy to improve effectively the accuracy of the global modes having relatively large

errors. This strategy will be presented in Section 3.3.

3.4 Numerical examples

In this section, to investigate the performance of the new error estimator, we consider three practical

engineering problems involving a stiffened plate, a cargo hold structure, and a semi-submersible rig.

All FE (Finite Element) models are constructed using the 4-node MITC shell element [67-73], and

the free boundary condition is imposed. Here, we use the material property of a mild steel, so that Young’s mod-
ulus E , Poisson’s ratio v and density o are 206 GPa, 0.3, and 7,850 kg/m?, respectively. The frequency

cut-off method is employed to select the dominant substructural modes [1]. All the code implementations are

done using MATLAB in a personal computer (Intel core (TM) i7-3770, 3.40 GHz CPU, 32GB RAM).

3.4.1 Stiffened plate problem

Here, we consider a stiffened plate, an important component of ships (see Figure 3.1). Length L,
breadth B, and stiffener spacing S are 26.0 m, 6.0 m, and 2.0 m, respectively. The stiffener is composed of a
vertical web of height 0.5 m and a flange of breadth 0.2 m, and the thickness t is 0.019 m. The number of
DOFs is 52,662 and the global structure is partitioned into 18 substructures. For two numerical cases, we use 60

and 200 dominant substructural modes (N, =60 and N, =200).

The exact and estimated relative eigenvalue errors calculated by the previous (original) and present
formulations are plotted in Figure 3.2 for the two numerical cases. The estimated relative eigenvalue errors are

also compared with those calculated by the error estimation method developed by Elssel and Voss [62],
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R Ai

Hi = m (3.27)

where A, is the smallest residual eigenvalue of substructures.

Table 3.1 lists the exact and estimated relative eigenvalue errors corresponding to Figure 3.2(a). This
clearly shows that the accuracy of the present formulation is very similar to its original formulation. Table 3.2
shows the details of computational cost corresponding to Figure 3.2(a). Compared to the computation time re-
quired for the CB method, the original formulation requires 35.85% of additional computation time. On the oth-

er hand, the present formulation only requires 2.27% of additional computation time.

Although the error estimation method developed by Elssel and Voss gives the tendency of the relative
eigenvalue error as an upper bound, its estimation capability is not adequate for practical use in engineering
problems. However, it requires almost no computational cost, because it is an a priori method and a scalar op-

eration technique.

Considering symmetric partitioning, the computational cost for the present error estimator could be

reduced more. As shown in Figure 3.1, the substructures 1, 2, 3, 4, 5, and 6 are symmetric with the other sub-
structures. Thus, it is necessary to calculate the residual flexibility K, and substructural error ,ugk) only for

the substructures 1, 2, 3, 4, 5, and 6. The computational cost for the present error estimator, considering symmet-

ric partitioning, is also presented in Table 3.2.
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Table 3.1 Exact and estimated relative eigenvalue errors in the stiffened plate problem in Figure 3.2(a)

Estimated
Mode number Exact i

Previous Present
1 0.00001 0.00001 0.00001
2 0.00016 0.00016 0.00016
3 0.00021 0.00021 0.00021
4 0.00080 0.00080 0.00079
5 0.00125 0.00125 0.00124
6 0.00218 0.00219 0.00217
7 0.00362 0.00363 0.00360
8 0.00149 0.00149 0.00148
9 0.00730 0.00737 0.00721
10 0.00474 0.00477 0.00463
11 0.00404 0.00405 0.00394
12 0.00582 0.00585 0.00567
13 0.00627 0.00629 0.00607
14 0.00269 0.00270 0.00264
15 0.00748 0.00748 0.00721
16 0.00658 0.00668 0.00640
17 0.00609 0.00611 0.00586
18 0.00703 0.00705 0.00672
19 0.00774 0.00778 0.00744
20 0.00843 0.00839 0.00795
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Table 3.2 Specific computational cost for the stiffened structure problem in Figure 3.2(a)

Computation times

Items
[sec] Ratio [%]
CB method 165.24 100.00
Calculation of the residual flexibility
1.89 1.14
matrix F
Previous error estimator
Calculation of T, matrix 41.12 24.89
in Equation (3.15)
Calculation error estimator 7 . 16.23 9.82
Total 59.24 35.85
Calculation of the residual flexibility
) 1.89 1.14
Present error estimator matrix F
in Equation (3.26) Calculation error estimator 4, 1.87 1.13
Total 3.76 2.27
Calculation of the residual flexibility
Present error estimator . 0.79 0.48
matrix F
considering symmetric
Calculation error estimator 4, 0.40 0.24
partitioning
Total 1.19 0.72
Elssel and Voss’s error estimator in Equation (3.27) 0.000011 0.0000066
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3.4.2 Cargo hold structure problem

Here, a cargo hold structure of an oil carrier is considered (shown in Figure 3.3). The height H,
breadth B, length L, and thickness t are 30.0 m, 50.0 m, 87.0 m, and 0.025 m, respectively. We use 26,761
shell elements and 26,228 nodes for finite element modeling. The number of total DOFs is 157,368, and the
global structure is partitioned into 36 substructures. Two different retained substructural mode cases,

Ny =80 and N, =290, are considered here.

Figure 3.4 shows the exact and estimated relative eigenvalue errors calculated by the previous and
present formulations in the two numerical cases. The required computational costs corresponding to Figure
3.4(a) are presented in Table 3.3. Note that the computational cost of the original error estimator in Equation
(3.15) is not small when the number of DOFs is over 150,000. The numerical results demonstrate the solution

accuracy and computational efficiency of the present error estimation method.
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Figure 3.3 Cargo hold structure problem
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Table 3.3 Computational cost for the cargo hold structure problem in Figure 3.4(a)

Computation times

Items
[sec] Ratio [%]
CB method 686.47 100.00
Previous error estimator in Equation (3.15) 374.74 54.58
Present error estimator in Equation (3.26) 28.98 4.22
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3.4.3 Semi-submersible rig problem

We consider a semi-submersible rig problem. Breadth B and column width C are 80.0 m and 20.0

m, respectively. Heights H, and H, are 50.0 m and 15.0 m, respectively, and length L and thickness t

are 110.0 m and 0.018 m, respectively. The structure is modeled using 16,800 shell elements and 17,009 nodes.

The number of total DOFs is 102,054. The global structure is partitioned into 28 substructures, see Figure 3.5.

160 , are considered. The esti-

=54 and N, =

d

N

Here, two different retained substructural mode cases,

mating accuracy and computational efficiency of the present error estimator are verified in Figure 3.6 and Table

3.4. The computational cost is reduced a lot using the new error estimator.
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Figure 3.5 Semi-submersible rig problem
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Table 3.4 Computational cost for the semi-submersible rig problem in Figure 3.6(a)

Computation times

Items
[sec] Ratio [%]
CB method 575.77 100.00
Previous error estimator in Equation (3.15) 176.69 30.68
Present error estimator in Equation (3.26) 11.95 2.07

-36 -



3.5 Error control strategy

In this section, using the estimated substructural errors ,ufk) in Equation (3.26), we suggest an error

control strategy to improve the accuracy of the global modes having relatively large errors. In this strategy, it is
important to calculate the substructural contributions to the selected global modes, and the substructural contri-

bution is defined as

s
wl =5 x100 [%], (3.28)

Hi

where ") is the substructural contribution of the K ™ substructure to the i ™ global mode.

The error control strategy is simple. For the global modes of interest, the substructural contributions

() are calculated using Equation (3.28). The target substructures that contain high contributions are identi-

Vi
fied, and additional substructural modes are retained only for the target substructures to construct a more pre-
cisely reduced model. The detailed procedure of the error control strategy is described in Figure 3.7. Using this
strategy, we can improve the accuracy of the selected global modes, resulting in an effective reduced model of

small DOFs with desired accuracy.

The error control strategy is tested with the semi-submersible rig problem considering the case of

N, = 54, see Figure 3.5 and Figure 3.6(a). We assign the error tolerance 1072, and it is observed that the
28M-32™ global modes are out of the error tolerance, see Figure 3.8(a). Figure 3.9 and Table 3.5 show the sub-
structural contributions l/fi(k) to the 28"-32"" global modes, and it is identified that the substructures 2, 4, 5, 13,

14, 16, 18, 19, 27, and 28 have relatively high contributions to the 28"-32" global modes. Thus, we designate
those substructures as target substructures. Note that, in Figure 3.9, the substructural contributions are plotted

only for substructures 1-14 due to the geometrically symmetric condition.

To improve the accuracy of the global modes out of the error tolerance, for the selected target sub-
structures, additional substructural modes are retained in the reduced model (2 additional modes for the target
substructures 2, 5, 16 and 19, and 1 additional mode for the other target substructures). Figure 3.8(b) shows the
result after applying the proposed error control strategy, and it is identify that the relative eigenvalue errors out
of the error tolerance are effectively controlled by the proposed strategy. In Figure 3.8(b), it can be seen that to

satisfy the error tolerance, the pure frequency cut-off method requires 86 additional substructural modes without
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any strategy, while the proposed strategy requires only 14 additional substructural modes. Thus, it can be con-
cluded that the proposed error control strategy is very effective for constructing an improved reduced model that

has better accuracy with fewer substructural modes.

Note that, the relative eigenvalue errors corresponding to the 8™, 9™, 13" and 14" global modes be-
come also more accurate than before because the selected target substructures also have high contributions for

those global modes.

It is important to note that, in this study, we only focused on the model reduction error. That is, the
discretization error in original FE models was not considered. The discretization error and its estimation meth-

ods have been well studied [74-76].
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out of the error tolerance ¢ |

Calculate M,-(k)
for each mode

v

Calculate the substructural

contribution Y i-k)
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Figure 3.7 Flow chart for the error control strategy

-38 -



(2)

10 T
10 k- error tolerance
S
5]
(0]
>
©
>
c
(0]
2
[0}
(0]
I I |
E 10
[0}
« -6
107 1
10-7 o L -
. ‘ ‘ ‘ —H+— Freq. cut-off (54 modes) |
10‘ I I I 1 1 1 1
0 5 10 15 20 25 30 35
Mode number
®
10 T
otk error tolerance |
S
5]
(0]
>
©
>
c
[0)
2
[0}
(0]
=
k]
[0}
o
107 |- — N
ﬁ Error control (14 additional modes)
. . . Freq. cut-off (86 additional modes)

0 5 10 15 20 25 30 35
Mode number

Figure 3.8 Relative eigenvalue errors for the semi-submersible rig problem in Figure 3.6(a): (a) Before applying

the error control strategy, (b) After applying the error control strategy

-39-



W G
o o o

—
o

Substructural contribution [%]
N
o

Figure 3.9 Substructural contributions to the 28"-32™" global mode errors for the semi-submersible rig problem

in Figure 3.6(a)

-40 -



Table 3.5 Substructural contributions l//i(k) to the 2832t global modes for the semi-submersible rig problem

in Figure 3.6(a)

Substructural contributions l//i(k) (%)

Substructural

numbers Vi Vi Vi 7z Vi
1,15 341 3.57 0.04 2.05 1.93
2,16 2.22 2.24 0.16 16.12 15.34
3,17 0.92 0.93 0.10 9.45 9.00
4,18 36.84 37.35 0.09 4.61 4.32
5,19 2.40 2.42 0.16 15.96 15.18
6, 20 3.57 3.73 0.04 2.03 191
7,21 0.10 0.08 0.02 0.16 0.15
8,22 0.00 0.00 0.00 0.01 0.01
9,23 0.00 0.00 0.01 0.01 0.01
10, 24 0.12 0.10 0.02 0.15 0.15
11,25 0.00 0.00 0.00 0.01 0.01
12, 26 0.00 0.00 0.01 0.01 0.01
13,27 0.00 0.00 19.42 0.14 0.50
14,28 0.00 0.00 19.27 0.14 0.49
Total 100.00 100.00 100.00 100.00 100.00
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3.6 Closure

In this chapter, we proposed a simplified error estimator for the CB method. The simplified formula-
tion was derived by neglecting insignificant terms in the original formulation. The error estimator can be repre-
sented in the substructural component matrix level to improve computational efficiency. An important feature of
the new error estimator lies in the fact that the estimated relative eigenvalue error is simple to calculate using
summation of the substructural errors estimated. The substructural errors represent the contributions of individ-
ual substructures to the relative eigenvalue errors. Using this feature, we proposed an error control strategy to
improve the accuracy of reduced models efficiently. Through various numerical examples, we demonstrated the

accuracy and computational efficiency of the simplified error estimator, and a new error control strategy for it.
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Chapter 4. Error estimation for AMLS method

Since the 1990s, the AMLS (automated multi-level substructuring) method became popular because it
offered great computational efficiency, along with recursive partitioning and matrix reordering processes. The
original idea of the AMLS method was developed in applied mathematics [55-58]. However, in the structural
dynamics community, a well-defined formulation of the AMLS method has recently been proposed that borrows

from the basic concept of the Craig-Bampton (CB) method [1, 59].

Although various studies have been performed over the last several decades to improve CMS meth-
ods, several issues remain to be solved. One important issue is how to evaluate the reliability of reduced models.
To handle this, various error estimation methods have been proposed [62-66]. In general, relative eigenvalue
errors are used for the reliability evaluation of reduced models. However, basically it is difficult to estimate rela-
tive eigenvalue errors because the exact eigenvalues are unknown. Recently, a promising error estimation meth-
od was developed for the CB method [1]. The method provides accurate estimation of the relative eigenvalue

errors in FE models reduced by the CB method.

The objective of this study is to develop an accurate error estimation method for the AMLS method.
Since the AMLS method is based on the CB method [1], the concept of error estimation method developed for
the CB method can be also employed for the AMLS method. However, an important prerequisite is the need to
obtain an enhanced transformation matrix for the AMLS method, based on consideration of the contribution of
residual substructural modes. This is the major difficulty in development of the error estimation method for the
AMLS method due to the relatively complicated architecture of the AMLS method. In this study, we derive the
enhanced transformation matrix and, using it, propose an error estimation method for the AMLS method. The

proposed method presents excellent error estimation performance without heavy computation.
In the following sections, the enhanced transformation matrix for the AMLS method is derived. We

then propose an error estimation method for the AMLS method and evaluate the performance and computational

efficiency of this new method through various numerical examples.
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4.1 Enhanced AMLS transformation matrix

In the AMLS method, the reduced transformation matrix TO is constructed retaining only the dom-
inant substructural modes. However, when the remaining residual substructural modes are considered, it is pos-

sible to enhance the reduced transformation matrix TO . In order to derive the enhanced transformation matrix,

it is necessary to decompose the original AMLS transformation matrix T into dominant and residual parts.

After sequentially multiplying the substructural transformation matrices as in Equation (2.19), the ob-
tained transformation matrix T, can be represented in terms of substructural component matrices as follows

(for the detailed derivation, see reference [60]),

T, = o, ¥, D for i =12 N, j=i+Li+2, - N,. (41

1] J S

I (@,

T, =¥® with ¥= 1 v, | ®= P, . (42

L - s

where W is the multi-level constraint mode matrix, and ‘¥;; are the substructural component matrices lo-

cated in the upper triangular part of ¥ and @ is the eigenvector matrix that contains all the substructural

eigenvector matrices. Note that, in Equation (4.2), ¥ and ® are Nngg matrices.

The multi-level constraint mode matrix W is obtained by sequentially multiplying the substructural

constraint mode matrices W\
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1,0 0
- Ns-1 ) D
Y=][¥" with YO =0TV, , v, Yol
= 6'!'6+: """""" |
fOI’ i=1,2,"',(NS_1), j:i+]ﬂi+21.'.l Nsv (43)

in which P is Ng X Ng matrix. Note that W looks similar to T® in Equation (2.21) except for

the identity matrix in its 1t diagonal component.

In Equation (4.2), the eigenvector matrix @ extracted from the original transformation matrix T,
can be represented by

(@] @[]

(4.9)

in which (I);j and @; contain the dominant and residual modes in the i ™ substructure, respectively.

After reordering the eigenvector matrix @ in Equation (4.4), the dominant and residual parts can be
divided in the reordered matrix ®

O=[®, ]

! !

(Ddz - , (D = - ’ (45)

inwhich @, and @ are the eigenvector matrices corresponding to the dominant and residual substructural

modes, respectively. Note that ®, and ®  are N x Np and N x N, matrices, respectively

Ng-1
(N, = z N, ,where N isthe number of residual modes of the i ™ substructure).
)
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Using ® = [®, D,] instead of @ in Equation (4.2), the original transformation matrix T,
can be decomposed into dominant and residual parts as follows,
T,=[T¢ T/] with T =¥®,, T =¥, (4.6)
and the global displacement vector u, in Equation (2.19) can be rewritten
nd
d
u, =Tyn, =[T¢ T71 7|, (4.7)
My
in which the generalized coordinate vectors for the partitioned structure 1 b is also decomposed into dominant

and residual parts, 11‘;, and n;,corresponding to @, and D, .

Substituting Equation (4.7) into Equation (2.1) and invoking the harmonic response, the following

equations are obtained

(K, —AM )n, =0 with M =(Ty)"M_(T,), K, =(T,)"K_(T,), (4.8)
and, then,
f\_d___/l_l\_/l_dﬂ_i_____/yyl_dl_. 'l?, -0, (4.9)
_ﬂ“Mgr : Ar _AMrr ﬂr

in which the component matrices are defined by
Ay =(T))TK(T]), A, =(T;) K, (Ty), (4.10a)

My, = (T$) M, (), M, =(TS) M, (T{), M,, =(T;)" M, (T]). (4100)

Note that Equation (4.8) presents the exact equations of motion that contain all the substructural

modes. Using the second row in Equation (4.9), the following relation is obtained

N, =AA, —AM ) "M 1. (4.11)

Substituting Equation (4.11) into Equation (4.7), the global displacement vector u, is represented

by
u, =[Ty +AT; (A, —AM,,) "M 1n;. (4.12)

We use T, =‘i’®r (in Equation (4.6)) and M, (in Equation (4.10b)) in Equation (4.12), and
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obtain
u, =TS + 2% F¥™M Tin¢, (4.13)
F=® (A, -AM, )" @7 (4.14)

where F, denotes the residual flexibility of substructures.

Using A instead of A, and employing Carl Neumann series expansion, the residual flexibility ma-
trix ﬁr can be approximated and rewritten as
F ~F =@ (A, -AM,) ‘@
=® A'® + AAM A®] +O0 (A7) + 0 (A%) +---, (4.15)

note that, the mathematical details are well described in the Appendix.

Substituting Equation (4.15) into Equation (4.13) and truncating terms higher than order of A, the

global displacement vector u, is approximated by

u,~u =Ty}, T,=T,+AT,, (4.16a)

=T, T.=¥F,¥ M, T} F, =® A/ 0/, (4.16b)

where Tl is an enhanced transformation matrix and F is the 0™-order term of the residual flexibility F, .

In Equation (4.16b), F,, can be indirectly calculated by subtracting the dominant flexibility from

the full flexibility

Fll’S
0
F.=® A'® = K _ , (4.17)
0 F{
- 0_
FP =(K() " = (@))(A)) (@) for i=12,-, (N, -1), (418)

in which (K()™ and (@%)(A?) H(@%)™ are the full and dominant flexibility matrices for the i®

substructure.
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To construct the enhanced transformation matrix Tl F., needs to be additionally calculated using

Equations (4.17) and (4.18). However, F,. is simply calculated by reusing (ﬁfi_l))_l, already calculated in

rs
Equation (2.23), and the dominant substructural eigensolutions A? and (]);j , already obtained from Equation

(2.22). Therefore, not much additional cost for computation is required.

Using the enhanced transformation matrix T, the I " approximated global eigenvector ($g)i is

more accurately represented by

(¢g)i :Tl(ap)i with T1 =T0 +/1Tr' (4.19)

Note that the enhanced transformation matrix T} is more precise than the original transformation
matrix TO Therefore, Tl could be adopted to improve the original AMLS method. However, in this case, the

unknown eigenvector A contained in Tl would need to be properly handled.

4.2 Error estimation method

In this section, we present an error estimation method to precisely evaluate the relative eigenvalue er-
rors in the AMLS method when the exact global eigenvalues A, are unknown. The basic procedure is similar

to the error estimation method recently developed for the CB method [65].

In CMS methods, the following relative eigenvalue error is generally used to evaluate the reliability

of reduced FE models
A A
=1 1" _1, (4.20)
fl ﬂ,i

in which & denotes the relative eigenvalue error for the i " mode and the exact global eigenvalue A, is ob-

tained from the eigenvalue problem of the global FE model by solving Equation (2.3).

From the global eigenvalue problem in Equation (2.3), the following equation is given
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S @)Ky (@,) = (@) M, (0,), @21)

where the exact global eigensolutions A4; and ((pg)i satisfy the mass-orthonormality and stiffness-
orthogonality conditions.

Here, the exact global eigenvector ((pg)i in Equation (4.21) can be approximated using the en-

hanced transformation matrix Tl described in Equation (4.19)
(4.22)

((Pg)i zT1(6;;). :[To +;L|Tr](6p)|

Using Equation (4.22) in Equation (4.21), the following equation is obtained
A 1a(9.) [2ATIM, T —2T'K, T~ AT'K, T + 2T'M_T (9 (4.23)
7_ ~((Pp)i[ i 1o gtr e Bhgdr T4 By r T4 L g r]((pp)i' ’
i
in which the left-hand side of Equation (4.23) is the relative eigenvalue error & (see Equation (4.20)). This

implies that the relative eigenvalue error can be calculated by the right-hand side of Equation (4.23). However,

the right-hand side of Equation (4.23) contains unknowns 4, which must be properly handled first.

A is very close to the exact eigenvalue A, in Equa-

We assume that the approximated eigenvalue A,
tion (4.23). We then use Z instead of A, , and Equation (4.23) is approximated as

&~ @) RATIM,T - 2K, T - ATK,T, + ZTMTI@,),. 620

Using T(? (=T0) in Equation (4.6) and Tr in Equation (4.16b), TOTMgTr and TOTKgTr in

Equation (4.24) are expressed as
T,M,T, =@M ,FM @, with M, (4.25a)

Il
«

T K,T, =®K,F.M,®, with K, = YK V. (4.25b)

In Equation (4.25b), it is identified that (I)EIZQFrs =0 in TOTKgTr, because ®] and F

have a orthogonality for the matrix IZ g Thus, Equation (4.25) becomes
B
T, KgTr =0. (4.26)
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Substituting T, in Equation (4.16b) into T, K, T, in Equation (4.24), the following equation is
obtained

N e ~ ~

T K, T=0,MFKFM®D,, (4.27)
and, since Frsf(gFrs =F

rs » We have the following relation:

TMT =T'KT,. (4.28)

Using Equations (4.26) and (4.28), Equation (4.24) is rewritten as
&~ (@) ATIM, T, + T'M, T, 1(9,);. (4.29)

In Equation (4.29), neglecting the second order term of A. and using Equation (4.25a), we can de-

[
fine an error estimator £¢; as follows
7 (= \T T(— . T

/ui :ﬂ’i((pp)i AFrsA ((Pp)i with Az(I)dMg' (430)

Note that A can be calculated during the recursive transformation procedure of the mass matrix Mg de-

scribed in Equation (2.20).

In Equation (4.30), due to the symmetry of F, matrix, it can be decomposed into three parts
F,=F,+F, +F, (4.31)

inwhich F,; and F, are the diagonal and upper triangular parts of F,,, respectively.

rs!

Substituting Equation (4.31) into Equation (4.30), the error estimator g for the i relative eigen-
value error is redefined as

i =2(®,)E(®,);, E=E, +E, +E] with E, =AF,AT, E,=AF A", (432
where E , E, and E, are pr Np matrices. Therefore, we do not need to handle the matrices of global

DOF size.

Here, E; and E, in Equation (4.32) can be expressed in a substructural component matrix form

as follows
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Ng Ng
Ej =Y A FAL, EL = A FAL, for i,j=12,--, N, (4.33)
k=1 k=1

in which subscripts i, j and K denote the i, j™ and k" substructural quantities, respectively. Thus,

E in Equation (4.32) can be efficiently calculated through Equation (4.33).

In reduced models, lower modes are more accurately approximated than higher modes. For this rea-

son, we can expect that, in general, the error estimation accuracy is better in lower modes. We also note that the
proposed error estimator £z is not an upper or lower bound for the exact relative eigenvalue error ¢, . Further

studies are necessary to obtain a guaranteed upper bound.

It is possible to expect that the computational cost of the proposed error estimation method is not high,

because it only requires to calculate F.., A and E matrices. The detailed computational cost breakdown is

rs?
presented in Section 4.3. It is important to note that, in this study, we only focused on the model reduction error.
That is, the discretization error in original FE models was not considered, because the discretization error and its

estimation methods have been well studied [74-76].
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4.3 Numerical examples

In order to evaluate the performance and the computational efficiency of the proposed method, we
here provide solutions to five numerical problems: rectangular plate, cylindrical solid, bench corner structure,
turbine blade and stiffened plate problems. For finite element modeling, the 4-node MITC shell and 8-node

brick elements are used. The frequency cut-off method is employed to select the dominant substructural modes

[1].

The relative eigenvalue errors estimated by the proposed error estimation method are compared with
the exact relative eigenvalue errors. Furthermore, the estimated relative eigenvalue errors are also compared

with those calculated by the previous error estimation method developed by Elssel and Voss [62],

JR i
= (1+—_ )_1, (434)
jll(z(!: ]‘k _li

where A, is the smallest residual eigenvalue on level K and p denotes the number of substructural level.

The advantage of this error estimation method is the fact that almost no computational cost is required.

4.3.1 Rectangular plate problem

A rectangular plate shown in Figure 4.1 is considered. Length L is 20.0 m, width B is 12.0 m, and

thickness h is 0.08 m. Young’s modulus E is 206 GPa, Poisson’s ratio o is 0.33, density o is

7,850 kg/m® and no boundary condition is imposed.

The plate structure is modeled by 20 x 12 meshes of the 4-node MITC shell finite elements and the

number of total DOFs used is 1,365. We consider two different partition types in Figure 4.1(a) and Figure 4.1
(b):
*  Partition type A: The global structure is partitioned into 7 substructures and 3 substructural levels

(levels 0, 1 and 2), see Figure 4.1(a). Retaining 30 and 50 substructural modes (N, =30 and

N, =50), two numerical cases are considered.
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e Partition type B: As shown in Figure 4.1(b), the number of substructures is 13 and the number of sub-
structural levels is 5 (levels 0, 1, 2, 3 and 4). We retain 55 and 75 substructural modes for two numeri-

cal cases (N, =55 and N, =75).

Figures 4.2 and 4.3 show the exact and estimated relative eigenvalue errors in the partition types A
and B, respectively. It is observed that the proposed error estimation method outperforms the previous method
by Elssel and Voss [62]. The proposed error estimation method very accurately estimates the relative eigenvalue

errors in the reduced FE models. Table 4.3 lists the exact and estimated relative eigenvalue errors, corresponding

to Figure 4.1(a). It is observed that the present error estimator g provides slightly larger (upper) values for

the exact relative eigenvalue error &, except for 4™, 7, 17 and 215 modes, in the numerical cases considered.

As mentioned in the previous section, the proposed error estimation method gives more accurate error estima-
tions for lower modes. The numbers of retained substructural modes in both partition types are listed in Tables

4.1and 4.2.

() 2

(b) o oo
T |
Q, Q,
Ql() | \ i
! | Mo,
B _'le Qs QZ
Qll QS
' f Q
v | | 9

L

x __
Y
v

Figure 4.1 Rectangular plate problem: (a) Partition type A, (b) Partition type B

-53-



Table 4.1 Retained substructural mode numbers N for the rectangular plate problem with partition type A

(Level 0 is not listed here.)

Substructural Substructural ]
N; Case 1 Case 2
Level Number
3 NS 3 5
Level 1
6 N 3 5
d
1 N; 6 10
d
2 N, 6 10
Level 2
4 N 6 10
d
5 N 6 10
N d 30 50
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Table 4.2 Retained substructural mode numbers N for the rectangular plate problem with partition type B

(Level 0 is not listed here.)

Substructural Substructural ]
N, Case 1 Case 2
Level Number
9 N 10 13
Level 1
12 B 4 5
7 N 5 7
d
8 Ng 9 12
Level 2
10 [\ 6 10
d
11 Ny 3 5
3 NS 5 5
Level 3
6 N 3 3
1 N/ 4 6
2 N; 2 3
Level 4
4 N 3 4
5 NS 1 2
N d 55 75
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Figure 4.2. Exact and estimated relative eigenvalue errors for the rectangular plate problem with the partition

type A: (@) N, =30, (b) N, =50
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Figure 4.3. Exact and estimated relative eigenvalue errors for the rectangular plate problem with the partition

type B: (@) Ny =55, (b)) N, =75
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Table 4.3 Exact and estimated eigenvalue errors in the rectangular plate problem in Figure 4.1(a)

Estimated Estimated
Mode number Exact
(Elssel and \Voss) (Present)
1 1.42398E-04 3.47402E-03 1.41198E-04
2 4.84836E-06 3.72228E-03 4.84277E-06
3 1.14861E-03 1.91922E-02 7.45688E-04
4 6.15067E-04 2.69247E-02 7.05708E-04
5 2.32190E-03 2.90519E-02 2.31991E-03
6 3.84152E-03 4.62201E-02 3.84068E-03
7 2.59851E-04 6.38626E-02 2.64026E-04
8 7.99567E-03 9.70397E-02 7.83034E-03
9 9.85326E-03 1.20514E-01 9.80659E-03
10 1.44761E-02 1.81358E-01 1.34670E-02
11 6.99459E-03 2.19472E-01 6.78935E-03
12 1.06231E-02 2.54143E-01 9.48957E-03
13 7.65496E-03 2.88715E-01 6.92046E-03
14 1.93441E-02 3.66750E-01 1.71415E-02
15 2.81629E-02 4.58426E-01 2.43915E-02
16 4.95217E-02 5.18720E-01 4.54262E-02
17 3.45418E-02 5.32115E-01 3.46392E-02
18 2.44904E-02 8.20276E-01 2.20948E-02
19 9.76902E-02 1.13291E+00 8.02794E-02
20 1.72710E-01 1.33925E+00 1.43464E-01
21 1.47041E-01 1.61401E+00 1.48564E-01
22 6.47085E-02 1.67060E+00 5.87691E-02
23 1.06602E-01 1.82959E+00 6.84897E-02
24 1.02452E-01 2.22575E+00 1.01068E-01
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4.3.2 Cylindrical solid problem

Let us consider a cylindrical solid problem with free boundary at both ends as shown in Figure 4.4.

Lengths L, and L, are 0.16 and 0.24 m, respectively, and the radii R, R, and R, are 0.08, 0.12 and

0.16 m, respectively. Young’s modulus E is 76 GPa, Poisson’s ratio © is 0.33, density p is 2,796 kg/m®.

The cylindrical structure is modeled using 8-node brick elements and the number of total DOFs used

is 1,740. As shown in Figure 4.4, the global structure is partitioned into 7 substructures and the number of sub-

structural levels is 3 (levels 0, 1 and 2). Two different numbers of retained substructural modes (N, =70 and

N, =120) are considered, as listed in Table 4.4.

Figure 4.5 shows the exact and estimated relative eigenvalue errors in the two numerical cases. It is
observed that the performance of the present error estimation method is much more accurate than the error esti-
mation method by Elssel and Voss [62]. For lower modes, the estimated relative eigenvalue errors are more ac-

curate.

Q,
|
1 Q;
Q; |
— Q3 Q3
2R,| 2R, 2R,
Y Q—
1 Q
z<—T ! I
!
e
L, L,

Figure 4.4 Cylindrical solid problem
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Table 4.4 Retained substructural mode numbers Nid for the cylindrical solid problem (Level O is not listed

here.)

Substructural Substructural ]
N; Case 1 Case 2
Level Number
3 N 12 20
Level 1
6 N 10 12
d
1 N1 13 26
d
2 N, 13 26
Level 2
4 N; 11 18
5 NS 1 18
\' 70 120
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Figure 4.5 Exact and estimated relative eigenvalue errors for the cylindrical solid problem: (a) N, =70,

(b)N, =120

-61-



4.3.3 Bench corner structure problem

A bench corner structure in container ships is considered. This structure is a critical part with a high

risk of fatigue cracking caused by structural vibration in ships. Lengths L, and L, are 4.0 and 1.0 m, heights
H, and H, are 2.0 and 1.0 m. Width B is 1.0 m and thickness h is 0.025 m. Young’s modulus E is

210 GPa, Poisson’s ratio v is 0.30, and density p is 7,850 kg/m’.

For finite element modeling, the 4-node MITC shell finite elements are used and 3,508 DOFs are
considered for this problem. The finite element model is partitioned into 9 substructures with 4 substructural

levels (levels 0, 1, 2 and 3), as shown in Figure 4.6. We retain 50 and 80 dominant substructural modes
(N, =50 and N, =80) and, in the two numerical cases, the numbers of dominant substructural modes Nid
contained in the reduced FE models are listed in Table 4.5. The exact and estimated relative eigenvalue errors

are plotted in Figure 4.7. The present error estimation method consistently provides a very accurate estimation

of the relative eigenvalue errors.

Figure 4.6 Bench corner structure problem
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Table 4.5 Retained substructural mode numbers Nid for the bench corner structure problem (Level 0 is not

listed here.)
Substructural Substructural ]
N, Case 1 Case 2
Level Number
d
5 S 7 11
Level 1
8 N 8 10
3 N 5 6
d
4 N 11 14
Level 2
6 N{ 2 7
7 N 11 18
1 N/ 4 9
Level 3
2 Ny 2 5
N, 50 80
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Figure 4.7 Exact and estimated relative eigenvalue errors for the bench corner structure problem: (a) N, =50,

()N, =80
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Here, we consider a turbine blade problem as shown in Figure 4.8. The turbine blade is fully fixed at
Two different numbers of retained substructural modes (N, =300 and N, =500) are considered

0. Length and thickness are 35 m and 0.05 m, respectively, Young's modulus E is 210 GPa, Poisson's

ratio v is 0.3, and density p is 7,800 kg/m?®. The detailed geometry has been described [71]. We use

4.6. Figure 4.9 shows that the present error estimation method very accurately estimates the relative eigenvalue

10,300 shell finite elements and 10,100 nodes (51,308 DOFs). The global structure is partitioned into 19 sub-
and the numbers of dominant substructural modes Nid contained in the reduced FE models are listed in Table

structures, and we here consider three substructural levels (0, 1 and 2), see Figure 4.8.
errors. As expected, the accuracy of the error estimation method is better in lower modes.

4.3.4 Turbine blade problem

X

4
5
G
BB
i
s

o
5 f&%\s X

)
Bk o
OSKS AT
o lotolelleotond
Wl o
ey
] G
i 7
o
wﬁmaﬁmﬁ
KON
DA
:i.«wn:.#

A
gl
o
" b,
R
BRI
R
R
R
LR
Uloeht
o

ol
#&i %
oty
g tair}

}

-65-

! 0.05m
Figure 4.8 Turbine blade problem

|



Table 4.6 Retained substructural mode numbers N for the turbine blade problem (Level 0 is not listed here.)

Substructural Substructural

N id Case 1 Case 2
Level Number
d
1 NS 3 3
d
12 [\ 3 3
d
13 NS 3 3
d
14 B 3 3
Level 1
15 N 3 3
d
16 NS 3 3
d
17 N2 3 3
d
18 NS 3 3
d
1 N, 29 49
d
2 s 38 66
3 N ¢ 35 63
4 N, 33 56
d
5 N 32 52
Level 2
6 NS 30 47
7 S 26 42
8 NS 22 37
9 N 17 36
10 NJ 14 28
N, 300 500
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Figure 4.9 Exact and estimated relative eigenvalue errors for the turbine blade problem: (a) N, =300,

(b) N, =500
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4.3.5 Stiffened plate problem

As shown in Figure 4.10, a stiffened plate, an important structural unit of ships, is considered. Length
L and breadth B are 78.0 m and 44.0 m, respectively, and the stiffener spacing is 2.0 m. The stiffener is

composed of a vertical web of height 0.5 m and a flange of breadth 0.2 m, and the thickness is 0.019 m. Young’s

modulus E, Poisson’s ratio v and density p are 206 GPa, 0.3, and 7,850 kg/m?®, respectively.

The number of DOFs is 1,004,088 and the global structure is automatically partitioned into 1,023
substructures with 10 substructural levels using METIS [77], which is an efficient mesh partitioning software
package. For two numerical cases, we use 2,200 and 5,450 dominant substructural modes (N, =2,200 and

N, = 5,450 ). The exact and estimated relative eigenvalue errors are plotted in Figure 4.11 for the two numeri-

cal cases. This clearly shows the accuracy of the proposed error estimator.
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Figure 4.10 Stiffened plate problem
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Figure 4.11 Exact and estimated relative eigenvalue errors for the stiffened plate problem: (a) N, = 2,200,

(b) N, =5,450
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4.4 Computational cost

In this work, a sparse matrix computation with MATLAB is used in a personal computer (Intel core

(TM) i7-3770, 3.40 GHz CPU, 32GB RAM). To investigate the computational cost for the proposed error esti-

mator 4 in Equation (4.32), we calculate the computational cost breakdown for F,,, A and E matrices.

rs?

In the turbine blade problem, we investigate the computational cost required for the proposed error
estimator. Table 4.7 lists the breakdown of computational cost for estimating relative eigenvalue errors of 250

modes in the turbine blade problem (N, =300). The results show that, compared to the computation time of the

AMLS method, 7.91% of additional computation time is required to calculate the relative eigenvalue errors in

250 global modes.

Table 4.8 shows the details of computational cost when N, =5,450 for the stiffened plate prob-

lem. Compared to the computation time required for the AMLS method, the present error estimation method

requires 7.77% of additional computation time to calculate the relative eigenvalue errors of 1,400 global modes.

We here present the computational costs for the FE models with 51,308 and 1,004,088 DOFs. How-
ever, additional tests will be required to consider FE models with more than several millions of DOFs. For this

work, much more effective implementations and high-performance computers will be necessary.

Here, we also compare the computational costs of the present, and of the Elssel and Voss error esti-
mation methods. Table 4.9 presents normalized computation times for the relative eigenvalue errors in the five
FE models considered in this study. The computation times are normalized by the total computation time of the
AMLS method. Numerical results show that the present error estimation method is more expensive than the
Elssel and VVoss method. Note that the Elssel and Voss method is an a priori method, but the present method is

an a posteriori method.
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Table 4.7 Computational cost breakdown for the present error estimation method (Turbine blade problem,

N, =300)
Related Computation times
Items )
Equations [sec] Ratio [%]
Transformation procedures (2.20) 46.55 99.30
AMLS Solution of the reduced eigenvalue problem (2.27) 0.33 0.70
Total - 46.88 100.00
Calculation of the residual flexibility matrix
(4.18) 0.55 1.17
Frs
Error Constructionof A and E matrices (4.30), (4.33) 2.36 5.03
estimation
Calculation error estimator A ; (4.32) 0.80 1.71
Total - 3.71 7.91
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Table 4.8 Computational cost breakdown for the present error estimation method (Stiffened plate problem,

N, =5,450)
Related Computation times
Items _
Equations [sec] Ratio [%]
Transformation procedures (2.20) 3355.02 96.74
AMLS Solution of the reduced eigenvalue problem (2.27) 113.21 3.26
Total - 3468.23 100.00
Calculation of the residual flexibility matrix
(4.18) 36.37 1.05
Frs
Error Constructionof A and E matrices (4.30), (4.33) 227.31 6.55
estimation
Calculation error estimator A ; (4.32) 5.83 0.17
Total - 269.51 7.77
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Table 4.9 Computational costs of the present and of the Elssel and Voss error estimation methods. The computa-

tion times are normalized by the computation time of the AMLS method.

Normalized
The number of DOFs —
computation time
calculated =
N o N o Elssel and Voss Present
Rectangular plate
24 1,365 215 0.001121 0.09107
(N, =30)
Cylindrical solid
24 1,740 250 0.000682 0.08974
(N, =70)
Bench corner structure
24 3,508 147 0.000297 0.03367
(N, =50)
Turbine blade
250 51,308 1,500 0.000020 0.07911
(N, =300)
Stiffened plate
1,400 1,004,088 7,796 0.000001 0.07771

(N, =5,450)
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4.5 Closure

In this chapter, we proposed an error estimation method to accurately estimate the relative eigenvalue
errors in structural finite element models reduced by the automated multi-level substructuring (AMLS) method.
To develop the error estimation method for the AMLS method, in this study, an enhanced transformation matrix
was newly developed which considered the residual mode effect. This enhanced transformation matrix makes it
possible to more accurately approximate the global eigenvectors. Using the enhanced transformation matrix, we
then derived the error estimation method for the AMLS method. The excellent performance of the proposed er-
ror estimation method was demonstrated through various numerical examples. The computational efficiency of

the proposed method was also studied for the FE models considered in this study.
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Chapter 5. An enhanced AMLS method

In the original CB and AMLS methods, a transformation matrix is constructed by retaining only dom-
inant substructural modes. Using the transformation matrix, original FE models can be transformed into reduced
models, which approximate the original models. With this procedure, residual substructural modes are simply
truncated without further consideration. However, when the residual mode effect is considered, the accuracy of
the original transformation matrix can be improved. That is, the original (global) models can be more precisely
approximated. This approach has been used for flexibility based CMS methods, in which, unlike for the CB and

AMLS methods, substructures are connected with a free interface [8].

In this study, we derive a new transformation matrix for the AMLS method enhanced by considering
the residual mode effect. One difficulty is the fact that the enhanced transformation matrix contains an unknown
eigenvalue. In order to approximate the unknown eigenvalue, we adopt O’Callahan’s idea, which was originally
proposed to develop the improved reduced system (IRS) method by improving Guyan reduction [23]. Finally,
the enhanced transformation matrix is defined without the unknown eigenvalue, and by using the newly defined
transformation matrix, an enhanced AMLS method is proposed. The reduced FE models obtained from the en-
hanced AMLS methods have the same size as those obtained from the original AMLS method. However, com-
pared to the original AMLS method, the enhanced AMLS method can provide significantly improved reduced-

order models.

In the following sections, we briefly review the original AMLS method in Section 3. In Section 4, the
formulation details of the enhanced AMLS method are presented, and its performance and computational cost

are tested in Sections 5 and 6, respectively. The conclusions are given in Section 7.

5.1 Formulation of the enhanced AMLS method

Using Equation (2.25) in Equation (2.1), the reduced equations of motions are obtained

M, q, +K 1,=0 with M, =T;M_T,, K, =T; K T,, (5.1)

Note that, since Mp and Kp are Np X Wp matrices calculated using the dominant modes only, these are

much smaller than the global mass and stiffness matrices.
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Since the eigenvalue A in Tl in Equation (4.16) is unknown, the enhanced transformation matrix

T, cannot be used to improve the original AMLS method in its present form. To handle this problem, we em-
ploy O’Callahan’s approach, which was proposed to improve Guyan reduction [23]. From Equation (5.1) with
ﬁp = —/lﬁp , the following relation is obtained
M, =Hm, with H=M 'K, (5.2)
and, using Equation (5.2) in Equation (4.16), Tl in Equation (4.16) is newly defined by
T,=T,+AT, =T,+ TH. (5.3)

Using the redefined T, in Equation (5.3), the reduced mass and stiffness matrices denoted by tilde

(7) are defined as

=M, +H'T/M,T,+T;M,TH+H' T/M_ T H, (5.49)

g1

T,=K,+H'T/K T, +T;K, TH+H'T/K T H. (5.4b)

Due to the compensation of the residual mode effects in T, , the reduced mass and stiffness matrices in Equa-

tion (5.4) are more precisely constructed than the original reduced matrices in Equation (2.26). Table 5.1 shows

the comparison of the original and enhanced AMLS methods. Note that it also possible to consider higher order

terms of A in the enhanced AMLS formulation but additional improvement in solution accuracy is small.

It is important to note that both methods produce reduced models that have the same size (Np).

Compared to the original AMLS method, K and the inverse of the reduced mass matrix M, are additional-

ly computed in the enhanced AMLS method. However, K, can be simply calculated by reusing (IA(i(H)) N
in Equation (2.23) and the dominant modes. Furthermore, the size of the reduced mass matrix Mp is also

much smaller than the original mass matrix Mg . For these reasons, we can easily support the fact that the ad-

ditional computational cost of the enhanced AMLS method is not high.
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Table 5.1 Comparison between the original and enhanced AMLS methods

Original AMLS Enhanced AMLS

Transformation matrix T, =Y®,

Reduced mass matrix Mp Mp +HTT:MQTO +TgMgTrH+HTTrTMgTrH
Reduced stiffness matrix K . K ot H'T] KQTO + TgKgTrH +H' T:KgTrH
Size of the reduced matrices Wp Wp

While the transformation matrix T, of the original AMLS method is sparse, the transformation ma-

trix T, of the enhanced AMLS method is fully populated. Therefore, the computational cost for the enhanced

AMLS method could increase more rapidly than the original AMLS method does as the size of finite element
models become larger. However, to achieve a given solution accuracy, the enhanced AMLS method requires
smaller reduced models than the original AMLS method, that is, the computational cost can be reduced for re-
duced models with similar accuracy. In order to clarify this issue, rigorous numerical tests need to be performed
considering various size of FE models. In this study, we considered only undamped structural models, but the

enhanced AMLS method can be also employed for model reductions of damped structural models [80].

5.2 Numerical examples

In this section, we compare the performance of the enhanced AMLS method to the original AMLS
method. The original and enhanced AMLS methods are implemented using MATLAB. Four structural problems
are considered: rectangular plate, cylindrical solid, bench corner structure and hyperboloid shell problems, in

which, for the finite element modeling, 4-node MITC shell [67-73] and 8-node brick finite elements are used.

The frequency cut-off mode selection method is used to select the dominant modes, and the following

relative eigenvalue error is used to measure the accuracy of the original and enhanced AMLS methods

-77 -



g =214 (5.5)

in which &, denotes the relative eigenvalue error for the i " mode and the exact global eigenvalue A, is

obtained from the eigenvalue problem of the global structure in Equation (2.16). In the following numerical ex-

amples, rigid body modes are not considered for the relative eigenvalue error.

5.2.1 Rectangular plate problem

We here consider a rectangular plate with free boundary as shown in Figure 5.1. Length L is 20.0 m,
width B is 12.0 m, and thickness h is 0.08 m. Young’s modulus E is 206 GPa, Poisson’s ratio v is
0.33, density o is 7,850 kg/m*. The plate is modeled by a 20 x12 mesh of the 4-node MITC shell finite
elements and the number of total DOFs for this problem is 1,365. Two different partition types are considered as
in Figures 5.1(a) and 5.1(b):

*  Partition type A: The global structure is partitioned into seven substructures with three substructural

levels (levels 0, 1 and 2), see Figure 5.1(a). Retaining 30 and 50 dominant modes (N, =30 and

N, =50), two numerical cases are considered.

*  Partition type B: As shown in Figure 5.1(b), the number of substructures is 13 and the number of sub-
structural levels is five (levels 0, 1, 2, 3 and 4). We retain 55 and 75 dominant modes for two numeri-

cal cases (N, =55 and N, =75).

The numbers of retained substructural modes Nid in both partitioned types are listed in Tables 5.2

and 5.3 in detail. Figures 5.2 and 5.3 present the relative eigenvalue errors obtained by the original and en-
hanced AMLS methods. The results show that the enhanced AMLS method significantly outperforms the origi-
nal AMLS method.
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Figure 5.1 Rectangular plate problem: (a) Partition Type A, (b) Partition Type B
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Table 5.2 Retained mode numbers Nid for the rectangular plate problem with the partition type A. All the sub-

structural modes are retained in the highest level substructure (level 0).

Substructural Substructural ]
N, Case 1 Case 2
level number
Level 0 7 N¢ 65 65
d
3 N 3 5
Level 1
6 N 3 5
d
1 N; 6 10
d
2 N; 6 10
Level 2
4 Ny 6 10
5 N/ 6 10
Total retained mode number N, 30 50
Size of the reduced model N 95 115
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Table 5.3 Retained mode numbers Nid for the rectangular plate problem with the partition type B. All the sub-

structural modes are retained in the highest level substructure (level 0).

Substructural Substructural ]
N, Case 1 Case 2
level number
Level 0 13 NS 65 65
9 N 10 13
Level 1
12 NS 4 5
7 N 5 7
8 Ng 9 12
Level 2
10 NG 6 10
d
1 [\ 3 5
3 NS 5 5
Level 3
6 NS 3 3
1 N/ 4 6
2 Nj 2 3
Level 4
4 N 3 4
5 NS 1 2
Total retained mode number N, 55 75
Size of the reduced model N, 120 140
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Figure 5.2 Relative eigenvalue errors for the rectangular plate problem with the partitioned type A: (a)

N, =30, (b) N, =50
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Figure 5.3 Relative eigenvalue errors for the rectangular plate problem with the partitioned type B: (a)

N, =55, (b) N, =75
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5.2.2 Cylindrical panel problem

The performance of the proposed method is also tested in a cylindrical panel with free boundary, see

Figure 5.4. Length L is 0.8m, radius R is 0.5m, and thickness h is 0.005m. Young's modulus E is
69GPa, Poisson's ratio v is 0.35, and density o is 2,700 kg/m3. The cylindrical panel is modeled by a

16 x 16 distorted mesh of shell finite elements and each edge is discretized in the following ratio:

Ly Ly Lyt Lig =16:15:14: ... 1 [72].

The global structure is partitioned into seven substructures with three substructural levels (levels 0, 1

and 2) as shown in Figure 5.4. The numbers of retained substructural modes Nid are listed in Table 5.4. The

significant accuracy improvement is observed in the enhanced AMLS method, see Figure 5.5.

Figure 5.4. Cylindrical panel problem with a distorted mesh
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Table 5.4 Retained mode numbers Nid for the cylindrical panel problem with a distorted mesh, the partition

type A is applied. All the substructural modes are retained in the highest level substructure (level 0).

Substructural Substructural ]
N, Case 1 Case 2
level number
Level 0 7 N¢ 85 85
d
3 N 7 1
Level 1
6 N 7 11
d
1 N; 4 10
2 Ny 14 29
Level 2
4 NS 14 29
d
5 NS 4 10
Total retained mode number N, 50 100
Size of the reduced model N 135 185

-85-



(a)

Relative eigenvalue error
-
(=)
‘

1070 i
—H— AMLS
12 —O— Enhanced AMLS

10 i i i ‘

0 5 10 15 20 25

Mode number
(b)

10°
10% | i

Relative eigenvalue error
-
o
‘

10 B
—H— AMLS
» —(— Enhanced AMLS
10‘ I I I 1
0 5 10 15 20 25

Mode number

Figure 5.5. Relative eigenvalue errors for the cylindrical panel problem with a distorted mesh: (a) N, =50, (b)

N, =100
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5.2.3 Cylindrical solid problem

Let us consider a cylindrical solid problem with free boundary at both ends, see Figure 5.6. Lengths

L, and L, are 0.16 and 0.24 m, respectively, and the radii R,, R, and R, are 0.08, 0.12 and 0.16 m,

respectively. Young’s modulus E is 76 GPa, Poisson’s ratio v is 0.33, and density p is 2,796 kg/m®.
The cylindrical solid problem is modeled using 8-node brick elements and the number of total DOFs is 1,740.
Considering the three substructural levels (0, 1 and 2), the global structure is partitioned into seven substructures.
Two different numbers of retained dominant modes (N, =70 and N, =120) are considered as listed in Ta-
ble 5.5. The relative eigenvalue errors are plotted in Figure 5.7. The results show the robustness of the enhanced

AMLS method compared with the original AMLS method.

Q7
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Figure 5.6 Cylindrical solid problem
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Table 5.5 Retained mode numbers Nid for the cylindrical solid problem. All the substructural modes are re-

tained in the highest level substructure (level 0).

Substructural Substructural ]
N, Case 1 Case 2
level number

Level 0 7 N¢ 180 180
3 NS 12 20

Level 1
6 N 10 12
1 N, 13 26
2 Ny 13 26

Level 2
4 Ny 11 18
5 NS 11 18
Total retained mode number N, 70 120
Size of the reduced model N, 250 300
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Figure 5.7 Relative eigenvalue errors for the cylindrical solid problem: (a) N, =70, (b) N, =120
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5.2.4 Bench corner structure problem

Here, a bench corner structure is considered. Lengths L, and L, are 4.0 and 1.0 m, heights H,
and H, are 2.0 and 1.0 m. Width B is 1.0 m and thickness h is 0.025m. Young’s modulus E is 210

GPa, Poisson’s ratio v is 0.30, and density o is 7,850 kg/m*. The 4-node MITC shell finite elements are

used for the finite element model of the structure, in which the number of DOFs is 3,508 DOFs. As shown in

Figure 5.8, the global structure is partitioned into nine substructures with four sub-structural levels (0, 1, 2 and
3). We retain 50 and 80 dominant modes in two numerical cases (N, =50 and N, =80 ), and the numbers
of the retained substructural modes Nid are listed in Table 5.6. Figure 5.9 demonstrates the excellent perfor-

mance of the enhanced AMLS method.

Figure 5.8 Bench corner structure problem
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Table 5.6 Retained mode numbers Nid for the bench corner structure problem. All the substructural modes are

retained in the highest level substructure (level 0).

Substructural Substructural .
N, Case 1 Case 2
level number
Level 0 9 N¢ 97 97
d
5 s 7 11
Level 1
8 N 8 10
3 N 5 6
4 N 11 14
Level 2
6 N¢ 2 7
7 N? 11 18
1 N, 4 9
Level 3
2 Ny 2 5
Total retained mode number N, 50 80
Size of the reduced model N 147 177
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Figure 5.9 Relative eigenvalue errors for the bench corner structure problem: (a) N, =50, (b) N, =80
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5.2.5 Hyperboloid shell problem

Consider a hyperboloid shell problem of heignt H =4.0m and thickness h =0.05m. The mid-

surface of this shell structure is described [72] as

x*+y?=2+12% z¢[-2, 2]. (5.6)
No boundary condition is imposed. Young's modulus E is 69GPa, Poisson's ratio v is 0.35, and density p
is 2,700 kg/m . .A20 (axial) X 40 (circumferential) mesh of shell finite elements is used. Considering three
sub-structural levels (0, 1 and 2), the global structure is partitioned into seven substructures, see Figure 5.10. We
use 60 and 120 retained dominant modes in two numerical cases (N, =60, N, =120), and the numbers of
the retained sub-structural modes N id are listed in Table 5.7. Figure 5.11 consistently demonstrates the excel-

lent performance of the enhanced AMLS method.

Q3
Q, o
2
Q. .
H/2 = Q.

Figure 5.10 Hyperboloid shell problem
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Table 5.7 Retained mode numbers Nid for the hyperboloid shell problem. All the substructural modes are re-

tained in the highest level substructure (level 0).

Substructural Substructural ]
N, Case 1 Case 2
level number

Level 0 7 N¢ 200 200
3 NS 8 14

Level 1
6 N 8 14
1 N, 11 23
2 Nj 11 23

Level 2
4 N 11 23
5 N 11 23
Total retained mode number N, 60 120
Size of the reduced model N, 260 320
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Figure 5.11 Relative eigenvalue errors for the hyperboloid shell problem: (a) N, =60, (b)) N, =120
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5.3 Computational cost

In order to investigate the computational cost required for the enhanced AMLS method, computation
times are measured, and compared with those of the original AMLS method. A sparse matrix computation with
MATLAB is used in a personal computer (Intel core (TM) i7-3770, 3.40 GHz CPU, 16GB RAM). Note that, of
course, computation times vary depending on implementation details of the computer codes, as well as on the
performance of the computers used. Therefore, the results discussed in this section could not be simply general-

ized.

5.3.1 Reduced models with same size

When the size of the reduced model is the same, additional computation is required for the enhanced
AMLS method, compared with the original AMLS method. Table 5.8 presents the computation times for calcu-
lating the lowest eigenvalues (mode number = 1) in the four numerical examples considered in Section 5.2. Note
that the original and enhanced reduced transformation matrices in Equations (2.25) and (5.3) are used in the
original and enhanced AMLS methods, respectively. The results show that the additional computational cost for

the enhanced AMLS method is not high compared with the original AMLS method.

We investigate the additional computation times required for the enhanced AMLS method by increas-

ing the number of DOFs in the rectangular plate problem with the partition type A in Figure 5.1(a). We here con-
sider six different meshes: 20x12 (N, =1365, N, =95), 30x18 (N, =2945, N =125),
40x 24 ( Ny =5125, Np =155), 48x30 ( Ny=7,595, Wp =185), 54 x32 ( N,=9075,

N, =195),and 60x36 (N, =11285, N =215), see Figure 5.12for 30 x 18 and 40 x 24 meshes.

To construct the reduced models, the number of retained dominant substructural modes is fixed as 30
in every numerical case. Note that, as the number of DOFs increases, the size of reduced models also increases
due to the DOF increment in the highest level substructure. The computation times required for calculating the
lowest eigenvalues by the original and enhanced AMLS methods are presented in Figure 5.13. This result also

shows the good computational efficiency of the enhanced AMLS method.
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Figure 5.12 Two different meshes for the rectangular plate problem with the partition type A in Figure 5.1(a): (a)

30 x 18 mesh, (b) 40 x 24 mesh.
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Figure 5.13 Computation times depending on the number of DOFs in the rectangular plate problem with the

partition type A in Figure 5.1(a).
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Table 5.8 Computation times for calculating the lowest eigenvalues by the original and enhanced AMLS meth-

ods

Computation time (sec)

A\ N, Original AMLS Enhanced AMLS
Rectangular plate
1,365 135 1.018E-01 1.182E-01
(Freq. cut-off, N, =30)
Cylindrical solid
1,740 250 2.912E-01 3.001E-01
(Freq. cut-off, N, =70)
Bench corner structure
3,508 147 2.216E-01 2.458E-01
(Freq. cut-off, N, =50)
Hyperboloid shell
4,200 260 5.045E-01 5.248E-01

(Freq. cut-off, N, =60)
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5.3.2 Reduced models with similar accuracy

For a fair comparison, the computation times of the original and enhanced AMLS methods are meas-
ured for the reduced models with similar accuracy. A turbine blade problem in Figure 5.14 is considered. Length

L is 35 m, thickness is 0.05m, Young's modulus E is 210 GPa, Poisson's ratio v is 0.3, and density p is

7,800 kg/m3. The detailed geometry is described in Ref. [71]. We use 10,300 shell finite elements and 10,100

nodes (51,308 DOFs). Considering three sub-structural levels (0, 1 and 2), the global structure is partitioned into

19 substructures.

The following numerical cases are considered:

*  The original AMLS method is used with the reduced model size of Np =1260 (N4 =60) and
N, =3100 (N, =1900).

e The enhanced AMLS method is used with the reduced model size of Np =1260 (N, =60).

Figure 5.15 shows that the accuracy is similar for the reduced models using the original AMLS meth-

od with N =3100 (N, =1900) and using the enhanced AMLS method with N, =1260 (N, =60).

Table 5.9 lists the breakdown of computation time. It is observed that, with similar accuracy, the computation

time required for the enhanced AMLS method is smaller than for the original AMLS method.

At this point, it is very important to note that, in this study, we tested the computational cost of the
enhanced AMLS method for several FE models with up to 51,308 DOFs using our own MATLAB implementa-
tion. Therefore, additional tests are required considering various FE models with more than millions of DOFs.
Note that the computational efficiency is crucial to use the enhanced AMLS method as a solver of eigenvalue
problems with large DOFs. In order to do that, much effective computer codes and high performance computers

are necessary.
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Figure 5.14 Turbine blade problem
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Table 5.9 Computation times for calculating the lowest eigenvalues in the turbine blade problem. The computa-

tion times are normalized by the total computation time required for the original AMLS method when

N4 =60.
Normalized computation times
Related Original Original Enhanced
Items .
Equations AMLS AMLS AMLS
(N4 =60) (N, =1,900) (N4 =60)
Transformation procedures (2.26), (5.4)
Solution of the substructural eigenvalue 0.0736 0.6272 0.0736
(2.22)
problems
Calculation of the multi-level constraint mode
R (4.3) 0.9252 0.9252 0.9252
matrix ¥
Solution of the reduced eigenvalue problem (2.27) 0.0012 0.0599 0.0012
** Calculation of the residual flexibility
(4.18) - - 0.0062
matrix F,
** Inverse matrix of the reduced mass
R (5.2) - - 0.0118
matrix M,
Total 1.0000 1.6123 1.0180

** |tems only required for the enhanced AMLS method
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5.4 Closure

In this chapter, we presented a new component mode synthesis (CMS) method developed by improv-
ing the automated multi-level substructuring (AMLS) method. Unlike for the original AMLS method, the resid-
ual mode effect is considered in constructing the transformation matrix. As a result, the original AMLS trans-
formation matrix is enhanced by the residual flexibility, in which the unknown eigenvalue is approximated using

O’Callahan’s approach from the improved reduced system (IRS) method.

The enhanced AMLS method was then developed using this enhanced transformation matrix. As a re-
sult, global (original) structural models can be more precisely reduced, and the accuracy of reduced models is
dramatically improved. The accuracy improvement of the enhanced AMLS method was demonstrated through
numerical examples, and its computational cost was also investigated. However, as mentioned, additional nu-
merical tests on the computational cost of the enhanced AMLS method are necessary considering much larger

FE models than those considered in this study.

In order to use the enhanced AMLS method as a solver of eigenvalue problems, it is important to in-
crease its computational efficiency. An optimized algorithm for computer programming would be valuable, and
then efficient mode selection and error estimation techniques are essential [62-66]. In addition, the proposed

method can be used to reduce the size of system matrices in flexible multibody systems [78-80].
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Chapter 6. Algebraic dynamic condensation method

In the 1960s, Guyan [23] and Irons [24] independently proposed a static condensation method. Since,
in the static condensation, the inertia effects of the truncated DOFs are ignored, the solution accuracy for higher
modes is not good. In 1989, considering the inertia effects properly, O’Callahan [30] proposed the improved
reduced system (IRS) method. The IRS method has been widely adopted due to its excellent solution accuracy
and simple formulation. Since then, Friswell [33] developed the iterative IRS method (IIRS), and Xia and Lin
[34] improved the IIRS method. While the IIRS method can provide further improved accuracy, additional com-
putational cost is inevitable. In order to improve computational efficiency, Bouhaddi and Fillod [35-37] applied
physical domain based substructuring, which is a key concept of component mode synthesis (CMS) methods [1-
22] to the Guyan reduction. Kim and Cho [38, 39] applied physical domain based substructuring to the IRS and
IIRS methods.

Since the 1970s, several algebraic substructuring algorithms have been developed in applied mathe-
matics [81-83]. In algebraic substructuring, a large sparse matrix is automatically divided into many small sub-
matrices without consideration of the physical domain. Therefore, a large number of substructures (submatrices)
can be effectively managed in computation and thus computational cost can be significantly reduced. Algebraic
substructuring was successfully applied to the CMS methods [59-61], and it offered remarkable computational

efficiency.

In this study, we develop a new efficient reduced-order modeling technique, named algebraic dynam-
ic condensation. The formulation is based on the IRS method. The design focus is on computational efficiency,
which is achieved avoiding expensive global matrix operations and matrix populations. First, global mass and
stiffness matrices are automatically partitioned using algebraic substructuring. The substructural stiffness is then
condensed into the interface boundary, and the interface boundary is reduced considering the dominant interface
normal modes. Finally, the reduced model is constructed by condensing the substructural inertial effects into the

reduced interface boundary.

The formulation of the proposed method can be simply expressed using multiplications and summa-
tions of submatrices, and thus it presents excellent computational efficiency in comparison to the IRS method.
The proposed method also provides better accuracy than the IRS method. A great feature of our method is that,

as the number of substructures (submatrices) increases, both accuracy and computation cost improve, and unlike
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the IRS method, the proposed method can handle relatively large FE models.

In the following sections, the formulation of the proposed method is derived, and through several
structural problems, the performance of our method is demonstrated compared to the IRS method. Finally, con-

clusions are drawn in Section 6.4.

6.1 Algebraic dynamic condensation method

In this section, we describe the key procedures of the algebraic dynamic condensation method: alge-
braic substructuring, substructural stiffness condensation, interface boundary reduction, and substructural iner-
tial effect condensation. The proposed method is designed focusing on computational efficiency and thus expen-

sive global matrix operations and matrix populations are avoided within the formulation.

6.1.1 Algebraic substructuring

In algebraic substructuring, rows and columns of an original large sparse matrix are permuted, and
then the permuted matrix is partitioned into many submatrices, see Figure 6.1. Note that the matrix permutation
is performed by renumbering nodes in FE models. The permutation procedure does not alter the physical charac-

teristic of original FE models.

In a large FE model, the original mass and stiffness matrices are large and sparse. Using the algebraic
substructuring procedure, the matrices can be automatically partitioned into many submatrices. Here, those

submatrices could be defined as substructures and interface boundary in the algebraic perspective.

After the algebraic substructuring, the global mass and stiffness matrices, M g and Kg , are par-

titioned into N substructures and 1 interface boundary

M, 0 M| | K, 0 |K;|
[ [
M, = LK, = L (6.1)
0 M M, AL K, 1K,
(M;)’ (M;)" | M, (K7)' (K7 | K, |
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in which M; and K denote the diagonal component mass and stiffness matrices of the i™ substructure,
respectively, and M, and K, denote the mass and stiffness matrices of the interface boundary, respec-

tively. The off-diagonal component matrices Mf and Kic denote the mass and stiffness matrices of the ™"

substructure coupled with the interface boundary, respectively. Note that the global partitioned matrices in Equa-

tion (6.1) have the same form as used in the Craig-Bampton (CB) method [1].
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Figure 6.1 Algebraic substructuring procedure: (a) Nonzero pattern of an original large sparse matrix, (b) Non-

zero pattern of the permuted matrix, (c) Matrix substructuring (8 substructures and 1 interface boundary)

6.1.2 Substructural stiffness condensation

Using the partitioned mass and stiffness matrices in Equation (6.1), the eigenvalue problem for the

global structure is expressed as
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KS KC uS MS MC uS
: —A : , 6.2)
K. K, | u, M, M, | u,

where the subscripts S and b denote the substructural and interface boundary quantities, respectively, and the
subscript C denotes the coupled quantities between the substructures and interface boundary. M, and K|

are the block-diagonal mass and stiffness matrices that consist of the substructural mass and stiffness matrices,

M, and K.

From the first row in Equation (6.2), the substructural displacement vector u  is represented in

terms of u,
u, =—(K, —AM,) (K, —AM,)u, =[¥, +AK.'M, +0()+---]u,, (6:33)
with ¥, =—K'K_, M, =M, +M,¥_, (6.30)

in which the global eigenvalue A is an unknown scalar value.

Neglecting terms with A in Equation (6.3a), the substructural displacement vector u, can be ap-
proximated with the interface displacement vector u
u,~u, =¥ u,, (6.4)

and, then the global displacement vector u g is approximated by

Clug | _ B N
u, ~u; = =%Yu, with ¥= 7 (6.5)
u I
b b

where W denotes the interface constraint mode matrix [1], ¥ . is the constraint mode matrix to couple the

substructures with the interface boundary, and Ib is the identity matrix for the interface boundary. Note that

Y is identical with the Guyan transformation matrix TG in Equation (2.39b). That is, W' is the static con-

densation matrix that condenses the substructural stiffness into the interface boundary.

The submatrix form of W in Equation (6.5) is described as
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e
¥,
Y= : with W =-K'K’ for 1=1,2,---,n, (66)
¥,

I,

where ‘I’,C is the constraint mode matrix to couple the it substructure with the interface boundary. Here, the

inverse matrix Ki_l can be effectively computed using the Cholesky factorization of K.

Substituting Equation (6.5) into Equation (6.2) and pre-multiplying y' , the following reduced ei-

genvalue problem is obtained

K,u, =1M,u,, u, =0, q,, (6.7)

with
M, =¥'M ¥=M, +M]'¥, + ¥ M, (6.82)
K, =¥'K,¥=K, +K]¥,, (6.8b)

in which @, is the eigenvector matrix for the interface boundary, and ¢, is the corresponding generalized

coordinate vector, and M and K are the reduced mass and stiffness matrices of size Ny x N, (N,

is the number of DOFs in the interface boundary).

The matrices M ., ¥., M, and K, inEquation (6.8) are represented in a submatrix form as

(M¢] e ] M¢ ] K¢ |
MC \I’C n AC KC

M, =| 2| v =] o= M| Kk =[] 6.9)
M7 A M | K |

and then the reduced mass and stiffness matrices can be effectively calculated in a submatrix level through the

following submatrix operations

M, =M, + D MD)W+ () M;  with M; =M +M ¥, (6.102)
i=1 i=1
K, =K, + > (K%) ¥’ (6.10b)

i=1
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6.1.3 Interface boundary reduction

As the number of substructures increases, the DOFs of the interface boundary rapidly increases. In

order to avoid the increasing computational cost, it is essential to reduce the interface boundary.

In Equation (6.7), the interface eigenvector matrix @, can be decomposed into the dominant and
residual interface normal modes, (I)g and @, , and the interface displacement vector u,, is expressed as

d
q
|y

b

u, =®,q, = [(I)g D, (6.11)

where q g and q {) are the generalized coordinate vectors corresponding to (I)f]i and q){) , respectively.

Considering only the dominant interface normal modes (I)g , We can obtain the reduced interface
displacement vector u, as follows
u, ~u, =®q (6.12)
b Uy =Dy qy :

in which (I)f]i can be effectively calculated by using the shift-invert Lanczos algorithm.

Using Equation (6.12) in Equation (6.7), the eigenvalue problem for the reduced interface boundary is

obtained as

K,q) =ZM,q; with M,=(@))'M,(@), K,=(®)'K,(®), (613)

inwhich M, and K are the mass and stiffness matrices for the reduced interface boundary, and A s the

approximated eigenvalue. Note that M, and K, are N, x N, matrices, where N, is the number of

the dominant interface normal modes.

6.1.4 Substructural inertial effect condensation

Considering the first order term of A in Equation (6.3a), the approximated substructural displace-

ment vector U, in Equation (6.4) becomes more precise

- 108 -



=¥, +AK.'M,)u, . (6.14)

Combining Equation (6.12) and Equation (6.14), the approximated global displacement vector ﬁg
in Equation (6.5) is redefined as

[ _ — | PP
UQZ{_}ﬁqug with ‘I’lz‘I’+/1‘I’a,‘1’={ cdb]
u, D,

(6.15)

‘Pa :|:K51 1\0/‘[0(Dg j|,

where ‘I’1 is a newly defined interface constraint mode matrix compensating the inertial effects of the sub-

structuresby AW, ,and W is the reduced interface constraint mode matrix.

The matrix ‘I’l is employed in Equation (6.15) and the following reduced matrices are defined as

M, =¥]M_¥, =M, + A¥'M_ ¥, + 1¥.M ¥ + P¥IM, ¥, (6.162)
K, =YK ¥, =K, + \¥'K ¥, + 1¥IK, ¥+ P¥IK ¥, (6.16b)
in which
PM Y, =(@) MIA with A=K'M, (@), (6.173)
MY, =A'MA, YK ¥,=0, VK ¥,=V MY, (6.17b)

Pre-multiplying Mgl in Equation (6.13), we obtain the following relation

Aq)=Hgq. with H, =M,"K, . (6.18)

Using A instead of the unknown A in Equation (6.16), and applying Equation (6.17) to Equation

(6.16), the reduced matrices are redefined as
M, =M, +(®°)' M'AH, + H ATM_ @’ + HH ATM_AH, , (6.192)
K, =K, +H[ (®!)'M'AH,, (6.19b)

where the matrix A can be represented in a submatrix form as
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with A, =K *M(@). (6.20)

Substituting MC in Equation (6.9) into Equation (6.19), the reduced matrices of the proposed

method are finally obtained in a submatrix form as follows:

M, =M, +R, +R! +R,, K, =K, +H'R, (6.212)
with R, =Y (@3) (MH)TAH, , R, => HIA|M,AH,, (6.21b)
i=1 i=1

inwhich M, and K| are the reduced mass and stiffness matrices of size Wb X Wb . It is important to note

that the reduced matrices are efficiently calculated through multiplications and summations of submatrices

without considering the global transformation matrix.

In the proposed method, the eigensolutions then are approximated from the following reduced eigen-

value problem

K, (@), =4 M, (¢), for i=12,,N,, (6.22)

where Z and (6)i are the approximated eigenvalues and eigenvectors, respectively.

The approximated global eigenvectors are calculated by

(@,), =¥ for i=12,---,N,. (6.23)
in which
¥,
¥,
V.= i | with =YD +K'M @ H, for i=12-,n. (6.24)
wpl
@, |

The computational procedure of the algebraic dynamic condensation proposed in this study is sum-

marized in Table 6.1.
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Table 6.1 Computational procedure of the algebraic dynamic condensation

Computational procedure Related equations

Step 1. Algebraic substructuringof M, and K 6.1
Step 2. Substructural stiffness condensation

a.Compute — K ', W© and MC, 6.6, 6.10a

b. Calculate 1\7[b and Kb : 6.10
Step 3. Interface boundary reduction

a. Calculate the dominant interface normal mode matrix, <I>§ ) 6.12

b. Calculate ﬁb and Kb : 6.13
Step 4. Substructural inertial effect condensation

a. Calculate H,, A;, R, and R,. 6.18, 6.20, 6.21b

b. Calculate the reduced matrices, Mb and Kb. 6.21a
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6.2 Numerical examples

In this section, the performance of the proposed method is tested considering four practical structural
problems frequently handled in the ship and ocean engineering fields: a rectangular plate, a stiffened plate, a
semi-submersible rig and a cargo hold structure. The accuracy and computational efficiency of the proposed

method are compared to those of the IRS method.

In the IRS method, the retained DOFs are selected by using the ratio of the diagonal terms of mass
and stiffness matrices [29]. In the proposed method, algebraic substructuring is performed using METIS [77],
which is an efficient matrix reordering and partitioning software package, and the frequency cut-off method is

employed to select the dominant interface normal modes [1].

All the structural problems are modeled by using 4-node MITC shell finite elements [67-73], and the

free boundary condition is imposed. The material property of a mild steel is used; Young’s modulus E =206
GPa, Poisson’s ratio U =0.3, and density p =7850 kg/m®. The numerical procedure is implemented in

MATLAB and a personal computer (Intel core (TM) i7-3770, 3.40 GHz CPU, 32GB RAM) is used for computa-

tion.

To measure the accuracy of reduced models constructed by the IRS and proposed methods, the fol-

lowing relative eigenvalue error is adopted
&= il M (6.25)

in which & denotes the relative eigenvalue error for the i™ mode and the exact global eigenvalue /4 is ob-

tained from the eigenvalue problem of the global structural FE model.

6.2.1 Rectangular plate problem

We consider the rectangular plate modeled by a 60 x36 mesh of 4-node MITC shell finite ele-

ments as shown in Figure 6.2, and the number of DOFs is 11285. Length L , width B , and thickness h are

20 m, 12 m, and 0.025 m, respectively.
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The mass and stiffness matrices are partitioned into 16 substructures and 1 interface boundary using

algebraic substructuring. Two different sizes of the reduced model are considered: N, = Nb =100 and

N, = N_b =300 . The performance of the proposed method is compared to that of the IRS method.

Figure 6.3 presents the relative eigenvalue errors obtained using the IRS and proposed methods in the
two numerical cases considered. Table 6.2 lists the relative eigenvalue errors when N, = N, =100 . It is ob-
served that the proposed method constructs more accurate reduced models than the IRS method. Table 6.3
shows the computational cost when N, = Nb =100 . Compared to the computation time required for the IRS

method, the proposed method only requires 0.94 % of the computation time. That is, the proposed method is
more than 100 times faster than the IRS method in computation. The results show that the proposed method

outperforms the IRS method in both accuracy and computational efficiency.

»!
gl

[
<

A
A

[ t

Figure 6.2 Rectangular plate problem (60x36 mesh, 11285 DOFs)
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Figure 6.3 Relative eigenvalue errors by the IRS and proposed methods for the rectangular plate problem: (a)

N, =100 and N, =100 (b) N, =300 and N, =300
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Table 6.2 Relative eigenvalue errors for the rectangular plate problem when N

r

N, =100

Mode number IRS Proposed
1 6.76228E-05 4.10733E-10
2 1.49447E-04 8.54147E-10
3 9.19271E-03 8.54488E-08
4 2.56983E-03 3.11311E-08
5 6.90573E-03 3.50102E-07
6 3.50973E-02 2.33387E-06
7 7.79645E-02 1.64861E-06
8 4.39716E-02 5.49240E-06
9 1.18145E-01 1.47466E-05
10 1.34452E-01 7.27208E-06
11 1.53947E-01 6.60347E-05
12 2.96908E-01 7.86423E-05
13 2.15174E-01 1.24925E-04
14 2.02588E-01 6.41646E-05
15 4.96222E-01 3.22909E-04
16 4.24919E-01 1.60237E-04
17 8.63934E-01 2.46142E-04
18 5.63174E-01 8.42677E-04
19 5.58491E-01 1.45123E-04
20 5.65632E-01 4.43949E-04
21 5.14183E-01 3.48023E-04
22 8.48793E-01 3.16917E-03
23 9.60316E-01 6.11854E-03
24 1.62232E+00 2.06494E-03
25 1.39140E+00 5.03076E-03
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Table 6.3 Specific computational cost for the rectangular plate problem when N, = Nb =100

Related Computation times
Items
Equations [sec] Ratio [%]
Transformation procedure 8,13 205.70 99.95
IRS Reduced eigenvalue problem 14 0.10 0.05
Total - 205.80 100.00
Algebraic substructuring 16 0.05 0.02
Calculation of M and K matrices 25 0.61 0.30
Eigenvalue problem for the interface boundary 22 0.49 0.24
Calculation of Mb , Kb and H, matri-
Proposed 28, 33 0.03 0.01
ces
Calculation of M and K matrices 36 0.70 0.34
Reduced eigenvalue problem 37 0.10 0.05
Total - 1.98 0.96
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6.2.2 Stiffened plate problem

As shown in Figure 6.4, a stiffened plate, an important component of ship structures, is considered.
Length L, breadth B and stiffener spacing S are 26 m, 6 m, and 2 m, respectively. The stiffener is com-

posed of a vertical web of height 0.5 m and a flange of breadth 0.2 m, and the thickness h is 0.019 m. The
stiffened plate structure is modeled using 8580 shell finite elements and the number of DOFs is 52662. The

mass and stiffness matrices are partitioned into 64 substructures and 1 interface boundary using METIS.

Figure 6.5 presents the relative eigenvalue errors obtained using the IRS and proposed methods for
two different sizes of the reduced models: N =N, =300 and N, = N, =600. The excellent accuracy

of the proposed method is observed in both cases.

We then investigate sizes of the reduced models obtained from the two methods, when the accuracies

of the reduced models are similar. As shown in Fig.6, for the similar accuracy, the proposed method requires
reduced models of sizes, N, =300 and N, =600, and the IRS method requires reduced models of sizes,

N, =2250 and N, =4200. These results show that the proposed method can provide much smaller re-

duced models for a desired accuracy. The computational cost required is presented in Table 6.4 when

N, =300 and N, =2250.

———

0.2 I
i’lﬂw%

0019 |

Figure 6.4 Stiffened plate problem (8580 shell elements, 52662 DOFs)
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Figure 6.5 Relative eigenvalue errors by the IRS and proposed methods for the stiffened plate problem: (a)

. =600

300 (b) N, =600 and N,

N, =300 and N, =
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Figure 6.6 Relative eigenvalue errors by the IRS and proposed methods for the stiffened plate problem: (a)

N, =2250 and N, =300 (b) N, =4200 and N, =600
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Table 6.4 Specific computational cost for the stiffened structure problem when N, = 2250 and N, =300

Related Computation times
Items
Equations [sec] Ratio [%]
Transformation procedure 8,13 5514.97 99.93
IRS Reduced eigenvalue problem 14 3.74 0.07
Total - 5518.71 100.00
Algebraic substructuring 16 0.52 0.01
Calculation of M and K matrices 25 10.41 0.19
Eigenvalue problem for the interface boundary 22 16.73 0.30
Calculation of ﬁb, Kb and H, matri-
Proposed 28, 33 1.12 0.02
ces
Calculation of M and K matrices 36 12.26 0.22
Reduced eigenvalue problem 37 0.50 0.01
Total - 41.54 0.75
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6.2.3 Semi-submersible rig problem

A semi-submersible rig structure shown in Figure 6.7 is considered. Breadth B, column width C,
heights H, and H, are 80 m, 20 m, 50 m and 15 m, respectively. Length L and thickness h are 110 m

and 0.018 m, respectively. The structure modeled using 16800 shell finite elements has 102054 DOFs. In this FE

model, the IRS method fails to construct any size of reduced models due to the large size of computer memory

required for storing almost fully populated matrices, Tg and T,.

Using METIS, the global mass and stiffness matrices of the FE model are partitioned into 32, 64 and

128 substructures. We construct two different sizes of the reduced model: N, =N, =300 and

N, = N, =600. We then investigate the effect of the number of substructures on the performance of the pro-

posed method. Figure 6.8 and Table 6.5 show that, as the number of the substructures increases, both accuracy

and computational efficiency become better and better. This is a very interesting feature of the proposed method.

A A A R S AR

AUERARARNRNRRRRR

TR

Figure 6.7 Semi-submersible rig problem (16800 shell elements, 102054 DOFs)
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Figure 6.8 Relative eigenvalue errors by the proposed method for the semi-submersible rig problem, when the
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Table 6.5 Computational cost for the semi-submersible rig problem when Nb =300

Number of Computation times
Items
substructures [sec]
IRS - N/A
32 207.30
Proposed 64 101.63
128 75.89

-123 -



6.2.4 Cargo hold structure problem

We finally consider a cargo hold structure of an oil carrier as shown in Figure 6.9. The height H ,

breadth B, length L , and thickness h are 30 m, 50 m, 87 m, and 0.025 m, respectively. We use 26761

shell finite elements and 26228 nodes for finite element modeling. The number of DOFs is 157368. In this case,

the IRS method also does not work.

64 and 128 substructures. Two numeri-

The global mass and stiffness matrices are partitioned into 32

cal cases are considered: N, =200 and N, =600. Figure 6.10 and Table 6.6 present the accuracy and

computational efficiency of the proposed method, respectively. As the number of the substructures increases, the

performance of the proposed method also increases.
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Figure 6.9 Cargo hold structure problem (26761 shell elements, 157368 DOFs)
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Figure 6.10 Relative eigenvalue errors by the proposed method for the cargo hold structure problem, when the

number of substructures are 32, 64, and 128: (a) N, =200 (b) N, =600
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Table 6.6 Computational cost for the cargo hold structure problem when Nb =200

Number of Computation times
Items
substructures [sec]
IRS - N/A
32 496.30
Proposed 64 221.72
128 133.01
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6.3 Closure

In this study, the algebraic dynamic condensation method is proposed. Employing algebraic substruc-
turing, the global mass and stiffness matrices are automatically partitioned into many small submatrices, and
then the submatrices are designated as the substructures and the interface boundary. The substructural stiffness is
condensed into the interface boundary, and then the interface boundary is reduced considering only the domi-
nant interface normal modes. Finally, the reduced model is constructed by condensing the substructural inertial
effects into the reduced interface boundary. The formulation was derived in a submatrix level to avoid expensive
global matrix operations and matrix populations. We investigated the excellent accuracy and computational effi-
ciency of the proposed method through various practical structural problems. The proposed method could han-

dle relatively large FE models, for which the IRS method fails to work.
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Chapter 7. Conclusions

The objectives of this thesis is to give solutions for the following issues: (1) How to evaluate the reli-
ability of reduced models without the exact eigenvalues. (2) To develop a new reduction method suggesting the
approximated eigensolutions more accurately than the previous methods. (3) How to effectively reduce the large
FE models containing several millions DOFs without any limitations of computer memory and computational
costs. These are critical issues remaining to be solved in model reduction methods. In this thesis, as the solutions
for the issues, we proposed the error estimation methods to guarantee the solution reliability of the reduced
model, a new reduction method to improve the solution accuracy, and an efficient reduction method to improve

the reduction efficiency.

In Chapter 3, we presented the simplified error estimation method developed for the CB method. The
original formulation was simplified by neglecting insignificant terms, a new error estimator was obtained, and
thus computational cost was significantly reduced with negligible accuracy loss. In addition, the contribution of
a specific substructure to a relative eigenvalue error could be estimated using the new formulation, in which the
estimated relative eigenvalue error was represented by a simple summation of the substructural errors estimated.
Therefore, the new formulation could be employed for error control by using the detailed errors estimated for a
certain substructure. Through various numerical examples, we verified the accuracy and computational efficien-

cy of the new formulation, and demonstrated an error control strategy.

In Chapter 4, we presented an effective method to estimate the reliability of FE models reduced by
the AMLS method. The proposed error estimation method could accurately predict relative eigenvalue errors in
reduced finite element models. A new, enhanced transformation matrix for the AMLS method was derived from
the original transformation matrix by properly considering the contribution of residual substructural modes. The
enhanced transformation matrix was an important prerequisite to develop the error estimation method. Adopting
the basic concept of the error estimation method recently developed for the CB method [1], an error estimation
method was developed for the AMLS method. Through various numerical examples, we demonstrated the accu-

racy of the proposed error estimation method, and explored its computational efficiency.

In Chapter 5, an enhanced AMLS method was presented. The original transformation matrix of the
AMLS method was enhanced by considering the residual mode effect, and the resulting unknown eigenvalue in

the formulation was approximated by employing the idea of the IRS method. Using the newly defined transfor-
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mation matrix, we developed an enhanced AMLS method by which original FE models could be more precisely
approximated by reduced models, and their solution accuracy was significantly improved. The formulation de-
tails of the enhanced AMLS method was presented, and its accuracy and computational cost was investigated

through numerical examples.

In Chapter 6, we suggested a robust reduced-order modeling method, named algebraic dynamic conden-
sation, which was based on the IRS method. The design focus was on computational efficiency, which was
achieved avoiding expensive global matrix operations and matrix populations. First, global mass and stiffness
matrices were automatically partitioned using algebraic substructuring. The substructural stiffness was then
condensed into the interface boundary, and the interface boundary was reduced considering the dominant inter-
face normal modes. Finally, the reduced model was constructed by condensing the substructural inertial effects
into the reduced interface boundary. The formulation of the proposed method could be simply expressed using
multiplications and summations of submatrices, and thus it presented excellent computational efficiency in
comparison to the IRS method. The proposed method also provided better accuracy than the IRS method. A
great feature of our method was that, as the number of substructures (submatrices) increased, both accuracy and
computation cost improved, and unlike the IRS method, the proposed method could handle relatively large FE

models.

In future works, it would be valuable to develop an error estimator applicable to the CB method using
the interface reduction technique, and an iterative mode selection algorithm to construct accurate reduced-order
models using the proposed error control strategy. To solve FE models with more than several millions of DOFs
without any limitations of computer memory and computational costs, it would be also valuable to develop a

more efficient algebraic dynamic condensation method employing the multi-level algebraic substructuring.
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Appendix

A.1 Carl Neumann series expansion

Let us consider the following equation for an arbitrary matrix A

I+A+A%+-+ A" =) A", (A1)

k=0

where I is an identity matrix.

Pre-multiplying (I — A) to the left-hand side of Equation (A.1), the following equation is obtained

T-A)T+A+A%+--+A™M) =T-A™" (A2)

If the matrix norm ||A|| <1 and m— oo, since lim A™" =0, we can obtain the following equation

I-A)(I+A+A*+--)=1I, (A.3)
andthen (I—A)™" is defined as follow
I-A)"'=1+A+A%*+---, (A4)

where this expansion is called Carl Neumann series expansion.

A.2 Expansion of (A, —AM, )"

In Equation (4.15), the term (A, —A M )™ is rewritten as
(A, —AM_ )=, -A)"A" with A=1AM,, (A5)

where A isthe Nxn real symmetric matrix (N = N, ).

The matrix norm ||A|| is defined by
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|| || < Ax, Ax >'?
=sup———_——, (A.6)

1/2
K e <x x>

|A]l=sup

xeR"

where X is an arbitrary vector in the vector space V".

Here, the eigenvalue problem for matrix A is written as

Aq,=4,q; for i=12,--,n, (A7)

where /”t*i and q; are eigenpairsof A.

The arbitrary vector X in V" can be written as
n
X=0Cq; +Cq, +---+Cq, =Zciqi : (A.8)

where C; is the coordinate of X.

Using Equation (A.8), the matrix norm ||A|| in Equation (A.6) is rewritten as

<AZC.q., AZC.q.

|A] = sup—3 , (A.9)

n

R <ZC.q., ZC.q.

and using the relation Aq; = /f;qi , the following equation is obtained

<Zc/1,q,,2c/1 vz

|A]| =sup—= : (A.10)

n

R <ZC.q., ZC.q.

In Equation (A.10), using the maximum eigenvalue /1; instead of /f: , We can obtain the following inequality

<Zc/1nq,,2c/1 x, <Zcq,,2cqI

|A| < sup—=t =sup i1 =1, (A11)

n n

xeR" <zciqi' zciqi >1/2 xeR" <zclq“ zclql
i=1 i=1
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Therefore, we can identify that ||A|| is bounded as follow

A< 7. (A.12)

The eigenvalue problem for A is written as

n
Aq, =714, (A.13)
and using A = /TA;lM . in Equation (A.5) , Equation (A.13) is rewritten by

A

Aq, =AM, q, with 1, = 7 (A.14)

n

where A, is the eigenvalue corresponding to ¢, for the matrices M, and A, which are mass and stiff-

ness matrices transformed by the residual transformation matrix T .

I .
Since the inequality A, = 7 > A is always satisfied, it is identified that A, <1, and from Equation (A.12),

n

it is also identified that ||A|| <1.

Finally, since ||A|| <1, (Ar - /TM”) 1 canbe expanded by Carl Neumann series expansion as follow
A, =AM ) =AT+AA™M AT +(AAM, A+, (A.15)
and then, we can derive Equation (4.15) as

D (A, -AM,) D =® A'"®] + A" M A'®] +0(1*)+0 (%) +---. (A.16)
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Summary

On the Model Reduction Methods for Dynamic Analysis of Large Finite
Element Models

#HL =0, AFEY de FgI A v, Ak aela vdr)el 2 Aa e
TZ259 %2 S 34 (dynamic response analysis)oll that @77} Z7}star ot abA| vk o]
TZ2EY #3245 d(finite element model)> S W o] A5 (degrees of freedom)E
zky Q7] wiiel, ¥& HI/ME A% afA M (eigenanalysis) Al S AR AJTEo]
QHEY, o3 Hamlass ddsty] f8l, EEE 47 (model reduction method)ol] th gt
AFd Aol H So] v Frbsta vt RdEA7IHE F3Fe 29 (finite element method) 2]
By deo F4 d st dAgrEol ftow,  o=AE s (multi-body  dynamics),
T2 A Y E ¥ (structural  health  monitoring), 7-3=3] 4] 8}/ 7l (structural design  optimization),
T A A 2~ B A o (dynamic  system control) 12131 A3 5 <] E(experimental dynamics) & TS

THE s ¢ Stk "Egd 2 VNE S47Ho R = B2 E/d W (component mode syn-
thesis)o] 1™ 1 Fo|A % Craig-Bampton(CB) 7153} Automated Multi-Level Substructuring
(AMLS) 71Ho] g 2rola Qluy, FEFE2FAAM A=, A Ftesrds o /e F&
T-Z(substructure) = H-EHala, Eety REGzo ZHzte] thake] uf-A S g
a3, FEFEZE E(substructural mode) F, TR KE(dominant mode)ERE A Esho
Edl(reduced model)s T3k Aot o] -, 7]E & FIQARALS Wi 2L 2719
Edz adidor A & vk AR 7INE SA7IRAE AA AREE
FAF = (master  DOFs)9t  H-AM(slave DOFs)® &3, FAFE=7F Zta Sl
A a

I3 & F(inertial  effect) 2} A (stiffness) S FAFE ol -S5-F(condensation)ste]  FHA

ko
o

AASHA Fof A AF5= 79 F427|H 0 2= Guyan F27]19 ¥ Improved Reduced Sys-
tem (IRS) Z247]%¥ o] 2t}

RAZ47HMe A dd o4y AFA s HaduEsY A FY, S5 odlY
2 AAE aEAo] FgE gtoy, ds] dlds)or & Fast TAEo] otk 1
A WA=, &t /X Fh(exact eigenvalug)o]l §lE Aol didll, FAR A AAtE

AF 3L+3] Fh(approximated eigenvalue)o] A4S 71 4= Sl 2AFA Y]
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method)S  7Htsl= Zlojth Uyl

Axkate] A A kel A
= E
eatEAgr7INel Hestt agla g ZAERE, 7S ArE F42REVHEY Y

= wAZANE ANEs Rolth ¥ AT %A AFT AA EASS
cglom, Tof UE Ad growA, FauAdA AkE 2ab nhA ghe AH4 FE
_]

=
At x4 7] (error estimation method) @}, AF A @k FEEE =ol7] 9t Ak

=79 (enhanced reduction method), 78] ERFAFES FAAT77] Yo AEE
A7 S AASHATH

A=z, FETEIEH T g &zl B 7Yl diste],  1rolskd
@274 7| ¥ (simplified error estimation method)S  AAISEA T 7]E=2] @ AFA 7| W oA
A e o] gAY mus FiEES 5% 9 AEste] 1Astd eaFR e AE
AABFA T 2 A4 AL FEgx H 3 oA R A Edo] Hlow
71E9 AFAE7I Y s #AEH FAC At a&dS FE FAAZT K AEE
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Fagxzrse] ayis yHFgeEs JfdEa, AAE FA Qe wASF Al

71 NS ol&ste] FAbstErqlth olgAl Az R WdgdES o] gste], T
(enhanced AMLS method)S #|A13Fit) o] & o] &3&to], Ao F3tQrmds
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2A527Me WEer] 28, IRS 71M e 71wk A
ic condensation method)o]2t= w-¢- F&Zoln HEgs RAEFAV|WS AAEATE dgsHE
&

slod, AA A= H(global mass matrix) 2

%2 -3-% 7] 9 (algebraic dynam-

F 5% (algebraic  substructuring) 71H1&  #
7 3B (stiffness matrix) S =8]2 JdE mEetA] $u B e REHHER By

EEIE BED N SN L K
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QL'
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-T2 (substructure) 2 73 Al & < (interface boundary)
5ol Al 7HA e w8 AREAY: (1) FETE

tion), (2) 74 Al & = 2 (interface boundary reduction), (3) F7% ¥4 & 3}-8-F (substructural inertial
effect condensation). &4 F4A3ES T3] &, B2 A A7 4 wREE Q45
A 3sls) H(global transformation matrix)S ©]| 8314 211 FAEAS AAsigow, 1 Ay
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