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Abstract 

Recently, the demands for the dynamic response analysis of the large and complex structures have been increas-

ing rapidly. Because the finite element (FE) models for those structures contain over several millions of degrees 

of freedoms (DOFs), considerable computing time would be required. This issue has inspired the needs for mod-

el reduction methods, and for decades, various model reduction methods have been developed to reduce the

computational cost with negligible accuracy loss. The model reduction methods can be categorized into two 

groups, mode based and DOFs based reduction methods. A representative mode based reduction method is com-

ponent mode synthesis (CMS) method such as Craig-Bampton (CB) and automated multi-level substructuring

(AMLS) methods, and a representative DOFs based reduction method are Guyan reduction and the improved 

reduced system (IRS) methods. 

 

In model reduction methods, there are three critical issues remaining to be solved. One is how to evaluate the 

reliability of reduced models. To handle this, various error estimation methods have been proposed. In general,

relative eigenvalue errors are used for the reliability evaluation of reduced models. However, basically, it is diffi-

cult to estimate relative eigenvalue errors because the exact eigenvalues are unknown. Another is to develop a 

new reduction method suggesting the approximated eigensolutions more accurately than the previous methods.

The other is how to effectively reduce the large FE models containing several millions DOFs without any limita-

tions of computer memory and computational costs. In this thesis, these issues will be discussed, and as the solu-

tions for those issues, we propose the error estimation methods to guarantee the solution reliability of the re-

duced model, a new reduction method to improve the solution accuracy, and an efficient reduction method to 

improve the reduction efficiency. 

 

For the first issue, we propose the simplified error estimation method developed for the CB method that is the 

most famous one in the CMS methods. The original formulation is simplified by neglecting insignificant terms, a

new error estimator is obtained, and thus computational cost is significantly reduced with negligible accuracy

loss. In addition, the contribution of a specific substructure to a relative eigenvalue error can be estimated using

the new formulation, in which the estimated relative eigenvalue error is represented by a simple summation of

the substructural errors estimated. Therefore, the new formulation can be employed for error control by using the



 

 

detailed errors estimated for a certain substructure. Through various numerical examples, we verify the accuracy

and computational efficiency of the new formulation, and demonstrate an error control strategy.  

 

We also propose the error estimation method for the AMLS method. A new, enhanced transformation matrix for 

the AMLS method is derived from the original transformation matrix by properly considering the contribution of

residual substructural modes. The enhanced transformation matrix is an important prerequisite to develop the

error estimation method. Adopting the basic concept of the error estimation method developed for the CB meth-

od, an error estimation method is developed for the AMLS method. 

 

For the second issue, to improve the solution accuracy, we propose an effective new CMS method based on the 

concept of the AMLS method. Herein, the original transformation matrix of the AMLS method is enhanced by

considering the residual mode effect, and the resulting unknown eigenvalue in the formulation is approximated

by employing the idea of the IRS method. Using the newly defined transformation matrix, we develop an en-

hanced AMLS method by which original FE models can be more precisely approximated by reduced models, 

and their solution accuracy is significantly improved. The formulation details of the enhanced AMLS method is

presented, and its accuracy and computational cost is investigated through numerical examples. 

 

For the final issue, to improve the reduction efficiency, we develop a robust reduced-order modeling method, 

named algebraic dynamic condensation, which is based on the IRS method. Using algebraic substructuring, the

global mass and stiffness matrices are divided into many small submatrices without considering the physical 

domain, and substructures and interface boundary are defined in the algebraic perspective. The reduced model is

then constructed using three additional procedures: substructural stiffness condensation, interface boundary re-

duction, and substructural inertial effect condensation. The formulation of the reduced model is simply expressed

at a submatrix level without using a transformation matrix that induces huge computational cost. Through vari-

ous numerical examples, the performance of the proposed method is demonstrated in terms of accuracy and

computational cost. 

 

Keywords Structural dynamics; Finite element method; Model reduction; Component mode synthesis; CB

method; AMLS method; Guyan reduction; IRS method; Error estimation; Eigenvalue problem; 
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Chapter 1. Introduction 

 

 

These days, we frequently deal with finite element (FE) models with more than millions of degrees of 

freedom (DOFs) for analysis of ships, automobiles and aircraft. Despite continuing advances in computing pow-

er, computational cost has continued to rise due to the rapidly increasing size of FE models used in engineering. 

For these reasons, it is crucial to reduce the computational time, and with that goal, various model reduction 

methods have been developed since the 1960s [1-48]. The model reduction methods can be categorized into two 

groups, mode based and DOFs based reduction methods. A representative mode based reduction method is com-

ponent mode synthesis (CMS) method such as Craig-Bampton (CB) and automated multi-level substructuring 

(AMLS) methods, and a representative DOFs based reduction method are Guyan reduction and the improved 

reduced system (IRS) methods. 

 

In 1960s, the CMS method was first presented by Hurty [2]. In the decades since then, various CMS 

methods have been developed [1-22]. The CMS methods have generally been employed to solve large and com-

plex structural vibration problems efficiently, and their applications have been extended to new areas of research 

such as controller design for multi-body dynamics systems, structural health monitoring, structural design opti-

mization, model identification, real-time control of dynamic systems, and so on [49-54]. In CMS methods, an 

original (global) FE model is partitioned into smaller substructures, substructural eigenvalue problems are 

solved, and a reduced model constructed by retaining only dominant substructural modes is used for calculations, 

instead of the much larger original FE model. For this reason, CMS methods can significantly reduce overall 

computational cost required for many applications. Since the 1990s, the AMLS (automated multi-level substruc-

turing) method became popular because it offered great computational efficiency, along with recursive partition-

ing and matrix reordering processes. The original idea of the AMLS method was developed in applied mathe-

matics [55-61]. However, in the structural dynamics community, a well-defined formulation of the AMLS meth-

od has recently been proposed that borrows from the basic concept of the Craig-Bampton (CB) method [1]. 

 

Among DOFs based model reduction methods, the improved reduced system (IRS) method introduced 

by O’Callahan [30] has been very widely used due to its excellent solution accuracy and simple formulation. In 

the IRS method, all DOFs in the global model are separated into the retained and truncated DOFs, and the re-

duced model is constructed by condensing the stiffness and inertial effects for the truncated DOFs into the re-

tained DOFs. Over the last several decades, various studies on the improvement of the solution accuracy of the 

IRS method have been carried out. Suarez [32] and Friswell [33] applied the iterative scheme to the IRS method, 
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and those methods gave excellent solutions almost close to the exact solutions. Xia and Lin [34] developed the 

improved version of the iterative IRS method by using the modified transformation matrix, and they proved that 

the improved iterative IRS method was identical with the subspace iteration method. 

 

In model reduction methods, there are three critical issues remaining to be solved. One research issue is 

how to evaluate the reliability of eigensolutions obtained from the reduced model, when the exact eigensolutions 

are unknown. In general, relative eigenvalue errors are used for the reliability evaluation of reduced models. 

However, basically, it is difficult to estimate relative eigenvalue errors because the exact eigenvalues are un-

known. To handle this problem, several a priori and a posteriori error estimation methods have been developed 

[62-66]. Recently, an accurate error estimator was developed for the CB method using an enhanced transfor-

mation matrix derived considering the residual mode effect [10]. Its estimation accuracy and computational effi-

ciency were tested with various structural finite element (FE) models (within 5,000 DOFs). However, since the 

original formulation requires full matrix operations, its computational cost may become severe in problems with 

very large DOFs. Another issue is how to develop a new reduction method suggesting the approximated eigen-

solutions more accurately than the previous methods, and the other issue is how to effectively reduce the large 

FE models containing several millions DOFs without any limitations of computer memory and computational 

costs. In this thesis, these issues will be discussed, and as the solutions for those issues, we propose the error 

estimation methods to guarantee the solution reliability of the reduced model, a new reduction method to im-

prove the solution accuracy, and an efficient reduction method to improve the reduction efficiency. 

 

For the first issue, we propose a newly formulated error estimator in order to improve the computational 

efficiency of original error estimation method. First, the original formulation is simplified at the component ma-

trix level and some higher order terms are neglected. Then, we newly define a simplified error estimator, in 

which the contribution of a specific substructure to a relative eigenvalue error can be calculated and the summa-

tion of the substructural eigenvalue errors is equal to the total eigenvalue error estimated. Consequently, using 

the simplified error estimator, we provide two important advantages (reduction of computational cost and capa-

bility to estimate substructural errors) with negligible loss of accuracy. In particular, using the second feature, 

we can identify the substructural distribution of relative eigenvalue errors, which makes it possible to handle 

locally fluctuated eigenvalue errors by adjusting the number of substructural modes selected. It is important to 

note that the concept of the substructural error mentioned here nicely matches with the key idea of the compo-

nent mode synthesis (CMS). That is, a whole model is the summation of its substructural models. 
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Furthermore, we propose an accurate error estimation method for the AMLS method. Since the AMLS 

method is based on the CB method [1], the simplified concept of the error estimation method described can be 

also employed for the AMLS method. However, an important prerequisite is the need to obtain an enhanced 

transformation matrix for the AMLS method, based on consideration of the contribution of residual substructural 

modes. This is the major difficulty in development of the error estimation method for the AMLS method due to 

the relatively complicated architecture of the AMLS method. We derive the enhanced transformation matrix and, 

using it, propose an error estimation method for the AMLS method. 

 

For the second issue, we derive a new method for the AMLS method, which gives more accurate ei-

gensolutions by using a new transformation matrix. The new transformation matrix is enhanced by considering 

the residual mode effect. One difficulty is the fact that the enhanced transformation matrix contains an unknown 

eigenvalue. In order to approximate the unknown eigenvalue, we adopt O’Callahan’s idea, which was originally 

proposed to develop the IRS method by improving Guyan reduction [23]. Finally, the enhanced transformation 

matrix is defined without the unknown eigenvalue, and by using the newly defined transformation matrix, an 

enhanced AMLS method is proposed. The reduced FE models obtained from the enhanced AMLS methods have 

the same size as those obtained from the original AMLS method. However, compared to the original AMLS 

method, the enhanced AMLS method can provide significantly improved reduced-order models. 

 

For the final issue, we develop a new efficient reduced-order modeling technique, named algebraic dy-

namic condensation to improve the reduction efficiency. The formulation is based on the IRS method. The de-

sign focus is on computational efficiency, which is achieved avoiding expensive global matrix operations and 

matrix populations. First, global mass and stiffness matrices are automatically partitioned using algebraic sub-

structuring. The substructural stiffness is then condensed into the interface boundary, and the interface boundary 

is reduced considering the dominant interface normal modes. Finally, the reduced model is constructed by con-

densing the substructural inertial effects into the reduced interface boundary. The formulation of the proposed 

method can be simply expressed using multiplications and summations of submatrices, and thus it presents ex-

cellent computational efficiency in comparison to the IRS method. The proposed method also provides better 

accuracy than the IRS method. A great feature of our method is that, as the number of substructures (submatri-

ces) increases, both accuracy and computation cost improve, and unlike the IRS method, the proposed method 

can handle relatively large FE models. 

 

In the following section, we briefly introduce the key concepts and formulations of the CB method, 

AMLS method, and IRS method. In Chapter 3, we derive the simplified error estimator and propose an error 
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control strategy for the CB method, and in Chapter 4, the error estimation method for the AMLS method is de-

rived. In Chapter 5, the formulation details of the enhanced AMLS method are presented, and in Chapter 6, the 

formulation of the algebraic dynamic condensation is derived. Finally, the conclusions of the thesis are de-

scribed in Chapter 7. 
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Chapter 2. Model reduction methods 

 

 

In this chapter, we briefly introduce the formulations of Craig-Bampton (CB), automated multi-level 

substructuring (AMLS), Guyan reduction, and improved reduced system (IRS) methods. The detailed derivation 

procedures are well described in references [1, 30, 59 and 60]. 

 

 

2.1 Craig-Bampton (CB) method 

 

Let us consider a global finite element model partitioned into n  substructures fixed to its boundary in-

terface. The interface handling in the CB method is described in Figure 2.1. 

 

1�
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(a) (b)  

Figure 2.1 Interface handling in the CB method: (a) Partitioned structure, (b) Fixed interface boundary 

 

In the CB method, the equations of motion for free vibration are given 

 0uΚuΜ  gggg  , (2.1)
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where M  and K  are mass and stiffness matrices, respectively, u  is the displacement vector, and 

22 /)  ()   ( dtd  with time variable t . The subscript g  denotes the global structural quantities, and the 

subscripts s  and b  denote the substructural and interface boundary quantities, respectively. The subscript 

c  denotes the coupled quantities between substructures and interface boundary. Note that sM  and sK  are 
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the block-diagonal mass and stiffness matrices that consist of substructural mass and stiffness matrices, iM  

and iK  (for ni ,,2,1  ). 

 

The eigenvalue problem for the global structure is defined as 

 iggiigg )()( φΜφΚ   for gNi ,,2,1  , (2.3)

in which i  and ig )(φ  are the eigenvalue and eigenvector corresponding to the i th global mode, and gN  

is the number of DOFs in the global FE model. Note that ig )(φ  is the mass-normalized eigenvector, and i  

and ig )φ(  satisfy mass-orthonormality and stiffness-orthogonality conditions. 

 

Using the eigenvectors obtained from Equation (2.3), the global displacement vector gu  is expressed 

by 

 ggg qΦu  , (2.4a)

 ])()()([ 21 igggg φφφΦ  , 


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

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












i

g

q

q

q

q

2

1

 for gNi ,,2,1  , (2.4b)

where gΦ  is the global eigenvector matrix that contains the eigenvectors ig )(φ  and gq  is the generalized 

coordinate vector that contains the generalized coordinates iq  corresponding to ig )(φ . 

 

Then, the transformation matrix 0T  is constructed by combination of the fixed-interface normal modes 

Φ  and interface-constraint modes Ψ  as 

  ΨΦT 0 , (2.5)

 









0

Φ
Φ s

, 









b

c

I

Ψ
Ψ , ][ r

s
d
ss ΦΦΦ  , csc KKΨ 1 , (2.6)

where sΦ  is the block-diagonal eigenvector matrix that consists of substructural eigenvectors, and it is de-

composed into d
sΦ  and r

sΦ  that are the eigenvector matrices corresponding to the dominant and residual 

substructural modes, respectively. Here, cΨ  is the constraint modes matrix and bI  is an identity matrix for 

the interface boundary. The superscripts d  and r  denote the dominant and residual terms, respectively. 
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Then, sΦ  is obtained using the following substructural eigenvalue problems 

 )()()()()( iiiii ΦMΛΦK  , ][ )()()( i
r

i
d

i ΦΦΦ   for ni ,,2,1  , (2.7)

where )(iΦ  and )(iΛ  are the substructural eigenvector and eigenvalue matrices corresponding to the i th 

substructure, respectively. The substructural eigenvector matrix )(iΦ  is decomposed into the dominant term 

)(i
dΦ  and residual term )(i

rΦ . 

 

The constraint mode matrix cΨ  in Equation (2.6) is defined by 
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 with )(1)()( )( i
c

ii
c KKΨ   for ni ,,2,1  , (2.8)

in which )(i
cΨ  is the constraint mode matrix of the i th substructure, and )(i

cK  is the stiffness matrix of the 

i th substructure coupled with the interface boundary. Here, 1)( )( iK  is computed using the Cholesky factori-

zation of )(iK . 

 

Using the transformation matrix 0T  in Equation (2.5), the global displacement vector gu  is ex-

pressed by 

 uT
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u , (2.9)

in which d
sq  and r

sq  are the generalized coordinate vectors corresponding to the dominant and residual sub-

structural modes, respectively. 

 

Neglecting the residual terms in 0T  in Equation (2.9), the global displacement vector gu  is ap-

proximated by 

 uTuu 0 gg  with 
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q
u , (2.10)

in which 0T  and u  are the reduced CB transformation matrix and reduced generalized coordinate vector, 
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respectively. The overbar ( ¯ ) denotes the approximated quantities. 

 

The reduced matrices of the CB method could be obtained as 

 00 TMTΜ g
T , 00 TKTK g

T , (2.11)

and then the reduced eigenvalue problem in the CB method is given by 

 iii )()( φΜφΚ   for Ni ,,2,1  , (2.12)

where i  and i)(φ  are the approximated eigenvalues and eigenvectors, respectively, and N  is the number 

of DOFs in the reduced model ( bd NNN  ). Here, dN  and bN  are the numbers of dominant substruc-

tural modes and interface boundary DOFs, respectively. 

 

Using the eigenvectors obtained from the reduced eigenvalue problem in Equation (2.12), u  is de-

fined as 

 qΦu  , (2.13)

in which Φ  is the approximated eigenvector matrix that contains all the approximated eigenvectors i)(φ , 

and q  is the corresponding generalized coordinate vector. 

 

In the CB method, using the reduced transformation matrix 0T , the approximated global eigenvector 

matrix gΦ  is defined as 

 ΦΤΦ 0g , iig φΤφ 0)(  . (2.14)
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2.2 Automated Multi-Level Substructuring (AMLS) method 

 

In the 1990s, the automated multi-level substructuring (AMLS) method, a computer-aided CMS 

method, was proposed in the field of applied mathematics [55–58]. Due to its computational efficiency, involv-

ing recursive partitioning and matrix reordering processes, the AMLS method has become popular for reduced-

order modeling. Recently, Bennighof and Lehoucq proposed a well-defined formulation of the AMLS method 

based on the concept of the CB method [59-61]. The AMLS method has been also used as a solver of eigenvalue 

problems in many commercial FE software.  

 

In CMS methods, the FE model of the global structure is partitioned into small substructural FE mod-

els, and then various interface handling techniques are used. Since the AMLS method is based on the CB meth-

od [1], the substructures are connected with a fixed interface boundary, see Figure 2.1. 

 

In the AMLS method, interior DOFs are considered bottom level substructures and interface DOFs 

are considered higher level substructures, or the highest level substructure. The substructural relationship is de-

fined using the terms, ancestors and descendants. Higher level substructures are called ‘ancestors’ and lower 

level substructures are called ‘descendants’. Figure 2.2 shows substructural tree diagrams that define the sub-

structural relationships for two different partitioned types. In this study, the formulation of the AMLS method is 

based on previous work [60]. 
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Figure 2.2 Substructural tree diagrams: (a) Substructural levels 0 and 1, (b) Substructural levels 0, 1 and 2 
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After partitioning the global structure into sN  substructures, Equation (2.1) is reordered as 
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 for sNji ,,2,1,   and ,ji   (2.15)

in which the diagonal component matrices iΜ and iΚ are the mass and stiffness matrices of the i th sub-

structure, the off-diagonal component matrices ji,Μ and ji,Κ are the mass and stiffness matrices of the i th 

substructure coupled with the j th substructure, and iu is the displacement vector of the i th substructure. 

When the i th and j th substructures are not coupled to each other, ji,Μ and ji,Κ are zero matrices.  

 

Invoking the harmonic response with frequency   in Equation (2.1), the generalized eigenvalue 

problem for the global structure is defined as 

 iggiigg )()( φΜφΚ   for gNi ,,2,1  , (2.16)

in which i  (= 2
i ) and ig )(φ  are the eigenvalues and eigenvectors, respectively, gN  is the number of 

DOFs in the global structural FE model. Note that i  is the square of the i th natural frequency i , and 

ig )(φ  is the corresponding mass normalized eigenvector. Those satisfy mass-orthonormality and stiffness-

orthogonality conditions as follows: 

 ijjgg
T
ig )()( φΜφ  for gNji ,,2,1,  , (2.17a)

 
ijjjgg

T
ig )()( φKφ  for gNji ,,2,1,  , (2.17b)

where ij  is the Kronecker delta ( 1ij  if ji  , otherwise 0ij ). 

 

Using the eigenvectors obtained from Equation (2.16), the global displacement vector gu  is defined 

as 
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 ggg qΦu  , (2.18)

where gΦ  is the global eigenvector matrix that contains all the eigenvectors ig )(φ , and gq  is the corre-

sponding generalized coordinate vector. 

 

In the AMLS method, the global displacement vector gu  is expressed by 

 pg ηTu 0  with 



s

s

N

i

iN

1

)()()2()1(
0 TTTTT  , (2.19)

where the transformation matrix 0Τ  is given by sequentially multiplying the substructural transformation ma-

trices )(iT  from )1(T  to 
)( sNT , and pη  is the generalized coordinate vector for the partitioned structure. 

The subscript p  denotes the partitioned structure. 

 

Due to the recursive transformation procedure used in the AMLS method, the i th incompletely trans-

formed mass and stiffness matrices, )(ˆ iΜ  and )(ˆ iΚ , are defined by 

    )()2()1()()2()1()(ˆ i
g

Tii TTTΜTTTΜ  , 

    )()2()1()()2()1()(ˆ i
g

Tii TTTΚTTTΚ   for )1(,,2,1  sNi  . 
(2.20)

 

In Equation (2.20), the i th transformation matrix )(iT  is given by 
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 for sNi ,,2,1  , sNiij ,,2,1  , (2.21)

in which iΦ  and ji,Ψ  are the eigenvector matrix of the i th substructure and the constraint mode matrix to 

couple the i th and j th substructures, respectively. The eigenvector matrix iΦ  can be decomposed into the 

dominant term d
iΦ  and residual term r

iΦ . The superscripts d  and r  denote the dominant and residual 

terms, respectively. 

 

The eigenvector matrix iΦ  in Equation (2.21) is calculated from the following substructural eigen-

value problems 
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 i
i

iii
i

i ΦΜΛΦΚ )1()1( ˆˆ    with 1
)0(

1
ˆ ΚΚ  , 1

)0(
1

ˆ ΜΜ    for sNi ,,2,1  , (2.22)

where iΛ  is the eigenvalue matrix for the i th substructure, and )1(ˆ i
iΜ  and )1(ˆ i

iΚ  are the diagonal com-

ponent mass and stiffness matrices of the i th substructure in the )1( i th incompletely transformed mass and 

stiffness matrices, )1(ˆ iΜ  and )1(ˆ iΚ , defined in Equation (2.20). It is important to note that, in order to ob-

tain the i th eigenvector matrix iΦ , we use the )1( i th incompletely transformed mass and stiffness matrices. 

 

The constraint mode matrix ji,Ψ  in Equation (2.21) is defined by 

 )ˆ()ˆ( )1(
,

1)1(
,

 i
ji

i
iji ΚΚΨ  with jj ,1

)0(
,1

ˆ ΚΚ  , 

 for sNi ,,2,1  , sNiij ,,2,1  , (2.23)

in which )1(
,

ˆ i
jiΚ  is the off-diagonal component matrix to couple the i th and j th substructures in the )1( i th 

incompletely transformed stiffness matrix )1(ˆ iΚ . Note that, when the i th and j th substructures are not cou-

pled to each other, ji ,Ψ  is a zero matrix. 

 

In order to make the reduced-order model using AMLS method, a small number of dominant modes 

are used selectively. Neglecting the residual modes r
iΦ  in Equation (2.21), the dominant transformation ma-

trix d
0T  is defined by 

 































s

s

ss

N

d
N

NNi,
d
iji,

d
i

d

d

Φ0

Φ

0

ΦΨΦΨΦ

Φ

T

1

1

0

ˆˆ





, (2.24)

where ji,Ψ̂  are the substructural component matrices of multi-level constraint modes [59-61]. Note that, in the 

AMLS method, the substructural modes of the highest level substructure are not truncated for static complete-

ness (see references [59-61]). Therefore, d
0T  is the pg NN   matrix, in which pN  is the number of DOFs 

in the reduced model. pN  is calculated by adding the number of dominant modes dN  and the number of 
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DOFs in the highest substructure 
sNN  (

sNdp NNN   with 





1

1

sN

i

d
id NN , where d

iN  is the number 

of dominant modes of the i th substructure). 

 

Using the obtained dominant transformation matrix, the global displacement vector gu  in Equation 

(2.19) can be approximated by 

 pgg ηΤuu 0  with d
00 TΤ  , (2.25)

where 0Τ  is the reduced transformation matrix of the original AMLS method and pη  is the corresponding 

generalized coordinate vector. The overbar ( ¯ ) denotes approximated quantities. 

 

Using 0Τ  in Equation (2.25), the reduced mass and stiffness matrices are defined as 

 00 ΤΜΤΜ g
T

p  , 00 ΤΚΤΚ g
T

p  , (2.26)

and, then, the final reduced eigenvalue problem is given by 

 ippiipp )()( φΜφΚ   for pNi ,,2,1  , (2.27)

where i  and ip )(φ  are the approximated eigenvalues and eigenvectors, respectively.  

 

Using the eigenvectors calculated in Equation (2.27), pη  is defined as 

 ppp qΦη  , (2.28)

in which pΦ  is the approximated eigenvector matrix that contains all the approximate eigenvectors ip )(φ , 

and pq  is the corresponding generalized coordinate vector. 

 

Substituting ppp qΦη   in Equation (2.28) into Equation (2.25), the approximated global dis-

placement vector gu  can be rewritten as 

 ppg qΦΤu 0 . (2.29)

 

The global displacement vector in Equation (2.28) can be approximated as 

 gggg qΦuu  . (2.30)
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Comparing Equations (2.29) and (2.30), the following relations are obtained 

 pg ΦΤΦ 0   or  ipig )()( 0 φΤφ  . (2.31)

 

In this paper, the original AMLS formulation is presented without any consideration of computational 

strategy. The formulation details of the multi-level computing strategy, and the computational efficiency can be 

found elsewhere [59-61]. 
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2.3 Improved Reduced System (IRS) method 

 

In this section, we briefly review the formulation of the IRS method for a structural FE model. The 

detailed derivations are well presented in Refs. [30, 33]. 

 

In the IRS method, the equations of motion for free vibration without damping are given by 

 0uΚuΜ  gggg   (2.32)

 









r
T
tr

trt
g MM

MM
M , 










r
T
tr

trt
g KK

KK
K , 










r

t
g u

u
u , (2.33)

where gM  and gK  are the global mass and stiffness matrices, respectively, gu  is the global displace-

ment vector, and 
22 /)  ()   ( dtd  with time variable. The subscripts t  and r  denote the truncated and 

retained DOFs, respectively. The subscript tr  denotes the coupled DOFs between the truncated and retained 

DOFs. 

 

The eigenvalue problem for the global structural FE model is given 

 iggiigg )()( φΜφΚ   for gNi ,,2,1  , (2.34)

and, using the calculated eigenvectors, the global displacement vector gu  is expressed by 

 ggg qΦu   (2.35a)

 ])()()([ 21 gNgggg φφφΦ  , 























gN

g

q

q

q

q


2

1

, (2.35b)

in which i  and ig )(φ  are the eigenvalue and eigenvector corresponding to the i th global mode, and gN  

is the number of DOFs in the global FE model. gΦ  is the global eigenvector matrix that contains the eigen-

vectors ig)(φ , and gq  is the generalized coordinate vector. Note that ig )(φ  is the mass-normalized eigen-

vector. 

 

Using the relation )  (/)  ()   ( 22  dtd , Equation (2.32) is rewritten as 
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 




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
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trt
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trt
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u

MM

MM

u

u

KK

KK
 , (2.36)

and, expanding the first row equation, the truncated DOF vector tu  is represented by 

 rtrtrttt uMKMKu )()( 1   
 

 rtrtttrttrt o uKKMMKKK ])()([ 2111    . (2.37)

 

Neglecting higher order terms of   in Equation (2.37), the truncated DOF vector is approximated as 

 rtrtttrttrttt uKKMMKKKuu )]([ 111    ,  (2.38)

and then the global displacement vector gu  is approximated as 

 raG
r

t
gg uTT

u

u
uu )( 








 ,   (2.39a)

 











r

trt
G

I

KK
T

1

, 






 




0

KKMMK
T

)( 11
trtttrt

a , (2.39b)

in which GT  denotes the Guyan transformation matrix [23] called the static condensation matrix, aT  is an 

additional transformation matrix containing the inertial effects of the truncated DOFs, and rI  is the identity 

matrix for the retained DOFs. The overbar ( ¯ ) denotes the approximated quantities. 

 

Considering only the transformation matrix GT  in Equation (2.39a), the approximated global dis-

placement vector gu  in Guyan reduction is defined by 

 rGg uTu  , (2.40)

and the resulting reduced eigenvalue problem becomes 

 rGrG uΜuK    with Gg
T
GG TMTΜ  , Gg

T
GG TKTK  , (2.41)

where GΜ  and GK  are the reduced mass and stiffness matrices, respectively, in Guyan reduction, and 

  is the approximated eigenvalue. 

 

The matrix 
1

GΜ  is pre-multiplied in the left and right hand sides of Equation (2.41), the following 

equation is obtained 
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 rGr uHu    with GGG KΜH 1 . (2.42)

 

Substituting Equation (2.42) into Equation (2.39a), the approximated global displacement vector gu  

is redefined as 

 rg uTu 1   with GaG HTTT 1 , (2.43)

in which 1T  is the transformation matrix of the IRS (improved reduced system) method. 

 

The reduced mass and stiffness matrices in the IRS method are obtained as 

 Gag
T
a

T
GGg

T
a

T
GGag

T
GGg

T HTΜTHTΜTHHTΜTΜTMTM  111 , (2.44a)

 Gag
T
a

T
GGg

T
a

T
GGag

T
GGg

T HTKTHTKTHHTKTKTKTK  111 . (2.44b)

 

The reduced eigenvalue problem is given by 

 iii )()( 11 φΜφΚ    for Ni ,,2,1  , (2.45)

where i  and i)(φ  are the approximated eigenvalues and eigenvectors in the IRS method, and N  is the 

number of DOFs in the reduced model ( rNN  , in which rN  is the number of the retained DOFs), and 

the approximated global eigenvector i)(φ  can be calculated by  

 iig φTφ 1)(  . (2.46)

 

The transformation procedure in Equation (2.44) is performed through simple matrix multiplications. 

However, since the matrices in Equation (2.44) have the size of the global system ( gN ) and the transformation 

matrices are highly populated, the required computational cost could be huge for large FE models.  
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Chapter 3. Simplified error estimator for the CB method 

 

 

In CMS methods, one research issue is how to evaluate the reliability of eigensolutions obtained from 

the reduced model, when the exact eigensolutions are unknown. To handle this problem, several a priori and a 

posteriori error estimation methods have been developed [62-66]. Of special interest here, Elssel and Voss [62] 

developed an upper bound of the relative eigenvalue error for the automated multi-level substructuring (AMLS) 

method [59-61]. Since it is an a priori method and a scalar operation technique, it requires almost no computa-

tional cost. However, although it gives the tendency of the relative eigenvalue error as an upper bound, its esti-

mation capability is not adequate for practical use in engineering problems. 

 

Recently, an accurate error estimator was developed for the CB method using an enhanced transfor-

mation matrix derived considering the residual mode effect [10]. Its estimation accuracy and computational effi-

ciency were tested with various structural finite element (FE) models (within 5,000 DOFs). However, since the 

original formulation requires full matrix operations, its computational cost may become severe in problems with 

very large DOFs. 

 

In order to improve its computational efficiency, we here propose a newly formulated error estimator 

extending the previous work [65]. First, the original formulation is simplified at the component matrix level and 

some higher order terms are neglected. Then, we newly define a simplified error estimator, in which the contri-

bution of a specific substructure to a relative eigenvalue error can be calculated and the summation of the sub-

structural eigenvalue errors is equal to the total eigenvalue error estimated. Consequently, using the simplified 

error estimator, we provide two important advantages (reduction of computational cost and capability to esti-

mate substructural errors) with negligible loss of accuracy. 

 

In particular, using the second feature, we can identify the substructural distribution of relative eigen-

value errors, which makes it possible to handle locally fluctuated eigenvalue errors by adjusting the number of 

substructural modes selected. It is important to note that the concept of the substructural error mentioned here 

nicely matches with the key idea of the component mode synthesis (CMS). That is, a whole model is the sum-

mation of its substructural models. 

 

In the following sections, the enhanced transformation matrix, and the previous error estimation 

method are briefly reviewed. We then derive the simplified error estimator, and propose an error control strategy. 
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Finally, the performance of the error estimator is tested using a variety of numerical examples. 

 

 

3.1 Enhanced CB transformation matrix 

 

In this section, we briefly review the enhanced transformation matrix that is the key ingredient of the 

error estimator. Substituting Equation (2.9) into Equation (2.1) and pre-multiplying T
0T , the transformed equa-

tions of motion considering all the substructural modes are obtained as follows: 

 0KuuM  , (3.1)
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00Λ

TKTK
ˆ

00 ,  (3.2) 

where the component matrices are defined by 

 )()( d
ss

Td
s

d
s ΦMΦI  , )()( r

ss
Tr

s
r
s ΦMΦI  , (3.3a)

 c
T
cccbb MΨΨMMM ˆˆ  , cscc ΨMMM ˆ , (3.3b)

 )()( d
ss

Td
s

d
s ΦKΦΛ  , )()( r

ss
Tr

s
r
s ΦKΦΛ  , c

T
cbb ΨKKK ˆ . (3.3c)

 

Note that the dominant and residual eigenvector matrices, d
sΦ  and r

sΦ , are orthogonal for the 

mass matrix sM  and stiffness matrix sK . Thus, in Equation (3.2), the off-diagonal component matrices 

( )()( r
ss

Td
s ΦMΦ , )()( d

ss
Tr

s ΦMΦ , )()( r
ss

Td
s ΦKΦ  and )()( d

ss
Tr

s ΦKΦ ) become zero matrices. 

 

Using )  (/)  ()   ( 22  dtd , Equation (3.1) is rewritten as 
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. (3.4)

 

From the second row in Equation (3.4), r
sq  can be defined 

 bc
Tr

s
r
s

r
s

r
s uMΦIΛq ˆ)()( 1  . (3.5)
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Substituting Equation (3.5) into Equation (2.9) and neglecting higher order terms of  , the global 

displacement vector gu  is approximated by 

 uTuu 1 gg  with aTTT  01 , (3.6)

in which 1T  is the enhanced transformation matrix, 0T  is the CB transformation matrix defined in Equation 

(2.10). 

 

In Equation (3.6), the additional transformation matrix aT  is given by 

 







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00

MF0
T crs
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ˆ
 with )())(()( 11-1 d

s
d
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d
ss

Tr
s

r
s

r
srs ΦΛΦΚ(Φ))(ΛΦF   , (3.7)

where rsF  is the static term of the residual flexibility matrix [65], and 1
sΚ  and Td

s
d
s

d
s )())(( 1 ΦΛΦ   are 

the full and dominant flexibility matrices for substructures, respectively. 

 

It is important to note that the term aT  in the enhanced transformation matrix contains the effect of 

the residual substructural modes r
sΦ . However, in the original transformation matrix of the CB method ( 0T ), 

the residual substructural modes are simply truncated without any consideration. For this reason, the enhanced 

transformation matrix 1T  can more accurately approximate the global displacement vector. The enhanced 

transformation matrix is essential for developing the error estimation method. However, 1T  could not be used 

to construct the reduced model without a proper treatment because it contains the unknown   [65]. 

 

 

3.2 Original error estimator 

 

In CMS methods, to verify the reliability of reduced models, the relative eigenvalue error could be 

employed 

 1



i

i

i

ii
i 





 , (3.8)

in which i  denotes the relative eigenvalue error for the i th global mode, and the exact global eigenvalue i  

and approximated eigenvalue i  are calculated from Equation (2.3) and (2.12), respectively. 
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From the eigenvalue problem in Equation (2.3), the following relation is obtained 

 igg
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igigg

T
ig
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)()()()(
1

φMφφKφ 


, (3.9)

where the exact global eigensolutions, i  and ig )(φ , satisfy the mass-orthonormality and stiffness orthogo-

nality conditions. 

 

The exact global eigenvector ig )(φ  is approximated using the enhanced transformation matrix 1T  

 iaiiig φTTφTφ ][)( 01  . (3.10)

 

Using Equation (3.10) in Equation (3.9), the following equation is obtained 
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and its expansion results in 
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i φMφ , Equation (3.12) is rewritten as 
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In Equation (3.13), the scalar terms iag
TT

i φTMTφ 0  and iag
TT

i φTKTφ 0  are equal to 

ig
T
a

T
i φTMTφ 0  and ig

T
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T
i φTKTφ 0 , respectively. Therefore, Equation (3.13) becomes 
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in which the left side is the relative eigenvalue error i  in Equation (3.8). 

 

Using i  instead of unknown i  in Equation (3.14), the relative eigenvalue error i  could be 



 

- 22 - 

approximated as 
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in which i  is the original error estimator for the i th global mode. It can be used to evaluate the accuracy of 

the approximated eigenvalue i  without knowing the original eigenvalue i . Its estimation accuracy and 

computational efficiency were tested in previous work [65]. This general conceptual idea of the error estimator 

could be also employed for the DOFs based model reduction techniques [66]. 

 

 

3.3 New error estimator 

 

Only simple matrix and vector operations are required in the original error estimation method, see 

Equation (3.15). However, when problems with large DOFs are handled, computational costs may become sig-

nificant because there are four matrices of global DOF size, gM  and gK  ( gg NN   matrices), and 0T  

and aT  ( NN g   matrices). To solve this problem, we approximate the original formulation in Equation 

(3.15), and then newly derive a simplified formulation. 

 

The error estimator i  in Equation (3.15) is rewritten as 
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Using 0T  in Equation (2.10) and aT  in Equation (3.7), ag
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T TKT0  in Equation 

(3.16) are represented in the component matrix form as follows 
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Since d
sΦ  and rsF  have orthogonality for the mass matrix sM  and stiffness matrix sK , we 
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can identify that 0FMΦ rss
Td

s )(  and 0FKΦ rss
Td

s )(  in the matrices cA  and cB . In addition, 

using cΨ  in Equation (2.6), it is identified that 0KKΨ  T
cs

T
c  in bB  matrix. Then, Equation (3.17) is 

rewritten as 
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In addition, substituting aT  into ag
T
a TKT  in Equation (3.16), we have the following relation: 
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Using Equation (3.18) and (3.19), Equation (3.16) is rewritten as 

 iag
T
a

T
iii

b

T
iii φTMTφφ

A0

00
φ 2 








 . (3.20)

 

The approximated eigenvector iφ  in Equation (3.20) can be partitioned as 
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where is )(φ  and ib )(φ  are the substructural and interface boundary terms of the approximated eigenvector 

iφ , respectively. 

 

Neglecting the second order term of i  and using Equation (3.21), Equation (3.20) can be approx-

imated as 

 ibb
T
ibiii )()( φAφ  , (3.22)

where i  is a new error estimator. Note that, since ib )(φ  and bA  are 1bN  vector and bb NN   

matrix, we do not need to handle the matrices of global DOF size. 

 

The new error estimator i  could be more efficiently described in a substructural component matrix 

form. The matrices cM̂  and rsF , parts of bA , are represented as 
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where )(k
rsF  is the static term of the residual flexibility matrix for the k th substructure, and it is easily calcu-

lated by reusing 1)(( )Κ k , )(k
dΦ  and )(k

dΛ  in Equation (2.6) and (2.7). 

 

Then, bA  can be represented by the addition of the substructural matrix terms 
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k
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Tk
c

k
b MFMA  . (3.24)

 

Due to symmetry, )(k
rsF  in Equation (3.24) can be decomposed into three parts 
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in which )(k
dF  and )(k

uF  are the diagonal and upper triangular parts of )(k
rsF , respectively. 

 

Finally, using Equation (3.22), (3.24) and (3.25), the new error estimator i  for the i th relative ei-

genvalue error is redefined by 
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where )(k
i  is the estimated substructural error corresponding to the k th substructure for i th relative eigen-

value error, and the new error estimator i  is simply obtained by a summation of the substructural errors es-

timated. 

 

In Equation (3.26), there is no need to calculate the matrix aT  that is a prerequisite of the original 

error estimation method, and it only requires substructural component matrices such as )(ˆ k
cM  and )(k

rsF . 

Therefore, it is easy to identify that Equation (3.26) is much more computationally efficient than the original 

error estimation method in Equation (3.15). Details of the computational cost are presented in Section 3.2. 
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In addition, it is important to note that the estimated substructural error )(k
i  in Equation (3.26) 

provides the contribution of the k th substructure to the i th relative eigenvalue error. Using this feature, we 

propose an error control strategy to improve effectively the accuracy of the global modes having relatively large 

errors. This strategy will be presented in Section 3.3. 

 

 

3.4 Numerical examples 

 

In this section, to investigate the performance of the new error estimator, we consider three practical 

engineering problems involving a stiffened plate, a cargo hold structure, and a semi-submersible rig. 

 

All FE (Finite Element) models are constructed using the 4-node MITC shell element [67-73], and 

the free boundary condition is imposed. Here, we use the material property of a mild steel, so that Young’s mod-

ulus E , Poisson’s ratio   and density   are 206 GPa, 0.3, and 3kg/m7,850 , respectively. The frequency 

cut-off method is employed to select the dominant substructural modes [1]. All the code implementations are 

done using MATLAB in a personal computer (Intel core (TM) i7-3770, 3.40 GHz CPU, 32GB RAM). 

 

 

3.4.1 Stiffened plate problem 

 

Here, we consider a stiffened plate, an important component of ships (see Figure 3.1). Length L , 

breadth B , and stiffener spacing S  are 26.0 m, 6.0 m, and 2.0 m, respectively. The stiffener is composed of a 

vertical web of height 0.5 m and a flange of breadth 0.2 m, and the thickness t  is 0.019 m. The number of 

DOFs is 52,662 and the global structure is partitioned into 18 substructures. For two numerical cases, we use 60 

and 200 dominant substructural modes ( 60dN  and 200dN ). 

 

The exact and estimated relative eigenvalue errors calculated by the previous (original) and present 

formulations are plotted in Figure 3.2 for the two numerical cases. The estimated relative eigenvalue errors are 

also compared with those calculated by the error estimation method developed by Elssel and Voss [62], 
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ˆ , (3.27)

where r  is the smallest residual eigenvalue of substructures. 

 

Table 3.1 lists the exact and estimated relative eigenvalue errors corresponding to Figure 3.2(a). This 

clearly shows that the accuracy of the present formulation is very similar to its original formulation. Table 3.2 

shows the details of computational cost corresponding to Figure 3.2(a). Compared to the computation time re-

quired for the CB method, the original formulation requires 35.85% of additional computation time. On the oth-

er hand, the present formulation only requires 2.27% of additional computation time. 

 

Although the error estimation method developed by Elssel and Voss gives the tendency of the relative 

eigenvalue error as an upper bound, its estimation capability is not adequate for practical use in engineering 

problems. However, it requires almost no computational cost, because it is an a priori method and a scalar op-

eration technique. 

 

Considering symmetric partitioning, the computational cost for the present error estimator could be 

reduced more. As shown in Figure 3.1, the substructures 1, 2, 3, 4, 5, and 6 are symmetric with the other sub-

structures. Thus, it is necessary to calculate the residual flexibility rsF  and substructural error )(k
i  only for 

the substructures 1, 2, 3, 4, 5, and 6. The computational cost for the present error estimator, considering symmet-

ric partitioning, is also presented in Table 3.2. 
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Figure 3.1 Stiffened plate problem 
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Figure 3.2 Exact and estimated relative eigenvalue errors for the stiffened plate problem: (a) 60dN , 

(b) 200dN  
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Table 3.1 Exact and estimated relative eigenvalue errors in the stiffened plate problem in Figure 3.2(a) 

 

Mode number Exact 
Estimated 

Previous Present 

1 0.00001  0.00001  0.00001  

2 0.00016  0.00016  0.00016  

3 0.00021  0.00021  0.00021  

4 0.00080  0.00080  0.00079  

5 0.00125  0.00125  0.00124  

6 0.00218  0.00219  0.00217  

7 0.00362  0.00363  0.00360  

8 0.00149  0.00149  0.00148  

9 0.00730  0.00737  0.00721  

10 0.00474  0.00477  0.00463  

11 0.00404  0.00405  0.00394  

12 0.00582  0.00585  0.00567  

13 0.00627  0.00629  0.00607  

14 0.00269  0.00270  0.00264  

15 0.00748  0.00748  0.00721  

16 0.00658  0.00668  0.00640  

17 0.00609  0.00611  0.00586  

18 0.00703  0.00705  0.00672  

19 0.00774  0.00778  0.00744  

20 0.00843  0.00839  0.00795  
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Table 3.2 Specific computational cost for the stiffened structure problem in Figure 3.2(a) 

 

Items 

Computation times 

[sec] Ratio [%] 

CB method 165.24 100.00 

Previous error estimator 

in Equation (3.15) 

Calculation of the residual flexibility 

matrix rsF  
1.89 1.14 

Calculation of aT  matrix 41.12 24.89 

Calculation error estimator 
i  16.23 9.82 

Total 59.24 35.85 

Present error estimator 

in Equation (3.26) 

Calculation of the residual flexibility  

matrix rsF  
1.89 1.14 

Calculation error estimator 
i  1.87 1.13 

Total 3.76 2.27 

Present error estimator 

considering symmetric 

partitioning 

Calculation of the residual flexibility  

matrix rsF  
0.79 0.48 

Calculation error estimator 
i  0.40 0.24 

Total 1.19 0.72 

Elssel and Voss’s error estimator in Equation (3.27) 0.000011 0.0000066 
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3.4.2 Cargo hold structure problem 

 

Here, a cargo hold structure of an oil carrier is considered (shown in Figure 3.3). The height H , 

breadth B , length L , and thickness t  are 30.0 m, 50.0 m, 87.0 m, and 0.025 m, respectively. We use 26,761 

shell elements and 26,228 nodes for finite element modeling. The number of total DOFs is 157,368, and the 

global structure is partitioned into 36 substructures. Two different retained substructural mode cases, 

80dN  and 290dN , are considered here. 

 

Figure 3.4 shows the exact and estimated relative eigenvalue errors calculated by the previous and 

present formulations in the two numerical cases. The required computational costs corresponding to Figure 

3.4(a) are presented in Table 3.3. Note that the computational cost of the original error estimator in Equation 

(3.15) is not small when the number of DOFs is over 150,000. The numerical results demonstrate the solution 

accuracy and computational efficiency of the present error estimation method. 

 

 

 

Figure 3.3 Cargo hold structure problem 
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Figure 3.4 Exact and estimated relative eigenvalue errors for the cargo hold structure problem: (a) 80dN , 

(b) 290dN  
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Table 3.3 Computational cost for the cargo hold structure problem in Figure 3.4(a) 

 

Items 

Computation times 

[sec] Ratio [%] 

CB method 686.47 100.00 

Previous error estimator in Equation (3.15) 374.74 54.58 

Present error estimator in Equation (3.26) 28.98 4.22 
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3.4.3 Semi-submersible rig problem 

 

We consider a semi-submersible rig problem. Breadth B  and column width C  are 80.0 m and 20.0 

m, respectively. Heights 1H  and 2H  are 50.0 m and 15.0 m, respectively, and length L  and thickness t  

are 110.0 m and 0.018 m, respectively. The structure is modeled using 16,800 shell elements and 17,009 nodes. 

The number of total DOFs is 102,054. The global structure is partitioned into 28 substructures, see Figure 3.5. 

Here, two different retained substructural mode cases, 54dN  and 160dN , are considered. The esti-

mating accuracy and computational efficiency of the present error estimator are verified in Figure 3.6 and Table 

3.4. The computational cost is reduced a lot using the new error estimator. 

 

 

 

Figure 3.5 Semi-submersible rig problem 
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Figure 3.6 Exact and estimated relative eigenvalue errors for the semi-submersible rig problem: (a) 54dN , 

(b) 160dN   
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Table 3.4 Computational cost for the semi-submersible rig problem in Figure 3.6(a) 

 

Items 

Computation times 

[sec] Ratio [%] 

CB method 575.77 100.00 

Previous error estimator in Equation (3.15) 176.69 30.68 

Present error estimator in Equation (3.26) 11.95 2.07 
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3.5 Error control strategy 

 

In this section, using the estimated substructural errors )(k
i  in Equation (3.26), we suggest an error 

control strategy to improve the accuracy of the global modes having relatively large errors. In this strategy, it is 

important to calculate the substructural contributions to the selected global modes, and the substructural contri-

bution is defined as 

 [%]100
)(

)( 
i

k
ik

i 
 , (3.28)

where )(k
i  is the substructural contribution of the k th substructure to the i th global mode. 

 

The error control strategy is simple. For the global modes of interest, the substructural contributions 

)(k
i  are calculated using Equation (3.28). The target substructures that contain high contributions are identi-

fied, and additional substructural modes are retained only for the target substructures to construct a more pre-

cisely reduced model. The detailed procedure of the error control strategy is described in Figure 3.7. Using this 

strategy, we can improve the accuracy of the selected global modes, resulting in an effective reduced model of 

small DOFs with desired accuracy. 

 

The error control strategy is tested with the semi-submersible rig problem considering the case of 

54dN , see Figure 3.5 and Figure 3.6(a). We assign the error tolerance 210 , and it is observed that the 

28th–32th global modes are out of the error tolerance, see Figure 3.8(a). Figure 3.9 and Table 3.5 show the sub-

structural contributions )(k
i  to the 28th–32th global modes, and it is identified that the substructures 2, 4, 5, 13, 

14, 16, 18, 19, 27, and 28 have relatively high contributions to the 28th–32th global modes. Thus, we designate 

those substructures as target substructures. Note that, in Figure 3.9, the substructural contributions are plotted 

only for substructures 1–14 due to the geometrically symmetric condition. 

 

To improve the accuracy of the global modes out of the error tolerance, for the selected target sub-

structures, additional substructural modes are retained in the reduced model (2 additional modes for the target 

substructures 2, 5, 16 and 19, and 1 additional mode for the other target substructures). Figure 3.8(b) shows the 

result after applying the proposed error control strategy, and it is identify that the relative eigenvalue errors out 

of the error tolerance are effectively controlled by the proposed strategy. In Figure 3.8(b), it can be seen that to 

satisfy the error tolerance, the pure frequency cut-off method requires 86 additional substructural modes without 
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any strategy, while the proposed strategy requires only 14 additional substructural modes. Thus, it can be con-

cluded that the proposed error control strategy is very effective for constructing an improved reduced model that 

has better accuracy with fewer substructural modes. 

 

Note that, the relative eigenvalue errors corresponding to the 8th, 9th, 13th, and 14th global modes be-

come also more accurate than before because the selected target substructures also have high contributions for 

those global modes. 

 

It is important to note that, in this study, we only focused on the model reduction error. That is, the 

discretization error in original FE models was not considered. The discretization error and its estimation meth-

ods have been well studied [74-76]. 

 

 

Figure 3.7 Flow chart for the error control strategy 
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Figure 3.8 Relative eigenvalue errors for the semi-submersible rig problem in Figure 3.6(a): (a) Before applying 

the error control strategy, (b) After applying the error control strategy 
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Figure 3.9 Substructural contributions to the 28th–32th global mode errors for the semi-submersible rig problem 

in Figure 3.6(a) 
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Table 3.5 Substructural contributions )(k
i  to the 28th–32th global modes for the semi-submersible rig problem 

in Figure 3.6(a) 

 

Substructural 

numbers 

Substructural contributions )(k
i  (%) 

)(
28

k  )(
29

k  )(
30

k  )(
31

k  )(
32

k  

1, 15 3.41  3.57  0.04  2.05  1.93  

2, 16 2.22  2.24  0.16  16.12 15.34 

3, 17 0.92  0.93  0.10  9.45  9.00  

4, 18 36.84 37.35 0.09  4.61  4.32  

5, 19 2.40  2.42  0.16  15.96 15.18 

6, 20 3.57  3.73  0.04  2.03  1.91  

7, 21 0.10  0.08  0.02  0.16  0.15  

8, 22 0.00  0.00  0.00  0.01  0.01  

9, 23 0.00  0.00  0.01  0.01  0.01  

10, 24 0.12  0.10  0.02  0.15  0.15  

11, 25 0.00  0.00  0.00  0.01  0.01  

12, 26 0.00  0.00  0.01  0.01  0.01  

13, 27 0.00  0.00  19.42 0.14  0.50  

14, 28 0.00  0.00  19.27 0.14  0.49  

Total 100.00 100.00 100.00 100.00 100.00 
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3.6 Closure 

 

In this chapter, we proposed a simplified error estimator for the CB method. The simplified formula-

tion was derived by neglecting insignificant terms in the original formulation. The error estimator can be repre-

sented in the substructural component matrix level to improve computational efficiency. An important feature of 

the new error estimator lies in the fact that the estimated relative eigenvalue error is simple to calculate using 

summation of the substructural errors estimated. The substructural errors represent the contributions of individ-

ual substructures to the relative eigenvalue errors. Using this feature, we proposed an error control strategy to 

improve the accuracy of reduced models efficiently. Through various numerical examples, we demonstrated the 

accuracy and computational efficiency of the simplified error estimator, and a new error control strategy for it. 
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Chapter 4. Error estimation for AMLS method 

 

 

Since the 1990s, the AMLS (automated multi-level substructuring) method became popular because it 

offered great computational efficiency, along with recursive partitioning and matrix reordering processes. The 

original idea of the AMLS method was developed in applied mathematics [55-58]. However, in the structural 

dynamics community, a well-defined formulation of the AMLS method has recently been proposed that borrows 

from the basic concept of the Craig-Bampton (CB) method [1, 59]. 

 

Although various studies have been performed over the last several decades to improve CMS meth-

ods, several issues remain to be solved. One important issue is how to evaluate the reliability of reduced models. 

To handle this, various error estimation methods have been proposed [62-66]. In general, relative eigenvalue 

errors are used for the reliability evaluation of reduced models. However, basically it is difficult to estimate rela-

tive eigenvalue errors because the exact eigenvalues are unknown. Recently, a promising error estimation meth-

od was developed for the CB method [1]. The method provides accurate estimation of the relative eigenvalue 

errors in FE models reduced by the CB method. 

 

The objective of this study is to develop an accurate error estimation method for the AMLS method. 

Since the AMLS method is based on the CB method [1], the concept of error estimation method developed for 

the CB method can be also employed for the AMLS method. However, an important prerequisite is the need to 

obtain an enhanced transformation matrix for the AMLS method, based on consideration of the contribution of 

residual substructural modes. This is the major difficulty in development of the error estimation method for the 

AMLS method due to the relatively complicated architecture of the AMLS method. In this study, we derive the 

enhanced transformation matrix and, using it, propose an error estimation method for the AMLS method. The 

proposed method presents excellent error estimation performance without heavy computation. 

 

In the following sections, the enhanced transformation matrix for the AMLS method is derived. We 

then propose an error estimation method for the AMLS method and evaluate the performance and computational 

efficiency of this new method through various numerical examples. 
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4.1 Enhanced AMLS transformation matrix 

 

In the AMLS method, the reduced transformation matrix 0Τ  is constructed retaining only the dom-

inant substructural modes. However, when the remaining residual substructural modes are considered, it is pos-

sible to enhance the reduced transformation matrix 0Τ . In order to derive the enhanced transformation matrix, 

it is necessary to decompose the original AMLS transformation matrix 0Τ  into dominant and residual parts. 

 

After sequentially multiplying the substructural transformation matrices as in Equation (2.19), the ob-

tained transformation matrix 0Τ  can be represented in terms of substructural component matrices as follows 

(for the detailed derivation, see reference [60]), 
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The transformation matrix in Equation (4.1) is then decomposed into two parts 
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where Ψ̂  is the multi-level constraint mode matrix, and ji,Ψ̂  are the substructural component matrices lo-

cated in the upper triangular part of Ψ̂  and Φ  is the eigenvector matrix that contains all the substructural 

eigenvector matrices. Note that, in Equation (4.2), Ψ̂  and Φ  are gg NN   matrices. 

 

The multi-level constraint mode matrix Ψ̂  is obtained by sequentially multiplying the substructural 

constraint mode matrices )(iΨ  
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in which )(iΨ  is gg NN   matrix. Note that )(iΨ  looks similar to )(iT  in Equation (2.21) except for 

the identity matrix in its i th diagonal component. 

 

In Equation (4.2), the eigenvector matrix Φ  extracted from the original transformation matrix 0Τ  

can be represented by 
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in which d
iΦ  and r

iΦ  contain the dominant and residual modes in the i th substructure, respectively. 

 

After reordering the eigenvector matrix Φ  in Equation (4.4), the dominant and residual parts can be 

divided in the reordered matrix Φ̂  

]ΦΦ[Φ rdˆ , 

































s

s

s

N

d
N

d
N

d

d

d

Φ

Φ0

Φ

0Φ

Φ

Φ

1

2

2

1


, 

































0

Φ

Φ0

0Φ

Φ

Φ

r
N

r
N

r

r

r

s

s

1

2

2

1


,  (4.5) 

in which dΦ  and rΦ  are the eigenvector matrices corresponding to the dominant and residual substructural 

modes, respectively. Note that dΦ  and rΦ  are pg NN   and rg NN   matrices, respectively 

( 





1

1

sN

i

r
ir NN , where r

iN  is the number of residual modes of the i th substructure). 
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Using ]ΦΦ[Φ rdˆ  instead of Φ  in Equation (4.2), the original transformation matrix 0Τ  

can be decomposed into dominant and residual parts as follows, 

 ]TT[T rd
000   with d

d ΦΨT ˆ
0  , r

r ΦΨT ˆ
0  , (4.6)

and the global displacement vector gu  in Equation (2.19) can be rewritten 
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η
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in which the generalized coordinate vectors for the partitioned structure pη  is also decomposed into dominant 

and residual parts, d
pη  and r

pη , corresponding to dΦ  and rΦ . 

 

Substituting Equation (4.7) into Equation (2.1) and invoking the harmonic response, the following 

equations are obtained 

 0ηΜ(Κ  ppp )  with )()( 0g0 ΤΜΤΜ T
p  , )()( 0g0 ΤΚΤΚ T

p  , (4.8)

and, then, 
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
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


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p

d
p

rrr
T
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drddd




, (4.9)

in which the component matrices are defined by 

 )()( 00
d

g
Td

d TΚTΛ  , )()( 00
r

g
Tr

r TΚTΛ  , (4.10a)

 )()( 00
d

g
Td

dd TΜTΜ  , )()( 00
r

g
Td

dr TΜTΜ  , )()( 00
r

g
Tr

rr TΜTΜ  . (4.10b)

 

Note that Equation (4.8) presents the exact equations of motion that contain all the substructural 

modes. Using the second row in Equation (4.9), the following relation is obtained  

 
d
p

T
drrrr

r
p ηΜΜΛη 1)(   . (4.11)

 

Substituting Equation (4.11) into Equation (4.7), the global displacement vector gu  is represented 

by 

 
d
p

T
drrrr

rd
g ηΜΜΛTTu ])([ 1

00
  . (4.12)

 

We use r
r ΦΨT ˆ
0   (in Equation (4.6)) and drΜ  (in Equation (4.10b)) in Equation (4.12), and 
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obtain 

 d
p

d
g

T
r

d
p

d
g ηTΜΨFΨηTu 00

ˆˆˆ , (4.13)

 T
rrrrrr ΦΜΛΦF 1)(ˆ   , (4.14)

where rF̂  denotes the residual flexibility of substructures. 

 

Using   instead of  , and employing Carl Neumann series expansion, the residual flexibility ma-

trix rF̂  can be approximated and rewritten as 

T
rrrrrrr ΦΜΛΦFF 1)(ˆ    

  )( )( 32111  T
rrrrr

T
rrr ΦΛΜΛΦΛΦ ,       (4.15) 

note that, the mathematical details are well described in the Appendix. 

 

Substituting Equation (4.15) into Equation (4.13) and truncating terms higher than order of  , the 

global displacement vector gu  is approximated by 

 
d
pgg ηTuu 1 , rTTT  01 ,  (4.16a)

 d
00 TT  , d

g
T

rsr 0
ˆˆ TΜΨFΨT  , T

rrrrs ΦΛΦF 1 , (4.16b)

where 1T  is an enhanced transformation matrix and rsF  is the 0th-order term of the residual flexibility rF̂ . 

 

In Equation (4.16b), rsF  can be indirectly calculated by subtracting the dominant flexibility from 

the full flexibility 
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 Td
i

d
i

d
i

i
i

rs
i )())(()ˆ( 11)1( ΦΛΦΚF    for 1)(,,2,1  sNi  , (4.18)

in which 1)1( )ˆ( i
iΚ  and Td

i
d
i

d
i )())(( 1 ΦΛΦ   are the full and dominant flexibility matrices for the i th 

substructure. 
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To construct the enhanced transformation matrix 1T , rsF  needs to be additionally calculated using 

Equations (4.17) and (4.18). However, rsF  is simply calculated by reusing 1)1( )ˆ( i
iΚ , already calculated in 

Equation (2.23), and the dominant substructural eigensolutions d
iΛ  and d

iΦ , already obtained from Equation 

(2.22). Therefore, not much additional cost for computation is required. 

 

Using the enhanced transformation matrix 1T , the i th approximated global eigenvector ig )(φ  is 

more accurately represented by 

 ipig )()( 1 φΤφ   with rTTT  01 . (4.19)

 

Note that the enhanced transformation matrix 1T  is more precise than the original transformation 

matrix 0T . Therefore, 1T  could be adopted to improve the original AMLS method. However, in this case, the 

unknown eigenvector   contained in 1T  would need to be properly handled. 

 

 

4.2 Error estimation method 

 

In this section, we present an error estimation method to precisely evaluate the relative eigenvalue er-

rors in the AMLS method when the exact global eigenvalues i  are unknown. The basic procedure is similar 

to the error estimation method recently developed for the CB method [65]. 

 

In CMS methods, the following relative eigenvalue error is generally used to evaluate the reliability 

of reduced FE models 

 1



i

i

i

ii
i 



 , (4.20)

in which i  denotes the relative eigenvalue error for the i th mode and the exact global eigenvalue i  is ob-

tained from the eigenvalue problem of the global FE model by solving Equation (2.3). 

 

From the global eigenvalue problem in Equation (2.3), the following equation is given 
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 igg
T
igigg

T
ig

i

)()()()(
1

φMφφKφ 


, (4.21)

where the exact global eigensolutions i  and ig )(φ  satisfy the mass-orthonormality and stiffness-

orthogonality conditions. 

 

Here, the exact global eigenvector ig )(φ  in Equation (4.21) can be approximated using the en-

hanced transformation matrix 1T  described in Equation (4.19) 

 ipriipig )(][)()( 01 φTTφTφ  . (4.22)

 

Using Equation (4.22) in Equation (4.21), the following equation is obtained 

 iprg
T

rirg
T

rirg
T
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T

i
T
ip

i

i
)(]22[)(1 2

00 φTΜTTKTTKTTΜTφ 



 , (4.23)

in which the left-hand side of Equation (4.23) is the relative eigenvalue error i  (see Equation (4.20)). This 

implies that the relative eigenvalue error can be calculated by the right-hand side of Equation (4.23). However, 

the right-hand side of Equation (4.23) contains unknowns i , which must be properly handled first. 

 

We assume that the approximated eigenvalue i  is very close to the exact eigenvalue i  in Equa-

tion (4.23). We then use i  instead of i , and Equation (4.23) is approximated as 

 iprg
T

rirg
T

rirgrgi
T
ipi )](22[)( 2T

0
T

0 φTΜTTKTTKTTΜTφ   . (4.24)

 

Using d
0T (= 0T ) in Equation (4.6) and rT  in Equation (4.16b), rg

T TMT0  and rg
T TKT0  in 

Equation (4.24) are expressed as 

 dgrsg
T
drg

T ΦΜFΜΦTMT
~~

0   with ΨΜΨΜ ˆˆ~
g

T
g  , (4.25a)

 dgrsg
T
drg

T ΦΜFKΦTKT
~~

0   with ΨKΨK ˆˆ~
g

T
g  . (4.25b)

 

In Equation (4.25b), it is identified that 0FKΦ rsg
T
d

~
 in rg

T TKT0 , because T
dΦ  and rsF  

have a orthogonality for the matrix gK
~

. Thus, Equation (4.25) becomes 

 0TKT rg
T

0 . (4.26)
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Substituting rT  in Equation (4.16b) into rg
T

r TKT  in Equation (4.24), the following equation is 

obtained 

 dgrsgrsg
T
drg

T
r ΦΜFKFΜΦTKT

~~~ , (4.27)

and, since rsrsgrs FFKF ~
, we have the following relation: 

 rg
T

rrg
T TKTTMT 0 . (4.28)

 

Using Equations (4.26) and (4.28), Equation (4.24) is rewritten as 

 iprg
T

rirgi
T
ipi )]([)( 2T

0 φTΜTTΜTφ   . (4.29)

 

In Equation (4.29), neglecting the second order term of i  and using Equation (4.25a), we can de-

fine an error estimator i  as follows 

 ip
T

rs
T
ipii )()( φAFAφ   with g

T
dΜΦA

~ . (4.30)

Note that A  can be calculated during the recursive transformation procedure of the mass matrix gΜ  de-

scribed in Equation (2.20). 

 

In Equation (4.30), due to the symmetry of rsF  matrix, it can be decomposed into three parts 

 T
uudrs FFFF  , (4.31)

in which dF  and uF  are the diagonal and upper triangular parts of rsF , respectively. 

 

Substituting Equation (4.31) into Equation (4.30), the error estimator i  for the i th relative eigen-

value error is redefined as 

 ip
T
ipii )()( φEφ  , T

2EEEE  21  with T
d AFAE 1 , T

u AFAE 2 , (4.32)

where E , 1E  and 2E  are pp NN   matrices. Therefore, we do not need to handle the matrices of global 

DOF size. 

 

Here, 1E  and 2E  in Equation (4.32) can be expressed in a substructural component matrix form 

as follows 
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2 AFAE  for sNji ,,2,1,  , (4.33)

in which subscripts i , j  and k  denote the i th , j th and k th substructural quantities, respectively. Thus, 

E  in Equation (4.32) can be efficiently calculated through Equation (4.33). 

 

In reduced models, lower modes are more accurately approximated than higher modes. For this rea-

son, we can expect that, in general, the error estimation accuracy is better in lower modes. We also note that the 

proposed error estimator i  is not an upper or lower bound for the exact relative eigenvalue error i . Further 

studies are necessary to obtain a guaranteed upper bound. 

 

It is possible to expect that the computational cost of the proposed error estimation method is not high, 

because it only requires to calculate rsF , A  and E  matrices. The detailed computational cost breakdown is 

presented in Section 4.3. It is important to note that, in this study, we only focused on the model reduction error. 

That is, the discretization error in original FE models was not considered, because the discretization error and its 

estimation methods have been well studied [74-76]. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

- 52 - 

4.3 Numerical examples 

 

In order to evaluate the performance and the computational efficiency of the proposed method, we 

here provide solutions to five numerical problems: rectangular plate, cylindrical solid, bench corner structure, 

turbine blade and stiffened plate problems. For finite element modeling, the 4-node MITC shell and 8-node 

brick elements are used. The frequency cut-off method is employed to select the dominant substructural modes 

[1]. 

 

The relative eigenvalue errors estimated by the proposed error estimation method are compared with 

the exact relative eigenvalue errors. Furthermore, the estimated relative eigenvalue errors are also compared 

with those calculated by the previous error estimation method developed by Elssel and Voss [62], 

 






p

k ik

i

i
0

1)1(ˆ


 , (4.34)

where k  is the smallest residual eigenvalue on level k  and p  denotes the number of substructural level. 

The advantage of this error estimation method is the fact that almost no computational cost is required. 

 

 

4.3.1 Rectangular plate problem 

 

A rectangular plate shown in Figure 4.1 is considered. Length L  is 20.0 m, width B  is 12.0 m, and 

thickness h  is 0.08 m. Young’s modulus E  is 206 GPa, Poisson’s ratio   is 0.33, density   is 

3kg/m7,850  and no boundary condition is imposed. 

 

The plate structure is modeled by 1220   meshes of the 4-node MITC shell finite elements and the 

number of total DOFs used is 1,365. We consider two different partition types in Figure 4.1(a) and Figure 4.1 

(b): 

 Partition type A: The global structure is partitioned into 7 substructures and 3 substructural levels 

(levels 0, 1 and 2), see Figure 4.1(a). Retaining 30 and 50 substructural modes ( 30dN  and 

50dN ), two numerical cases are considered. 
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 Partition type B: As shown in Figure 4.1(b), the number of substructures is 13 and the number of sub-

structural levels is 5 (levels 0, 1, 2, 3 and 4). We retain 55 and 75 substructural modes for two numeri-

cal cases ( 55dN  and 75dN ). 

 

Figures 4.2 and 4.3 show the exact and estimated relative eigenvalue errors in the partition types A 

and B, respectively. It is observed that the proposed error estimation method outperforms the previous method 

by Elssel and Voss [62]. The proposed error estimation method very accurately estimates the relative eigenvalue 

errors in the reduced FE models. Table 4.3 lists the exact and estimated relative eigenvalue errors, corresponding 

to Figure 4.1(a). It is observed that the present error estimator i  provides slightly larger (upper) values for 

the exact relative eigenvalue error i  except for 4th, 7th, 17th and 21st modes, in the numerical cases considered. 

As mentioned in the previous section, the proposed error estimation method gives more accurate error estima-

tions for lower modes. The numbers of retained substructural modes in both partition types are listed in Tables 

4.1 and 4.2. 

B

L

7�

B

L

3�

6�
7�

9�

1�

2�

3�

4�

5�

6�

8�11�

12�

1�

2�

4�

5�

13�

(a)

(b)

10�

 

Figure 4.1 Rectangular plate problem: (a) Partition type A, (b) Partition type B 
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Table 4.1 Retained substructural mode numbers d
iN  for the rectangular plate problem with partition type A 

(Level 0 is not listed here.) 

 

Substructural 

Level 

Substructural 

Number 

d
iN  Case 1 Case 2 

Level 1 
3 dN3  3 5 

6 dN6  3 5 

Level 2 

1 dN1  6 10 

2 dN2  6 10 

4 dN4  6 10 

5 dN5  6 10 

  dN  30 50 
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Table 4.2 Retained substructural mode numbers d
iN  for the rectangular plate problem with partition type B 

(Level 0 is not listed here.) 

 

Substructural  

Level 

Substructural 

Number 

d
iN  Case 1 Case 2 

Level 1 

9 dN9  10 13 

12 dN12  4 5 

Level 2 

7 dN 7  5 7 

8 dN8  9 12 

10 dN 10  6 10 

11 dN11 3 5 

Level 3 
3 dN3  5 5 

6 dN6  3 3 

Level 4 

1 dN1  4 6 

2 dN2  2 3 

4 dN4  3 4 

5 dN5  1 2 

  dN  55 75 
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Figure 4.2. Exact and estimated relative eigenvalue errors for the rectangular plate problem with the partition 

type A: (a) 30dN , (b) 50dN  
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Figure 4.3. Exact and estimated relative eigenvalue errors for the rectangular plate problem with the partition 

type B: (a) 55dN , (b) 75dN  
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Table 4.3 Exact and estimated eigenvalue errors in the rectangular plate problem in Figure 4.1(a) 

 

Mode number Exact 
Estimated 

(Elssel and Voss) 

Estimated 

(Present) 

1 1.42398E-04 3.47402E-03 1.41198E-04 

2 4.84836E-06 3.72228E-03 4.84277E-06 

3 1.14861E-03 1.91922E-02 7.45688E-04 

4 6.15067E-04 2.69247E-02 7.05708E-04 

5 2.32190E-03 2.90519E-02 2.31991E-03 

6 3.84152E-03 4.62201E-02 3.84068E-03 

7 2.59851E-04 6.38626E-02 2.64026E-04 

8 7.99567E-03 9.70397E-02 7.83034E-03 

9 9.85326E-03 1.20514E-01 9.80659E-03 

10 1.44761E-02 1.81358E-01 1.34670E-02 

11 6.99459E-03 2.19472E-01 6.78935E-03 

12 1.06231E-02 2.54143E-01 9.48957E-03 

13 7.65496E-03 2.88715E-01 6.92046E-03 

14 1.93441E-02 3.66750E-01 1.71415E-02 

15 2.81629E-02 4.58426E-01 2.43915E-02 

16 4.95217E-02 5.18720E-01 4.54262E-02 

17 3.45418E-02 5.32115E-01 3.46392E-02 

18 2.44904E-02 8.20276E-01 2.20948E-02 

19 9.76902E-02 1.13291E+00 8.02794E-02 

20 1.72710E-01 1.33925E+00 1.43464E-01 

21 1.47041E-01 1.61401E+00 1.48564E-01 

22 6.47085E-02 1.67060E+00 5.87691E-02 

23 1.06602E-01 1.82959E+00 6.84897E-02 

24 1.02452E-01 2.22575E+00 1.01068E-01 
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4.3.2 Cylindrical solid problem 

 

Let us consider a cylindrical solid problem with free boundary at both ends as shown in Figure 4.4. 

Lengths 1L  and 2L  are 0.16 and 0.24 m, respectively, and the radii 1R , 2R  and 3R  are 0.08, 0.12 and 

0.16 m, respectively. Young’s modulus E  is 76 GPa, Poisson’s ratio   is 0.33, density   is 3kg/m2,796 . 

 

The cylindrical structure is modeled using 8-node brick elements and the number of total DOFs used 

is 1,740. As shown in Figure 4.4, the global structure is partitioned into 7 substructures and the number of sub-

structural levels is 3 (levels 0, 1 and 2). Two different numbers of retained substructural modes ( 70dN  and 

120dN ) are considered, as listed in Table 4.4. 

 

Figure 4.5 shows the exact and estimated relative eigenvalue errors in the two numerical cases. It is 

observed that the performance of the present error estimation method is much more accurate than the error esti-

mation method by Elssel and Voss [62]. For lower modes, the estimated relative eigenvalue errors are more ac-

curate. 
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Figure 4.4 Cylindrical solid problem 
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Table 4.4 Retained substructural mode numbers d
iN  for the cylindrical solid problem (Level 0 is not listed 

here.) 

 

Substructural  

Level 

Substructural 

Number 

d
iN  Case 1 Case 2 

Level 1 
3 dN3  12 20 

6 dN6  10 12 

Level 2 

1 dN1  13 26 

2 dN2  13 26 

4 dN4  11 18 

5 dN5  11 18 

  dN  70 120 
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(a)

(b)(b)
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Figure 4.5 Exact and estimated relative eigenvalue errors for the cylindrical solid problem: (a) 70dN , 

(b) 120dN  
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4.3.3 Bench corner structure problem 

 

A bench corner structure in container ships is considered. This structure is a critical part with a high 

risk of fatigue cracking caused by structural vibration in ships. Lengths 1L  and  2L  are 4.0 and 1.0 m, heights 

1H  and 2H  are 2.0 and 1.0 m. Width B  is 1.0 m and thickness h  is 0.025 m. Young’s modulus E  is 

210 GPa, Poisson’s ratio   is 0.30, and density   is 3kg/m7,850 . 

 

For finite element modeling, the 4-node MITC shell finite elements are used and 3,508 DOFs are 

considered for this problem. The finite element model is partitioned into 9 substructures with 4 substructural 

levels (levels 0, 1, 2 and 3), as shown in Figure 4.6. We retain 50 and 80 dominant substructural modes 

( 50dN  and 80dN ) and, in the two numerical cases, the numbers of dominant substructural modes d
iN  

contained in the reduced FE models are listed in Table 4.5. The exact and estimated relative eigenvalue errors 

are plotted in Figure 4.7. The present error estimation method consistently provides a very accurate estimation 

of the relative eigenvalue errors. 
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Figure 4.6 Bench corner structure problem 
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Table 4.5 Retained substructural mode numbers d
iN  for the bench corner structure problem (Level 0 is not 

listed here.) 

 

Substructural  

Level 

Substructural 

Number 

d
iN  Case 1 Case 2 

Level 1 
5 dN5  7 11 

8 dN8  8 10 

Level 2 

3 dN3  5 6 

4 dN4  11 14 

6 dN6  2 7 

7 dN7  11 18 

Level 3 

1 dN1  4 9 

2 dN2  2 5 

  
dN  50 80 
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Figure 4.7 Exact and estimated relative eigenvalue errors for the bench corner structure problem: (a) 50dN , 

(b) 80dN  
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4.3.4 Turbine blade problem 

 

Here, we consider a turbine blade problem as shown in Figure 4.8. The turbine blade is fully fixed at 

0x . Length and thickness are 35 m and 0.05 m, respectively, Young's modulus E  is 210 GPa, Poisson's 

ratio   is 0.3, and density   is 7,800 3kg/m . The detailed geometry has been described [71]. We use 

10,300 shell finite elements and 10,100 nodes (51,308 DOFs). The global structure is partitioned into 19 sub-

structures, and we here consider three substructural levels (0, 1 and 2), see Figure 4.8. 

 

Two different numbers of retained substructural modes ( 300dN  and 500dN ) are considered 

and the numbers of dominant substructural modes d
iN  contained in the reduced FE models are listed in Table 

4.6. Figure 4.9 shows that the present error estimation method very accurately estimates the relative eigenvalue 

errors. As expected, the accuracy of the error estimation method is better in lower modes. 
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Figure 4.8 Turbine blade problem 
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Table 4.6 Retained substructural mode numbers d
iN  for the turbine blade problem (Level 0 is not listed here.) 

 

Substructural  

Level 

Substructural 

Number 

d
iN  Case 1 Case 2 

Level 1 

11 dN11  3 3 

12 dN12  3 3 

13 dN 13  3 3 

14 dN14  3 3 

15 dN15  3 3 

16 dN16  3 3 

17 dN17  3 3 

18 dN18  3 3 

Level 2 

1 dN1  29 49 

2 dN 2  38 66 

3 dN 3  35 63 

4 dN 4  33 56 

5 dN 5  32 52 

6 dN 6  30 47 

7 dN 7  26 42 

8 dN 8  22 37 

9 dN 9  17 36 

10 dN10  14 28 

  dN  300 500 
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Figure 4.9 Exact and estimated relative eigenvalue errors for the turbine blade problem: (a) 300dN , 

(b) 500dN  
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4.3.5 Stiffened plate problem 

 

As shown in Figure 4.10, a stiffened plate, an important structural unit of ships, is considered. Length 

L  and breadth B  are 78.0 m and 44.0 m, respectively, and the stiffener spacing is 2.0 m. The stiffener is 

composed of a vertical web of height 0.5 m and a flange of breadth 0.2 m, and the thickness is 0.019 m. Young’s 

modulus E , Poisson’s ratio   and density   are 206 GPa, 0.3, and 3kg/m7,850 , respectively.  

 

The number of DOFs is 1,004,088 and the global structure is automatically partitioned into 1,023 

substructures with 10 substructural levels using METIS [77], which is an efficient mesh partitioning software 

package. For two numerical cases, we use 2,200 and 5,450 dominant substructural modes ( 200,2dN  and 

450,5dN ). The exact and estimated relative eigenvalue errors are plotted in Figure 4.11 for the two numeri-

cal cases. This clearly shows the accuracy of the proposed error estimator. 

 

 

 

Figure 4.10 Stiffened plate problem 
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Figure 4.11 Exact and estimated relative eigenvalue errors for the stiffened plate problem: (a) 200,2dN , 

(b) 450,5dN  
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4.4 Computational cost 

 

In this work, a sparse matrix computation with MATLAB is used in a personal computer (Intel core 

(TM) i7-3770, 3.40 GHz CPU, 32GB RAM). To investigate the computational cost for the proposed error esti-

mator i  in Equation (4.32), we calculate the computational cost breakdown for rsF , A  and E  matrices. 

 

In the turbine blade problem, we investigate the computational cost required for the proposed error 

estimator. Table 4.7 lists the breakdown of computational cost for estimating relative eigenvalue errors of 250 

modes in the turbine blade problem ( 300dN ). The results show that, compared to the computation time of the 

AMLS method, 7.91% of additional computation time is required to calculate the relative eigenvalue errors in 

250 global modes. 

 

Table 4.8 shows the details of computational cost when 450,5dN  for the stiffened plate prob-

lem. Compared to the computation time required for the AMLS method, the present error estimation method 

requires 7.77% of additional computation time to calculate the relative eigenvalue errors of 1,400 global modes. 

 

We here present the computational costs for the FE models with 51,308 and 1,004,088 DOFs. How-

ever, additional tests will be required to consider FE models with more than several millions of DOFs. For this 

work, much more effective implementations and high-performance computers will be necessary. 

 

Here, we also compare the computational costs of the present, and of the Elssel and Voss error esti-

mation methods. Table 4.9 presents normalized computation times for the relative eigenvalue errors in the five 

FE models considered in this study. The computation times are normalized by the total computation time of the 

AMLS method. Numerical results show that the present error estimation method is more expensive than the 

Elssel and Voss method. Note that the Elssel and Voss method is an a priori method, but the present method is 

an a posteriori method. 
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Table 4.7 Computational cost breakdown for the present error estimation method (Turbine blade problem, 

300dN ) 

 

 
Items 

Related 

Equations 

Computation times 

 [sec] Ratio [%]

AMLS 

Transformation procedures (2.20) 46.55 99.30 

Solution of the reduced eigenvalue problem (2.27) 0.33 0.70 

Total - 46.88 100.00 

Error 

estimation 

Calculation of the residual flexibility matrix 

rsF  
(4.18) 0.55 1.17 

Construction of A  and E  matrices (4.30), (4.33) 2.36 5.03 

Calculation error estimator i  (4.32) 0.80 1.71 

Total - 3.71 7.91 
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Table 4.8 Computational cost breakdown for the present error estimation method (Stiffened plate problem, 

450,5dN ) 

 

 
Items 

Related 

Equations

Computation times 

 [sec] Ratio [%]

AMLS 

Transformation procedures (2.20) 3355.02 96.74 

Solution of the reduced eigenvalue problem (2.27) 113.21 3.26 

Total - 3468.23 100.00 

Error 

estimation 

Calculation of the residual flexibility matrix 

rsF  
(4.18) 36.37 1.05 

Construction of A  and E  matrices (4.30), (4.33) 227.31 6.55 

Calculation error estimator i  (4.32) 5.83 0.17 

Total - 269.51 7.77 
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Table 4.9 Computational costs of the present and of the Elssel and Voss error estimation methods. The computa-

tion times are normalized by the computation time of the AMLS method. 

 

 The number of i  

calculated 

DOFs 
Normalized  

computation time  

 gN  pN  Elssel and Voss Present 

Rectangular plate 

( 30dN ) 
24 1,365 215 0.001121 0.09107 

Cylindrical solid 

( 70dN ) 
24 1,740 250 0.000682 0.08974 

Bench corner structure 

( 50dN ) 
24 3,508 147 0.000297 0.03367 

Turbine blade 

( 300dN ) 
250 51,308 1,500 0.000020 0.07911 

Stiffened plate 

( 450,5dN ) 
1,400 1,004,088 7,796 0.000001 0.07771 
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4.5 Closure 

 

In this chapter, we proposed an error estimation method to accurately estimate the relative eigenvalue 

errors in structural finite element models reduced by the automated multi-level substructuring (AMLS) method. 

To develop the error estimation method for the AMLS method, in this study, an enhanced transformation matrix 

was newly developed which considered the residual mode effect. This enhanced transformation matrix makes it 

possible to more accurately approximate the global eigenvectors. Using the enhanced transformation matrix, we 

then derived the error estimation method for the AMLS method. The excellent performance of the proposed er-

ror estimation method was demonstrated through various numerical examples. The computational efficiency of 

the proposed method was also studied for the FE models considered in this study.  
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Chapter 5. An enhanced AMLS method 

 

 

In the original CB and AMLS methods, a transformation matrix is constructed by retaining only dom-

inant substructural modes. Using the transformation matrix, original FE models can be transformed into reduced 

models, which approximate the original models. With this procedure, residual substructural modes are simply 

truncated without further consideration. However, when the residual mode effect is considered, the accuracy of 

the original transformation matrix can be improved. That is, the original (global) models can be more precisely 

approximated. This approach has been used for flexibility based CMS methods, in which, unlike for the CB and 

AMLS methods, substructures are connected with a free interface [8]. 

 

In this study, we derive a new transformation matrix for the AMLS method enhanced by considering 

the residual mode effect. One difficulty is the fact that the enhanced transformation matrix contains an unknown 

eigenvalue. In order to approximate the unknown eigenvalue, we adopt O’Callahan’s idea, which was originally 

proposed to develop the improved reduced system (IRS) method by improving Guyan reduction [23]. Finally, 

the enhanced transformation matrix is defined without the unknown eigenvalue, and by using the newly defined 

transformation matrix, an enhanced AMLS method is proposed. The reduced FE models obtained from the en-

hanced AMLS methods have the same size as those obtained from the original AMLS method. However, com-

pared to the original AMLS method, the enhanced AMLS method can provide significantly improved reduced-

order models. 

 

In the following sections, we briefly review the original AMLS method in Section 3. In Section 4, the 

formulation details of the enhanced AMLS method are presented, and its performance and computational cost 

are tested in Sections 5 and 6, respectively. The conclusions are given in Section 7. 

 

 

5.1 Formulation of the enhanced AMLS method 

 

Using Equation (2.25) in Equation (2.1), the reduced equations of motions are obtained  

 0ηΚηΜ  pppp
  with 00 ΤΜΤΜ g

T
p  , 00 ΤΚΤΚ g

T
p  , (5.1)

Note that, since pΜ  and pΚ  are pp NN   matrices calculated using the dominant modes only, these are 

much smaller than the global mass and stiffness matrices. 
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Since the eigenvalue   in 1T  in Equation (4.16) is unknown, the enhanced transformation matrix 

1T  cannot be used to improve the original AMLS method in its present form. To handle this problem, we em-

ploy O’Callahan’s approach, which was proposed to improve Guyan reduction [23]. From Equation (5.1) with 

pp ηη  , the following relation is obtained 

 pp ηHη   with pp ΚΜH 1 , (5.2)

and, using Equation (5.2) in Equation (4.16), 1T  in Equation (4.16) is newly defined by 

 HTTTTT rr  001  . (5.3)

  

Using the redefined 1T  in Equation (5.3), the reduced mass and stiffness matrices denoted by tilde 

) ~(  are defined as 

 HΤΜΤHHΤΜΤΤΜΤHΜΤΜΤM rg
T
r

T
rg

T
g

T
r

T
pg

T
p  0011

~
, (5.4a)

 HΤKΤHHΤKΤΤKΤHKΤKΤK rg
T
r

T
rg

T
g

T
r

T
pg

T
p  0011

~
. (5.4b)

 

Due to the compensation of the residual mode effects in rT , the reduced mass and stiffness matrices in Equa-

tion (5.4) are more precisely constructed than the original reduced matrices in Equation (2.26). Table 5.1 shows 

the comparison of the original and enhanced AMLS methods. Note that it also possible to consider higher order 

terms of   in the enhanced AMLS formulation but additional improvement in solution accuracy is small. 

 

It is important to note that both methods produce reduced models that have the same size ( pN ). 

Compared to the original AMLS method, rsF  and the inverse of the reduced mass matrix pΜ  are additional-

ly computed in the enhanced AMLS method. However, rsF  can be simply calculated by reusing 1)1( )ˆ( i
iΚ  

in Equation (2.23) and the dominant modes. Furthermore, the size of the reduced mass matrix pΜ  is also 

much smaller than the original mass matrix gΜ . For these reasons, we can easily support the fact that the ad-

ditional computational cost of the enhanced AMLS method is not high. 
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Table 5.1 Comparison between the original and enhanced AMLS methods 

 Original AMLS Enhanced AMLS 

Transformation matrix dΦΨT ˆ
0   

HΤΤΤ r 01  

ppg
T

rs ΚΜTΜΨFΨT 1
00

ˆˆ   

Reduced mass matrix pΜ  HΤΜΤHHΤΜΤΤΜΤHΜ rg
T
r

T
rg

T
g

T
r

T
p  00  

Reduced stiffness matrix pK  HΤKΤHHΤKΤΤKΤHK rg
T
r

T
rg

T
g

T
r

T
p  00  

Size of the reduced matrices pN  pN  

 

 

While the transformation matrix 0T  of the original AMLS method is sparse, the transformation ma-

trix 1T  of the enhanced AMLS method is fully populated. Therefore, the computational cost for the enhanced 

AMLS method could increase more rapidly than the original AMLS method does as the size of finite element 

models become larger. However, to achieve a given solution accuracy, the enhanced AMLS method requires 

smaller reduced models than the original AMLS method, that is, the computational cost can be reduced for re-

duced models with similar accuracy. In order to clarify this issue, rigorous numerical tests need to be performed 

considering various size of FE models. In this study, we considered only undamped structural models, but the 

enhanced AMLS method can be also employed for model reductions of damped structural models [80]. 

 

 

5.2 Numerical examples 

 

In this section, we compare the performance of the enhanced AMLS method to the original AMLS 

method. The original and enhanced AMLS methods are implemented using MATLAB. Four structural problems 

are considered: rectangular plate, cylindrical solid, bench corner structure and hyperboloid shell problems, in 

which, for the finite element modeling, 4-node MITC shell [67–73] and 8-node brick finite elements are used. 

 

The frequency cut-off mode selection method is used to select the dominant modes, and the following 

relative eigenvalue error is used to measure the accuracy of the original and enhanced AMLS methods 
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i

ii
i 





 , (5.5)

in which i  denotes the relative eigenvalue error for the i th mode and the exact global eigenvalue i  is 

obtained from the eigenvalue problem of the global structure in Equation (2.16). In the following numerical ex-

amples, rigid body modes are not considered for the relative eigenvalue error. 

 

 

5.2.1 Rectangular plate problem 

 

We here consider a rectangular plate with free boundary as shown in Figure 5.1. Length L  is 20.0 m, 

width B  is 12.0 m, and thickness h  is 0.08  m. Young’s modulus E  is 206 GPa, Poisson’s ratio   is 

0.33, density   is 3kg/m7,850 . The plate is modeled by a 1220   mesh of the 4-node MITC shell finite 

elements and the number of total DOFs for this problem is 1,365. Two different partition types are considered as 

in Figures 5.1(a) and 5.1(b):  

 Partition type A: The global structure is partitioned into seven substructures with three substructural 

levels (levels 0, 1 and 2), see Figure 5.1(a). Retaining 30 and 50 dominant modes ( 30dN  and 

50dN ), two numerical cases are considered. 

 Partition type B: As shown in Figure 5.1(b), the number of substructures is 13 and the number of sub-

structural levels is five (levels 0, 1, 2, 3 and 4). We retain 55 and 75 dominant modes for two numeri-

cal cases ( 55dN  and 75dN ). 

 

The numbers of retained substructural modes d
iN  in both partitioned types are listed in Tables 5.2 

and 5.3 in detail. Figures 5.2 and 5.3 present the relative eigenvalue errors obtained by the original and en-

hanced AMLS methods. The results show that the enhanced AMLS method significantly outperforms the origi-

nal AMLS method. 
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Figure 5.1 Rectangular plate problem: (a) Partition Type A, (b) Partition Type B 
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Table 5.2 Retained mode numbers d
iN  for the rectangular plate problem with the partition type A. All the sub-

structural modes are retained in the highest level substructure (level 0). 

 

Substructural 

level 

Substructural 

number 

d
iN  Case 1 Case 2 

Level 0 7 dN7  65 65 

Level 1 
3 dN3  3 5 

6 dN6  3 5 

Level 2 

1 dN1  6 10 

2 dN2  6 10 

4 dN4  6 10 

5 dN5  6 10 

Total retained mode number dN  30 50 

Size of the reduced model pN  95 115 
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Table 5.3 Retained mode numbers d
iN  for the rectangular plate problem with the partition type B. All the sub-

structural modes are retained in the highest level substructure (level 0). 

 

Substructural 

level 

Substructural 

number 

d
iN  Case 1 Case 2 

Level 0 13 dN13  65 65 

Level 1 
9 dN9  10 13 

12 dN12  4 5 

Level 2 

7 dN7  5 7 

8 dN8  9 12 

10 dN10  6 10 

11 dN11 3 5 

Level 3 
3 dN3  5 5 

6 dN6  3 3 

Level 4 

1 dN1  4 6 

2 dN2  2 3 

4 dN4  3 4 

5 dN5  1 2 

Total retained mode number dN  55 75 

Size of the reduced model pN  120 140 
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Figure 5.2 Relative eigenvalue errors for the rectangular plate problem with the partitioned type A: (a) 

30dN , (b) 50dN  
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Figure 5.3 Relative eigenvalue errors for the rectangular plate problem with the partitioned type B: (a) 

55dN , (b) 75dN  
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5.2.2 Cylindrical panel problem 

 

The performance of the proposed method is also tested in a cylindrical panel with free boundary, see 

Figure 5.4. Length L  is 0.8m, radius R  is 0.5m, and thickness h  is 0.005m. Young's modulus E  is 

69GPa, Poisson's ratio   is 0.35, and density   is 2,700 3kg/m . The cylindrical panel is modeled by a 

16  16 distorted mesh of shell finite elements and each edge is discretized in the following ratio: 

1......:14:15:16......::: 16321 LLLL  [72]. 

 

The global structure is partitioned into seven substructures with three substructural levels (levels 0, 1 

and 2) as shown in Figure 5.4. The numbers of retained substructural modes d
iN  are listed in Table 5.4. The 

significant accuracy improvement is observed in the enhanced AMLS method, see Figure 5.5. 
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Figure 5.4. Cylindrical panel problem with a distorted mesh 
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Table 5.4 Retained mode numbers d
iN  for the cylindrical panel problem with a distorted mesh, the partition 

type A is applied. All the substructural modes are retained in the highest level substructure (level 0). 

 

Substructural  

level 

Substructural 

number 

d
iN  Case 1 Case 2 

Level 0 7 dN7  85 85 

Level 1 
3 dN3  7 11 

6 dN6  7 11 

Level 2 

1 dN1  4 10 

2 dN2  14 29 

4 dN4  14 29 

5 dN5  4 10 

Total retained mode number dN  50 100 

Size of the reduced model pN  135 185 
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(a)
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Figure 5.5. Relative eigenvalue errors for the cylindrical panel problem with a distorted mesh: (a) 50dN , (b) 

100dN  
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5.2.3 Cylindrical solid problem 

 

Let us consider a cylindrical solid problem with free boundary at both ends, see Figure 5.6. Lengths 

1L  and 2L  are 0.16 and 0.24 m, respectively, and the radii 1R , 2R  and 3R  are 0.08, 0.12 and 0.16 m, 

respectively. Young’s modulus E  is 76 GPa, Poisson’s ratio   is 0.33, and density   is 3kg/m796,2 . 

The cylindrical solid problem is modeled using 8-node brick elements and the number of total DOFs is 1,740. 

Considering the three substructural levels (0, 1 and 2), the global structure is partitioned into seven substructures. 

Two different numbers of retained dominant modes ( 70dN  and 120dN ) are considered as listed in Ta-

ble 5.5. The relative eigenvalue errors are plotted in Figure 5.7. The results show the robustness of the enhanced 

AMLS method compared with the original AMLS method. 
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Figure 5.6 Cylindrical solid problem 
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Table 5.5 Retained mode numbers d
iN  for the cylindrical solid problem. All the substructural modes are re-

tained in the highest level substructure (level 0). 

 

Substructural  

level 

Substructural 

number 

d
iN  Case 1 Case 2 

Level 0 7 dN7  180 180 

Level 1 
3 dN3  12 20 

6 dN6  10 12 

Level 2 

1 dN1  13 26 

2 dN2  13 26 

4 dN4  11 18 

5 dN5  11 18 

Total retained mode number dN  70 120 

Size of the reduced model pN  250 300 
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Figure 5.7 Relative eigenvalue errors for the cylindrical solid problem: (a) 70dN , (b) 120dN  
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5.2.4 Bench corner structure problem 

 

Here, a bench corner structure is considered. Lengths 1L  and 2L  are 4.0 and 1.0 m, heights 1H  

and 2H  are 2.0 and 1.0 m. Width B  is 1.0 m and thickness h  is 0.025m. Young’s modulus E  is 210 

GPa, Poisson’s ratio   is 0.30, and density   is 3kg/m7,850 . The 4-node MITC shell finite elements are 

used for the finite element model of the structure, in which the number of DOFs is 3,508 DOFs. As shown in 

Figure 5.8, the global structure is partitioned into nine substructures with four sub-structural levels (0, 1, 2 and 

3). We retain 50 and 80 dominant modes in two numerical cases ( 50dN  and 80dN ), and the numbers 

of the retained substructural modes d
iN  are listed in Table 5.6. Figure 5.9 demonstrates the excellent perfor-

mance of the enhanced AMLS method. 
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Figure 5.8 Bench corner structure problem 
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Table 5.6 Retained mode numbers d
iN  for the bench corner structure problem. All the substructural modes are 

retained in the highest level substructure (level 0). 

 

Substructural 

level 

Substructural 

number 

d
iN  Case 1 Case 2 

Level 0 9 dN9  97 97 

Level 1 
5 dN5  7 11 

8 dN8  8 10 

Level 2 

3 dN3  5 6 

4 dN4  11 14 

6 dN6  2 7 

7 dN7  11 18 

Level 3 

1 dN1  4 9 

2 dN2  2 5 

Total retained mode number dN  50 80 

Size of the reduced model pN  147 177 
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Figure 5.9 Relative eigenvalue errors for the bench corner structure problem: (a) 50dN , (b) 80dN  
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5.2.5 Hyperboloid shell problem 

 

Consider a hyperboloid shell problem of height 0.4H m and thickness 05.0h m. The mid-

surface of this shell structure is described [72] as 

 222 222 ,  -;   zzyx  .                             (5.6) 

No boundary condition is imposed. Young's modulus E  is 69GPa, Poisson's ratio   is 0.35, and density   

is 2,700 3kg/m . A 20 (axial)  40 (circumferential) mesh of shell finite elements is used. Considering three 

sub-structural levels (0, 1 and 2), the global structure is partitioned into seven substructures, see Figure 5.10. We 

use 60 and 120 retained dominant modes in two numerical cases ( 60dN , 120dN ), and the numbers of 

the retained sub-structural modes d
iN  are listed in Table 5.7. Figure 5.11 consistently demonstrates the excel-

lent performance of the enhanced AMLS method. 
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Figure 5.10 Hyperboloid shell problem 
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Table 5.7 Retained mode numbers d
iN  for the hyperboloid shell problem. All the substructural modes are re-

tained in the highest level substructure (level 0).  

 

Substructural 

level 

Substructural 

number 

d
iN  Case 1 Case 2 

Level 0 7 dN7  200 200 

Level 1 
3 dN3  8 14 

6 dN6  8 14 

Level 2 

1 dN1  11 23 

2 dN2  11 23 

4 dN4  11 23 

5 dN5  11 23 

Total retained mode number dN  60 120 

Size of the reduced model pN  260 320 
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Figure 5.11 Relative eigenvalue errors for the hyperboloid shell problem: (a) 60dN , (b) 120dN  
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5.3 Computational cost 

 

In order to investigate the computational cost required for the enhanced AMLS method, computation 

times are measured, and compared with those of the original AMLS method. A sparse matrix computation with 

MATLAB is used in a personal computer (Intel core (TM) i7-3770, 3.40 GHz CPU, 16GB RAM). Note that, of 

course, computation times vary depending on implementation details of the computer codes, as well as on the 

performance of the computers used. Therefore, the results discussed in this section could not be simply general-

ized. 

 

 

5.3.1 Reduced models with same size 

 

When the size of the reduced model is the same, additional computation is required for the enhanced 

AMLS method, compared with the original AMLS method. Table 5.8 presents the computation times for calcu-

lating the lowest eigenvalues (mode number = 1) in the four numerical examples considered in Section 5.2. Note 

that the original and enhanced reduced transformation matrices in Equations (2.25) and (5.3) are used in the 

original and enhanced AMLS methods, respectively. The results show that the additional computational cost for 

the enhanced AMLS method is not high compared with the original AMLS method. 

 

We investigate the additional computation times required for the enhanced AMLS method by increas-

ing the number of DOFs in the rectangular plate problem with the partition type A in Figure 5.1(a). We here con-

sider six different meshes: 1220   ( 365,1gN , 95pN ), 1803   ( 945,2gN , 125pN ), 

24 04  ( 125,5gN , 155pN ), 3084   ( 595,7gN , 185pN ), 3254   ( 075,9gN , 

195pN ), and 3660   ( 285,11gN , 215pN ), see Figure 5.12 for 1803   and 24 04   meshes. 

  

To construct the reduced models, the number of retained dominant substructural modes is fixed as 30 

in every numerical case. Note that, as the number of DOFs increases, the size of reduced models also increases 

due to the DOF increment in the highest level substructure. The computation times required for calculating the 

lowest eigenvalues by the original and enhanced AMLS methods are presented in Figure 5.13. This result also 

shows the good computational efficiency of the enhanced AMLS method. 
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Figure 5.12 Two different meshes for the rectangular plate problem with the partition type A in Figure 5.1(a): (a) 

1803   mesh, (b) 24 04   mesh. 

 

 

Figure 5.13 Computation times depending on the number of DOFs in the rectangular plate problem with the 

partition type A in Figure 5.1(a). 
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Table 5.8 Computation times for calculating the lowest eigenvalues by the original and enhanced AMLS meth-

ods 

 

 DOFs Computation time (sec) 

 gN  
pN  Original AMLS Enhanced AMLS 

Rectangular plate 

(Freq. cut-off, 30dN ) 
1,365 135 1.018E-01 1.182E-01 

Cylindrical solid 

(Freq. cut-off, 70dN ) 
1,740 250 2.912E-01 3.001E-01 

Bench corner structure 

(Freq. cut-off, 50dN ) 
3,508 147 2.216E-01 2.458E-01 

Hyperboloid shell 

(Freq. cut-off, 60dN ) 
4,200 260 5.045E-01 5.248E-01 
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5.3.2 Reduced models with similar accuracy 

 

For a fair comparison, the computation times of the original and enhanced AMLS methods are meas-

ured for the reduced models with similar accuracy. A turbine blade problem in Figure 5.14 is considered. Length 

L  is 35 m, thickness is 0.05m, Young's modulus E  is 210 GPa, Poisson's ratio   is 0.3, and density   is 

7,800 3kg/m . The detailed geometry is described in Ref. [71]. We use 10,300 shell finite elements and 10,100 

nodes (51,308 DOFs). Considering three sub-structural levels (0, 1 and 2), the global structure is partitioned into 

19 substructures. 

 

The following numerical cases are considered: 

 The original AMLS method is used with the reduced model size of 260,1pN  ( 60dN ) and 

100,3pN  ( 1900dN ). 

 The enhanced AMLS method is used with the reduced model size of 260,1pN  ( 60dN ). 

 

Figure 5.15 shows that the accuracy is similar for the reduced models using the original AMLS meth-

od with 100,3pN  ( 900,1dN ) and using the enhanced AMLS method with 260,1pN  ( 60dN ). 

Table 5.9 lists the breakdown of computation time. It is observed that, with similar accuracy, the computation 

time required for the enhanced AMLS method is smaller than for the original AMLS method. 

 

At this point, it is very important to note that, in this study, we tested the computational cost of the 

enhanced AMLS method for several FE models with up to 51,308 DOFs using our own MATLAB implementa-

tion. Therefore, additional tests are required considering various FE models with more than millions of DOFs. 

Note that the computational efficiency is crucial to use the enhanced AMLS method as a solver of eigenvalue 

problems with large DOFs. In order to do that, much effective computer codes and high performance computers 

are necessary. 
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Figure 5.14 Turbine blade problem 

 

 

 

Figure 5.15 Relative eigenvalue errors for the turbine blade problem. 
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Table 5.9 Computation times for calculating the lowest eigenvalues in the turbine blade problem. The computa-

tion times are normalized by the total computation time required for the original AMLS method when 

60dN . 

 

Items 
Related 

Equations 

Normalized computation times 

Original 

AMLS 

( dN =60)

Original 

AMLS 

( dN =1,900) 

Enhanced 

AMLS 

( dN =60) 

Transformation procedures (2.26), (5.4)

0.0736 0.6272 0.0736 Solution of the substructural eigenvalue 

problems 
(2.22) 

Calculation of the multi-level constraint mode 

matrix Ψ̂  
(4.3) 0.9252 0.9252 0.9252 

Solution of the reduced eigenvalue problem (2.27) 0.0012 0.0599 0.0012 

** Calculation of the residual flexibility  

matrix rsF  
(4.18) - - 0.0062 

** Inverse matrix of the reduced mass  

matrix pΜ  
(5.2) - - 0.0118 

Total  1.0000 1.6123 1.0180 

** Items only required for the enhanced AMLS method 
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5.4 Closure 

 

In this chapter, we presented a new component mode synthesis (CMS) method developed by improv-

ing the automated multi-level substructuring (AMLS) method. Unlike for the original AMLS method, the resid-

ual mode effect is considered in constructing the transformation matrix. As a result, the original AMLS trans-

formation matrix is enhanced by the residual flexibility, in which the unknown eigenvalue is approximated using 

O’Callahan’s approach from the improved reduced system (IRS) method. 

 

The enhanced AMLS method was then developed using this enhanced transformation matrix. As a re-

sult, global (original) structural models can be more precisely reduced, and the accuracy of reduced models is 

dramatically improved. The accuracy improvement of the enhanced AMLS method was demonstrated through 

numerical examples, and its computational cost was also investigated. However, as mentioned, additional nu-

merical tests on the computational cost of the enhanced AMLS method are necessary considering much larger 

FE models than those considered in this study. 

 

In order to use the enhanced AMLS method as a solver of eigenvalue problems, it is important to in-

crease its computational efficiency. An optimized algorithm for computer programming would be valuable, and 

then efficient mode selection and error estimation techniques are essential [62-66]. In addition, the proposed 

method can be used to reduce the size of system matrices in flexible multibody systems [78-80]. 
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Chapter 6. Algebraic dynamic condensation method 

 

 

In the 1960s, Guyan [23] and Irons [24] independently proposed a static condensation method. Since, 

in the static condensation, the inertia effects of the truncated DOFs are ignored, the solution accuracy for higher 

modes is not good. In 1989, considering the inertia effects properly, O’Callahan [30] proposed the improved 

reduced system (IRS) method. The IRS method has been widely adopted due to its excellent solution accuracy 

and simple formulation. Since then, Friswell [33] developed the iterative IRS method (IIRS), and Xia and Lin 

[34] improved the IIRS method. While the IIRS method can provide further improved accuracy, additional com-

putational cost is inevitable. In order to improve computational efficiency, Bouhaddi and Fillod [35-37] applied 

physical domain based substructuring, which is a key concept of component mode synthesis (CMS) methods [1-

22] to the Guyan reduction. Kim and Cho [38, 39] applied physical domain based substructuring to the IRS and 

IIRS methods. 

 

Since the 1970s, several algebraic substructuring algorithms have been developed in applied mathe-

matics [81-83]. In algebraic substructuring, a large sparse matrix is automatically divided into many small sub-

matrices without consideration of the physical domain. Therefore, a large number of substructures (submatrices) 

can be effectively managed in computation and thus computational cost can be significantly reduced. Algebraic 

substructuring was successfully applied to the CMS methods [59-61], and it offered remarkable computational 

efficiency. 

 

In this study, we develop a new efficient reduced-order modeling technique, named algebraic dynam-

ic condensation. The formulation is based on the IRS method. The design focus is on computational efficiency, 

which is achieved avoiding expensive global matrix operations and matrix populations. First, global mass and 

stiffness matrices are automatically partitioned using algebraic substructuring. The substructural stiffness is then 

condensed into the interface boundary, and the interface boundary is reduced considering the dominant interface 

normal modes. Finally, the reduced model is constructed by condensing the substructural inertial effects into the 

reduced interface boundary. 

 

The formulation of the proposed method can be simply expressed using multiplications and summa-

tions of submatrices, and thus it presents excellent computational efficiency in comparison to the IRS method. 

The proposed method also provides better accuracy than the IRS method. A great feature of our method is that, 

as the number of substructures (submatrices) increases, both accuracy and computation cost improve, and unlike 
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the IRS method, the proposed method can handle relatively large FE models. 

 

In the following sections, the formulation of the proposed method is derived, and through several 

structural problems, the performance of our method is demonstrated compared to the IRS method. Finally, con-

clusions are drawn in Section 6.4. 

 

 

6.1 Algebraic dynamic condensation method 

 

In this section, we describe the key procedures of the algebraic dynamic condensation method: alge-

braic substructuring, substructural stiffness condensation, interface boundary reduction, and substructural iner-

tial effect condensation. The proposed method is designed focusing on computational efficiency and thus expen-

sive global matrix operations and matrix populations are avoided within the formulation. 

 

 

6.1.1 Algebraic substructuring 

 

In algebraic substructuring, rows and columns of an original large sparse matrix are permuted, and 

then the permuted matrix is partitioned into many submatrices, see Figure 6.1. Note that the matrix permutation 

is performed by renumbering nodes in FE models. The permutation procedure does not alter the physical charac-

teristic of original FE models. 

 

In a large FE model, the original mass and stiffness matrices are large and sparse. Using the algebraic 

substructuring procedure, the matrices can be automatically partitioned into many submatrices. Here, those 

submatrices could be defined as substructures and interface boundary in the algebraic perspective. 

 

After the algebraic substructuring, the global mass and stiffness matrices, gM  and gK , are par-

titioned into n  substructures and 1 interface boundary 
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in which iΜ  and iΚ  denote the diagonal component mass and stiffness matrices of the i th substructure, 

respectively, and bΜ  and bΚ  denote the mass and stiffness matrices of the interface boundary, respec-

tively. The off-diagonal component matrices 
c
iM  and 

c
iK  denote the mass and stiffness matrices of the i th 

substructure coupled with the interface boundary, respectively. Note that the global partitioned matrices in Equa-

tion (6.1) have the same form as used in the Craig-Bampton (CB) method [1]. 

 

 

Figure 6.1 Algebraic substructuring procedure: (a) Nonzero pattern of an original large sparse matrix, (b) Non-

zero pattern of the permuted matrix, (c) Matrix substructuring (8 substructures and 1 interface boundary) 

 

 

6.1.2 Substructural stiffness condensation 

 

Using the partitioned mass and stiffness matrices in Equation (6.1), the eigenvalue problem for the 

global structure is expressed as 
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where the subscripts s and b  denote the substructural and interface boundary quantities, respectively, and the 

subscript c denotes the coupled quantities between the substructures and interface boundary. sM  and sK  

are the block-diagonal mass and stiffness matrices that consist of the substructural mass and stiffness matrices, 

iM  and iK . 

 

From the first row in Equation (6.2), the substructural displacement vector su  is represented in 

terms of bu  

 bcscbccsss o uMKΨuMKMKu ])(ˆ[)()( 211    , (6.3a)

 with csc KKΨ 1 , cscc ΨMMM ˆ , (6.3b)

in which the global eigenvalue   is an unknown scalar value. 

 

Neglecting terms with   in Equation (6.3a), the substructural displacement vector su  can be ap-

proximated with the interface displacement vector bu  

 bcss uΨuu  , (6.4)

and, then the global displacement vector gu  is approximated by 

 b
b

s
gg uΨ
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u
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b

c

I

Ψ
Ψ ,  (6.5)

where Ψ  denotes the interface constraint mode matrix [1], cΨ  is the constraint mode matrix to couple the 

substructures with the interface boundary, and bI  is the identity matrix for the interface boundary. Note that 

Ψ  is identical with the Guyan transformation matrix GT  in Equation (2.39b). That is, Ψ  is the static con-

densation matrix that condenses the substructural stiffness into the interface boundary. 

 

The submatrix form of Ψ  in Equation (6.5) is described as 
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  with 
c
ii

c
i KKΨ 1  for ni ,,2,1  , (6.6)

where 
c
iΨ  is the constraint mode matrix to couple the i th substructure with the interface boundary. Here, the 

inverse matrix 
1

iK  can be effectively computed using the Cholesky factorization of iK . 

 

Substituting Equation (6.5) into Equation (6.2) and pre-multiplying 
TΨ , the following reduced ei-

genvalue problem is obtained 

 bbbb uMuK ˆˆ  , bbb qΦu  , (6.7)

with 

 c
T
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T
cbg

T
b MΨΨMMΨMΨΜ ˆˆ  , (6.8a)

 c
T
cbg

T
b ΨKKΨKΨK ˆ , (6.8b)

in which bΦ  is the eigenvector matrix for the interface boundary, and bq  is the corresponding generalized 

coordinate vector, and bM̂  and bK̂  are the reduced mass and stiffness matrices of size bb NN   ( bN  

is the number of DOFs in the interface boundary). 

 

The matrices cM , cΨ , cM̂  and cK  in Equation (6.8) are represented in a submatrix form as 
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and then the reduced mass and stiffness matrices can be effectively calculated in a submatrix level through the 

following submatrix operations 
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6.1.3 Interface boundary reduction 

 

As the number of substructures increases, the DOFs of the interface boundary rapidly increases. In 

order to avoid the increasing computational cost, it is essential to reduce the interface boundary. 

 

In Equation (6.7), the interface eigenvector matrix bΦ  can be decomposed into the dominant and 

residual interface normal modes, 
d
bΦ  and 

r
bΦ , and the interface displacement vector bu  is expressed as 

 




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r
b

d
br

b
d
bbbb

q

q
ΦΦqΦu ][ , (6.11)

where 
d
bq  and 

r
bq  are the generalized coordinate vectors corresponding to 

d
bΦ  and 

r
bΦ , respectively. 

 

Considering only the dominant interface normal modes 
d
bΦ , we can obtain the reduced interface 

displacement vector bu  as follows 

 d
b

d
bbb qΦuu  , (6.12)

in which 
d
bΦ  can be effectively calculated by using the shift-invert Lanczos algorithm. 

 

Using Equation (6.12) in Equation (6.7), the eigenvalue problem for the reduced interface boundary is 

obtained as 

 d
bb

d
bb qΜqK    with )Φ(Μ)ΦΜ d

bb
Td

bb
ˆ( , )Φ(K)ΦK d

bb
Td

bb
ˆ( , (6.13)

in which bΜ  and bK  are the mass and stiffness matrices for the reduced interface boundary, and   is the 

approximated eigenvalue. Note that bΜ  and bK  are bb NN   matrices, where bN  is the number of 

the dominant interface normal modes. 

 

 

6.1.4 Substructural inertial effect condensation 

 

Considering the first order term of   in Equation (6.3a), the approximated substructural displace-

ment vector su  in Equation (6.4) becomes more precise 
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 bcscs uMKΨu )ˆ( 1  . (6.14)

 

Combining Equation (6.12) and Equation (6.14), the approximated global displacement vector gu  

in Equation (6.5) is redefined as 
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(6.15)

where 1Ψ  is a newly defined interface constraint mode matrix compensating the inertial effects of the sub-

structures by aΨ , and Ψ  is the reduced interface constraint mode matrix. 

 

The matrix 1Ψ  is employed in Equation (6.15) and the following reduced matrices are defined as 
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in which 
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Pre-multiplying 
1

bΜ  in Equation (6.13), we obtain the following relation 

 d
bb

d
b qHq    with bbb KΜH 1 . (6.18)

 

Using   instead of the unknown   in Equation (6.16), and applying Equation (6.17) to Equation 

(6.16), the reduced matrices are redefined as 
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~  , (6.19b)

where the matrix A  can be represented in a submatrix form as 
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Substituting cM̂  in Equation (6.9) into Equation (6.19), the reduced matrices of the proposed 

method are finally obtained in a submatrix form as follows: 
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in which bM
~

 and bK
~

 are the reduced mass and stiffness matrices of size bb NN  . It is important to note 

that the reduced matrices are efficiently calculated through multiplications and summations of submatrices 

without considering the global transformation matrix. 

 

In the proposed method, the eigensolutions then are approximated from the following reduced eigen-

value problem 

 ibiib )(
~

)(
~

φMφK    for bNi ,,2,1  , (6.22)

where i  and i)(φ  are the approximated eigenvalues and eigenvectors, respectively. 

 

The approximated global eigenvectors are calculated by 

 iig φΨφ 1)(    for bNi ,,2,1  .  (6.23)

in which 
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The computational procedure of the algebraic dynamic condensation proposed in this study is sum-

marized in Table 6.1. 
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Table 6.1 Computational procedure of the algebraic dynamic condensation 

Computational procedure Related equations 

Step 1. Algebraic substructuring of gM  and gK  6.1 

Step 2. Substructural stiffness condensation  

a. Compute 
1 iK , 

c
iΨ  and 

c
iM̂ . 6.6, 6.10a 

b. Calculate bM̂  and bK̂ . 6.10 

Step 3. Interface boundary reduction  

a. Calculate the dominant interface normal mode matrix, 
d
bΦ . 6.12 

b. Calculate bΜ  and bK . 6.13 

Step 4. Substructural inertial effect condensation  

a. Calculate bH , iA , 1R  and 2R . 6.18, 6.20, 6.21b 

b. Calculate the reduced matrices, bM
~

 and bK
~

. 6.21a 
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6.2 Numerical examples 

 

In this section, the performance of the proposed method is tested considering four practical structural 

problems frequently handled in the ship and ocean engineering fields: a rectangular plate, a stiffened plate, a 

semi-submersible rig and a cargo hold structure. The accuracy and computational efficiency of the proposed 

method are compared to those of the IRS method. 

 

In the IRS method, the retained DOFs are selected by using the ratio of the diagonal terms of mass 

and stiffness matrices [29]. In the proposed method, algebraic substructuring is performed using METIS [77], 

which is an efficient matrix reordering and partitioning software package, and the frequency cut-off method is 

employed to select the dominant interface normal modes [1]. 

 

All the structural problems are modeled by using 4-node MITC shell finite elements [67-73], and the 

free boundary condition is imposed. The material property of a mild steel is used; Young’s modulus E =206 

GPa, Poisson’s ratio  =0.3, and density  = 3kg/m7850 . The numerical procedure is implemented in 

MATLAB and a personal computer (Intel core (TM) i7-3770, 3.40 GHz CPU, 32GB RAM) is used for computa-

tion. 

 

To measure the accuracy of reduced models constructed by the IRS and proposed methods, the fol-

lowing relative eigenvalue error is adopted 

 
i

ii
i 





 , (6.25)

in which i  denotes the relative eigenvalue error for the i th mode and the exact global eigenvalue i  is ob-

tained from the eigenvalue problem of the global structural FE model. 

 

 

6.2.1 Rectangular plate problem 

 

We consider the rectangular plate modeled by a 3660   mesh of 4-node MITC shell finite ele-

ments as shown in Figure 6.2, and the number of DOFs is 11285. Length L , width B , and thickness h  are 

20 m, 12 m, and 0.025 m, respectively. 
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The mass and stiffness matrices are partitioned into 16 substructures and 1 interface boundary using 

algebraic substructuring. Two different sizes of the reduced model are considered: 100 br NN  and 

300 br NN . The performance of the proposed method is compared to that of the IRS method. 

 

Figure 6.3 presents the relative eigenvalue errors obtained using the IRS and proposed methods in the 

two numerical cases considered. Table 6.2 lists the relative eigenvalue errors when 100 br NN . It is ob-

served that the proposed method constructs more accurate reduced models than the IRS method. Table 6.3 

shows the computational cost when 100 br NN . Compared to the computation time required for the IRS 

method, the proposed method only requires 0.94 % of the computation time. That is, the proposed method is 

more than 100 times faster than the IRS method in computation. The results show that the proposed method 

outperforms the IRS method in both accuracy and computational efficiency. 

 

 

 

Figure 6.2 Rectangular plate problem (60×36 mesh, 11285 DOFs) 
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Figure 6.3 Relative eigenvalue errors by the IRS and proposed methods for the rectangular plate problem: (a) 

100rN  and 100bN  (b) 300rN  and 300bN  
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Table 6.2 Relative eigenvalue errors for the rectangular plate problem when 100 br NN  

 

Mode number IRS Proposed 

1 6.76228E-05 4.10733E-10 

2 1.49447E-04 8.54147E-10 

3 9.19271E-03 8.54488E-08 

4 2.56983E-03 3.11311E-08 

5 6.90573E-03 3.50102E-07 

6 3.50973E-02 2.33387E-06 

7 7.79645E-02 1.64861E-06 

8 4.39716E-02 5.49240E-06 

9 1.18145E-01 1.47466E-05 

10 1.34452E-01 7.27208E-06 

11 1.53947E-01 6.60347E-05 

12 2.96908E-01 7.86423E-05 

13 2.15174E-01 1.24925E-04 

14 2.02588E-01 6.41646E-05 

15 4.96222E-01 3.22909E-04 

16 4.24919E-01 1.60237E-04 

17 8.63934E-01 2.46142E-04 

18 5.63174E-01 8.42677E-04 

19 5.58491E-01 1.45123E-04 

20 5.65632E-01 4.43949E-04 

21 5.14183E-01 3.48023E-04 

22 8.48793E-01 3.16917E-03 

23 9.60316E-01 6.11854E-03 

24 1.62232E+00 2.06494E-03 

25 1.39140E+00 5.03076E-03 
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Table 6.3 Specific computational cost for the rectangular plate problem when 100 br NN  

 

 
Items 

Related 

Equations

Computation times 

 [sec] Ratio [%]

IRS 

Transformation procedure 8, 13 205.70 99.95 

Reduced eigenvalue problem 14 0.10 0.05 

Total - 205.80 100.00 

Proposed 

Algebraic substructuring 16 0.05 0.02 

Calculation of bM̂  and bK̂  matrices 25 0.61 0.30 

Eigenvalue problem for the interface boundary 22 0.49 0.24 

Calculation of bΜ , bK  and bH  matri-

ces 

28, 33 0.03 0.01 

Calculation of bM
~

 and bK
~

 matrices 36 0.70 0.34 

Reduced eigenvalue problem 37 0.10 0.05 

Total - 1.98 0.96 
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6.2.2 Stiffened plate problem 

 

As shown in Figure 6.4, a stiffened plate, an important component of ship structures, is considered. 

Length L , breadth B  and stiffener spacing S  are 26 m, 6 m, and 2 m, respectively. The stiffener is com-

posed of a vertical web of height 0.5 m and a flange of breadth 0.2 m, and the thickness h  is 0.019 m. The 

stiffened plate structure is modeled using 8580 shell finite elements and the number of DOFs is 52662. The 

mass and stiffness matrices are partitioned into 64 substructures and 1 interface boundary using METIS. 

 

Figure 6.5 presents the relative eigenvalue errors obtained using the IRS and proposed methods for 

two different sizes of the reduced models: 300 br NN  and 600 br NN . The excellent accuracy 

of the proposed method is observed in both cases. 

 

We then investigate sizes of the reduced models obtained from the two methods, when the accuracies 

of the reduced models are similar. As shown in Fig.6, for the similar accuracy, the proposed method requires 

reduced models of sizes, 300bN  and 600bN , and the IRS method requires reduced models of sizes, 

2250rN  and 4200rN . These results show that the proposed method can provide much smaller re-

duced models for a desired accuracy. The computational cost required is presented in Table 6.4 when 

300bN  and 2250rN . 

 

 

Figure 6.4 Stiffened plate problem (8580 shell elements, 52662 DOFs) 
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Figure 6.5 Relative eigenvalue errors by the IRS and proposed methods for the stiffened plate problem: (a) 

300rN  and 300bN  (b) 600rN  and 600bN  
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Figure 6.6 Relative eigenvalue errors by the IRS and proposed methods for the stiffened plate problem: (a) 

2250rN  and 300bN  (b) 4200rN  and 600bN  
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Table 6.4 Specific computational cost for the stiffened structure problem when 2250rN  and 300bN  

 

 
Items 

Related 

Equations

Computation times 

 [sec] Ratio [%]

IRS 

Transformation procedure 8, 13 5514.97 99.93 

Reduced eigenvalue problem 14 3.74 0.07 

Total - 5518.71 100.00 

Proposed 

Algebraic substructuring 16 0.52 0.01 

Calculation of bM̂  and bK̂  matrices 25 10.41 0.19 

Eigenvalue problem for the interface boundary 22 16.73 0.30 

Calculation of bΜ , bK  and bH  matri-

ces 

28, 33 1.12 0.02 

Calculation of bM
~

 and bK
~

 matrices 36 12.26 0.22 

Reduced eigenvalue problem 37 0.50 0.01 

Total - 41.54 0.75 
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6.2.3 Semi-submersible rig problem 

 

A semi-submersible rig structure shown in Figure 6.7 is considered. Breadth B , column width C , 

heights 1H  and 2H  are 80 m, 20 m, 50 m and 15 m, respectively. Length L  and thickness h  are 110 m 

and 0.018 m, respectively. The structure modeled using 16800 shell finite elements has 102054 DOFs. In this FE 

model, the IRS method fails to construct any size of reduced models due to the large size of computer memory 

required for storing almost fully populated matrices, GT  and aT . 

 

Using METIS, the global mass and stiffness matrices of the FE model are partitioned into 32, 64 and 

128 substructures. We construct two different sizes of the reduced model: 300 br NN  and 

600 br NN . We then investigate the effect of the number of substructures on the performance of the pro-

posed method. Figure 6.8 and Table 6.5 show that, as the number of the substructures increases, both accuracy 

and computational efficiency become better and better. This is a very interesting feature of the proposed method. 

 

 

 

 

Figure 6.7 Semi-submersible rig problem (16800 shell elements, 102054 DOFs) 
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Figure 6.8 Relative eigenvalue errors by the proposed method for the semi-submersible rig problem, when the 

number of substructures are 32, 64, and 128: (a) 300bN  (b) 600bN  
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Table 6.5 Computational cost for the semi-submersible rig problem when 300bN  

 

Items 
Number of  

substructures 

Computation times 

[sec] 

IRS - N/A 

Proposed 

32 207.30 

64 101.63 

128 75.89 
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6.2.4 Cargo hold structure problem 

 

We finally consider a cargo hold structure of an oil carrier as shown in Figure 6.9. The height H , 

breadth B , length L , and thickness h  are 30 m, 50 m, 87 m, and 0.025 m, respectively. We use 26761 

shell finite elements and 26228 nodes for finite element modeling. The number of DOFs is 157368. In this case, 

the IRS method also does not work. 

 

The global mass and stiffness matrices are partitioned into 32, 64 and 128 substructures. Two numeri-

cal cases are considered: 200bN  and 600bN . Figure 6.10 and Table 6.6 present the accuracy and 

computational efficiency of the proposed method, respectively. As the number of the substructures increases, the 

performance of the proposed method also increases. 

 

 

 

Figure 6.9 Cargo hold structure problem (26761 shell elements, 157368 DOFs) 
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Figure 6.10 Relative eigenvalue errors by the proposed method for the cargo hold structure problem, when the 

number of substructures are 32, 64, and 128: (a) 200bN  (b) 600bN  
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Table 6.6 Computational cost for the cargo hold structure problem when 200bN  

 

Items 
Number of  

substructures 

Computation times 

[sec] 

IRS - N/A 

Proposed 

32 496.30 

64 221.72 

128 133.01 
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6.3 Closure 

 

In this study, the algebraic dynamic condensation method is proposed. Employing algebraic substruc-

turing, the global mass and stiffness matrices are automatically partitioned into many small submatrices, and 

then the submatrices are designated as the substructures and the interface boundary. The substructural stiffness is 

condensed into the interface boundary, and then the interface boundary is reduced considering only the domi-

nant interface normal modes. Finally, the reduced model is constructed by condensing the substructural inertial 

effects into the reduced interface boundary. The formulation was derived in a submatrix level to avoid expensive 

global matrix operations and matrix populations. We investigated the excellent accuracy and computational effi-

ciency of the proposed method through various practical structural problems. The proposed method could han-

dle relatively large FE models, for which the IRS method fails to work. 
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Chapter 7. Conclusions 

 

 

The objectives of this thesis is to give solutions for the following issues: (1) How to evaluate the reli-

ability of reduced models without the exact eigenvalues. (2) To develop a new reduction method suggesting the 

approximated eigensolutions more accurately than the previous methods. (3) How to effectively reduce the large 

FE models containing several millions DOFs without any limitations of computer memory and computational 

costs. These are critical issues remaining to be solved in model reduction methods. In this thesis, as the solutions 

for the issues, we proposed the error estimation methods to guarantee the solution reliability of the reduced 

model, a new reduction method to improve the solution accuracy, and an efficient reduction method to improve 

the reduction efficiency. 

 

In Chapter 3, we presented the simplified error estimation method developed for the CB method. The 

original formulation was simplified by neglecting insignificant terms, a new error estimator was obtained, and 

thus computational cost was significantly reduced with negligible accuracy loss. In addition, the contribution of 

a specific substructure to a relative eigenvalue error could be estimated using the new formulation, in which the 

estimated relative eigenvalue error was represented by a simple summation of the substructural errors estimated. 

Therefore, the new formulation could be employed for error control by using the detailed errors estimated for a 

certain substructure. Through various numerical examples, we verified the accuracy and computational efficien-

cy of the new formulation, and demonstrated an error control strategy. 

 

In Chapter 4, we presented an effective method to estimate the reliability of FE models reduced by 

the AMLS method. The proposed error estimation method could accurately predict relative eigenvalue errors in 

reduced finite element models. A new, enhanced transformation matrix for the AMLS method was derived from 

the original transformation matrix by properly considering the contribution of residual substructural modes. The 

enhanced transformation matrix was an important prerequisite to develop the error estimation method. Adopting 

the basic concept of the error estimation method recently developed for the CB method [1], an error estimation 

method was developed for the AMLS method. Through various numerical examples, we demonstrated the accu-

racy of the proposed error estimation method, and explored its computational efficiency. 

 

In Chapter 5, an enhanced AMLS method was presented. The original transformation matrix of the 

AMLS method was enhanced by considering the residual mode effect, and the resulting unknown eigenvalue in 

the formulation was approximated by employing the idea of the IRS method. Using the newly defined transfor-
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mation matrix, we developed an enhanced AMLS method by which original FE models could be more precisely 

approximated by reduced models, and their solution accuracy was significantly improved. The formulation de-

tails of the enhanced AMLS method was presented, and its accuracy and computational cost was investigated 

through numerical examples. 

 

In Chapter 6, we suggested a robust reduced-order modeling method, named algebraic dynamic conden-

sation, which was based on the IRS method. The design focus was on computational efficiency, which was 

achieved avoiding expensive global matrix operations and matrix populations. First, global mass and stiffness 

matrices were automatically partitioned using algebraic substructuring. The substructural stiffness was then 

condensed into the interface boundary, and the interface boundary was reduced considering the dominant inter-

face normal modes. Finally, the reduced model was constructed by condensing the substructural inertial effects 

into the reduced interface boundary. The formulation of the proposed method could be simply expressed using 

multiplications and summations of submatrices, and thus it presented excellent computational efficiency in 

comparison to the IRS method. The proposed method also provided better accuracy than the IRS method. A 

great feature of our method was that, as the number of substructures (submatrices) increased, both accuracy and 

computation cost improved, and unlike the IRS method, the proposed method could handle relatively large FE 

models. 

 

In future works, it would be valuable to develop an error estimator applicable to the CB method using 

the interface reduction technique, and an iterative mode selection algorithm to construct accurate reduced-order 

models using the proposed error control strategy. To solve FE models with more than several millions of DOFs 

without any limitations of computer memory and computational costs, it would be also valuable to develop a 

more efficient algebraic dynamic condensation method employing the multi-level algebraic substructuring. 
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Appendix 

 

 

A.1 Carl Neumann series expansion 

 

Let us consider the following equation for an arbitrary matrix A  





m

k

km

0

2 AAAAI  ,        (A.1) 

where I  is an identity matrix. 

 

Pre-multiplying )( AI   to the left-hand side of Equation (A.1), the following equation is obtained 

12 ))((  mm AIAAAIAI  .       (A.2) 

 

If the matrix norm 1A  and m , since 0A 



1lim m

m
, we can obtain the following equation 

IAAIAI  ))(( 2  ,        (A.3) 

and then 1)( AI  is defined as follow 

  21)( AAIAI ,        (A.4) 

where this expansion is called Carl Neumann series expansion. 

 

 

A.2 Expansion of 1)(  rrr ΜΛ   

 

In Equation (4.15), the term 1)(  rrr ΜΛ   is rewritten as 

111 )()(   rrrrr ΛAIΜΛ    with rrr ΜΛA 1  ,    (A.5) 

where A  is the nn  real symmetric matrix ( rNn  ). 

 

The matrix norm A  is defined by 
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2/1

2/1

,

,
supsup





 xx

AxAx

x

Ax
A

nn RxRx

,      (A.6) 

where x  is an arbitrary vector in the vector space nV . 

 

Here, the eigenvalue problem for matrix A  is written as 

iii qAq *   for ni ,,2,1  ,               (A.7) 

where *
i  and iq  are eigenpairs of A . 

 

The arbitrary vector x  in nV  can be written as 





n

i
iinn cccc

1
2211 qqqqx  ,       (A.8) 

where ic  is the coordinate of x . 

 

Using Equation (A.8), the matrix norm A  in Equation (A.6) is rewritten as 

2/1
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2/1
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qq
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A ,       (A.9) 

and using the relation iii qAq * , the following equation is obtained  
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In Equation (A.10), using the maximum eigenvalue *
n  instead of *

i , we can obtain the following inequality 
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Therefore, we can identify that A  is bounded as follow 

*
nA .                 (A.12) 

 

The eigenvalue problem for *
n  is written as 

nnn qAq * ,                 (A.13) 

and using rrr ΜΛA 1   in Equation (A.5) , Equation (A.13) is rewritten by 

nrrrnr qΜqΛ    with 
*
n

r 
  ,              (A.14) 

where r  is the eigenvalue corresponding to nq  for the matrices rrΜ  and rΛ , which are mass and stiff-

ness matrices transformed by the residual transformation matrix r
0T . 

 

Since the inequality 

 

*
n

r  is always satisfied, it is identified that 1* n , and from Equation (A.12), 

it is also identified that 1A . 

 

Finally, since 1A , 1)(  rrr ΜΛ   can be expanded by Carl Neumann series expansion as follow 

  1211111 )()( rrrrrrrrrrrr ΛΜΛΛΜΛΛΜΛ  ,            (A.15) 

and then, we can derive Equation (4.15) as 

  )( )( )( 321111  T
rrrrr

T
rrr

T
rrrrr ΦΛΜΛΦΛΦΦΜΛΦ .         (A.16) 
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Summary 

On the Model Reduction Methods for Dynamic Analysis of Large Finite 

Element Models 

최근 들어, 컴퓨터의 성능 향상과 함께 선박, 자동차 그리고 비행기와 같은 크고 복잡한 

구조물의 동적 응답 해석(dynamic response analysis)에 대한 요구가 증가하고 있다. 하지만, 이런 

구조물의 유한요소모델(finite element model)은 수백 만개 이상의 자유도(degrees of freedom)를 

갖고 있기 때문에, 동적 평가를 위한 고유치 해석(eigenanalysis) 시 상당한 전산 시간이 

요구된다. 이러한 전산비효율을 해결하기 위해, 모델축소기법(model reduction method)에 대한 

연구필요성이 최근 들어 다시 증가하고 있다. 모델축소기법은 유한요소법(finite element method)의 

발전과 더불어 수십 년 동안 연구되어 왔으며, 다물체동역학(multi-body dynamics), 

구조안정성모니터링(structural health monitoring), 구조최적화설계(structural design optimization), 

동적시스템제어(dynamic system control) 그리고 실험동역학(experimental dynamics) 등 다양한 

분야에 응용되고 있다. 

 

모델축소기법은 크게 모드 기반(mode based)과 자유도 기반(DOFs based) 축소기법 두 가지 

분류로 나눌 수 있다. 대표적인 모드 기반 축소기법으로는 부분구조합성법(component mode syn-

thesis)이 있으며 그 중에서도 Craig-Bampton(CB) 기법과 Automated Multi-Level Substructuring 

(AMLS) 기법이 널리 쓰이고 있다. 부분구조합성법에서는, 전체 유한요소모델을 여러 개의 부분 

구조(substructure)로 분할하고, 분할된 부분구조에 각각에 대하여 고유치 해석을 수행한다. 

그리고, 부분구조모드(substructural mode) 중, 주요한 모드(dominant mode)들만 선택하여 

축소모델(reduced model)을 구성하게 된다. 이처럼, 기존의 큰 유한요소모델은 매우 작은 크기의 

축소모델로 효과적으로 근사화 할 수 있다. 자유도 기반 축소기법에서는 전체 자유도를 

주자유도(master DOFs)와 부자유도(slave DOFs)로 구분하며, 부자유도가 갖고 있는 

관성효과(inertial effect)와 강성(stiffness)을 주자유도에 응축(condensation)하여 축소모델을 

계산하게 된다. 대표적인 자유도 기반 축소기법으로는 Guyan 축소기법과 Improved Reduced Sys-

tem (IRS) 축소기법이 있다. 

 

모델축소기법은 수십 년간 여러 연구자에 의해 축소알고리즘의 성능 향상, 즉 해의 

정확도 및 전산 효율성이 향상되어 왔으나, 여전히 해결해야 할 중요한 문제들이 남아있다. 그 

중 첫 번째는, 정확한 고유치 값(exact eigenvalue)이 없는 경우에 대해, 축소모델에서 계산된 

근사 고유치 값(approximated eigenvalue)의 신뢰성을 평가할 수 있는 오차추정기법(error estimation 
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method)을 개발하는 것이다. 일반적으로, 축소모델의 신뢰성 평가는 정확한 고유치 값을 

계산하여 근사 고유치 값과의 상대오차(relative eigenvalue error)를 통해 이루어지나, 기본적으로 

정확한 고유치 값은 큰 유한요소모델의 경우 전산 효율의 문제 등으로 계산하기 어렵다. 

따라서, 정확한 고유치 값을 계산하지 않고도 축소모델의 신뢰성을 평가할 수 있는 

오차추정기법이 필요하다. 그리고 다른 문제들로는, 기존에 제시된 축소모델기법보다 더 

정확하게 근사 고유치 값을 제시하는 새로운 기법을 개발하는 것과, 컴퓨터 메모리 및 전산 

시간에 제약 없이 수백 만개 이상의 자유도를 갖는 대형 유한요소모델을 효율적으로 축소시킬 

수 있는 모델축소기법을 개발하는 것이다. 본 연구에서는 앞서 언급한 세가지 문제들을 

다루었으며, 그에 대한 해결 방안으로서, 축소모델에서 계산된 근사 고유치 값의 신뢰성 평가를 

위한 오차추정기법(error estimation method)과, 근사 고유치 값의 정확도를 높이기 위한 향상된 

모델축소기법(enhanced reduction method), 그리고 모델축소효율을 향상시키기 위한 새로운 

모델축소기법을 제시하였다. 

 

첫째로, 부분구조합성법 중 가장 잘 알려진 CB 기법에 대하여, 간이화된 

오차추정기법(simplified error estimation method)을 제시하였다. 기존의 오차추정기법에서 

계산결과에 영향이 없거나 미비한 부분들을 도출 및 생략하여 간소화된 오차추정기법의 식을 

제시하였다. 새로운 오차추정 식은 부분구조 별 추정 오차의 합들로 간단하게 표현이 되었으며 

기존의 오차추정기법의 정확도를 갖춤과 동시에 전산 효율성을 대폭 향상시켰다. 또한, 새로운 

오차추정 식의 특성을 이용하여, 특정 모드에 대한 각 부분구조의 기여도(substructural contribu-

tion)를 계산할 수 있었으며, 이를 이용한 오차제어전략(error control strategy)을 제시하였다. 

다양한 수치 예제를 통해, 간이화된 오차추정기법에 대한 정확도와 효율성을 확인하였으며, 

이를 이용한 오차제어(error control) 결과 또한 제시하였다. 

 

최근에는 여러 부분구조합성법 중에서도, 전체모델을 수많은 부분구조모델로 분할한 후 

부분구조모델간의 관계를 고려하여 연속적인 모델축소알고리즘을 구현한 AMLS 기법이 많이 

쓰이고 있다. AMLS 기법은 CB 기법을 기초로 개발되었으므로, 동일한 오차추정기법을 AMLS 

기법으로 확장할 수 있다. 하지만, 이를 위해서 오차추정을 위한 새로운 변환행렬(transformation 

matrix)을 도출해야 하며, 기존의 AMLS 기법의 변환행렬에 잔류부분구조모드(residual substructur-

al mode)들의 기여도를 고려하여, AMLS 기법에 대한 새롭고 개선된 변환행렬(enhanced transfor-

mation matrix)을 도출하였다. 이 향상된 변환행렬은 오차추정기법을 개발하기 위한 중요한 전제 

조건이며, 이 변환행렬을 이용하여, AMLS 기법에 대한 오차추정기법을 개발하였고, 수치 

예제를 통해 오차추정기법의 정확성을 확인하였다. 

 

둘째로, 축소모델에서 계산된 근사 고유치 값의 정확도를 개선하기 위해, AMLS 기법의 

개념을 기반으로 하여 효과적이고 새로운 기법을 제안하였다. AMLS 기법의 변환행렬은 잔류 
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부분구조모드의 효과를 고려함으로써 개선되고, 제시된 수식 안의 미지수 고유치 값은 IRS 

기법의 개념을 이용하여 근사화하였다. 이렇게 새로 정의된 변환행렬을 이용하여, 향상된 

AMLS 기법(enhanced AMLS method)을 제시하였다. 이를 이용하여, 원래의 유한요소모델을 보다 

정확한 축소모델로 근사화할 수 있으며, 축소모델로부터 계산된 근사 고유치 값의 정확성 또한 

대폭 향상되었다. 향상된 AMLS 기법으로부터 계산된 근사 고유치 값의 정확성 및 전산 

효율성을 다양한 수치 예제를 통하여 제시하였다. 

 

마지막으로, 제한된 전산환경 하에서, 대형 유한요소모델을 효율적으로 축소시키기 위한 

모델축소기법을 개발하기 위해, IRS 기법을 기반으로 한, 대수학적 동적응축기법(algebraic dynam-

ic condensation method)이라는 매우 효율적이고 정확한 모델축소기법을 제시하였다. 대수학적 

부분구조(algebraic substructuring) 기법을 적용하여, 전체 질량행렬(global mass matrix) 및 

강성행렬(stiffness matrix)은 물리적 영역을 고려하지 않고 많은 작은 부분행렬들로 분할되고, 

부분구조(substructure) 및 경계영역(interface boundary)은 수학적 관점에서 정의되었다. 축소모델은 

다음의 세 가지 과정을 통해 계산되었다: (1) 부분구조 강성응축(substructural stiffness condensa-

tion), (2) 경계영역축소(interface boundary reduction), (3) 부분구조 관성효과응축(substructural inertial 

effect condensation). 효율적인 축소과정을 구현하기 위해, 많은 전산 시간 및 메모리를 요구하는 

전체변환행렬(global transformation matrix)을 이용하지 않고 축소모델을 계산하였으며, 그 결과 

대수학적 동적응축기법의 식은 간단한 부분행렬의 연산으로 표현이 가능하였다. 그리고, 제안된 

기법을 다양한 공학문제에 적용하였고, 성능확인을 위해 해의 정확도와 전산 효율 관점에서 

IRS 기법의 결과와 비교 분석하였다. 
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