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초 록 

본 학위연구에서는 두께가 얇은 탄성 기둥에서 접촉에 의해 유도되는 좌굴 모드 전환

(contact-driven buckling mode transition)을 기반으로 한 새로운 자기복원형 에너지 소산 메커

니즘(self-restoring energy dissipation mechanism)을 제안한다. 이 메커니즘은 평행한 벽체에 

인접한 기둥으로 구성되어 있으며, 주어진 압축 변위 하중 사이클 동안 사전 접촉(pre-

contact), 1점 접촉(one-point contact), 선 접촉(line-contact), 2점 접촉(two-point contact)과 같은 

구별되는 좌굴 모드를 순차적으로 전환할 수 있도록 한다. 이 시퀀스는 반대 방향으로의 

스냅스루(snap-through) 변형과 그 후 언로딩 시 추가적인 좌굴 모드 전환 없이 초기 구성

으로 복원되는 것으로 마무리된다. 이 과정에서 생성되는 힘-변위 곡선의 이력 현상

(hysteresis)은 효과적인 에너지 소산을 가능하게 하며, 구조체는 탄성적으로 원래의 형태

를 완전히 복원하여 반복 사용이 가능하다. 고정-고정(fixed-fixed)과 핀-핀(pinned-pinned) 

두 가지 경계 조건이 고려되었다. 제안된 메커니즘은 데스크톱 규모 실험, 유한요소 시뮬

레이션, 그리고 엘라스티카(Elastica) 기반 해석 모델링을 통해 검증되었다. 또한, 매개변

수 연구를 통해 기둥과 벽 사이 간격이 작동 한계 및 에너지 소산 특성에 미치는 영향을 

조사하였다. 나아가 LS-DYNA 기반 충돌 시뮬레이션을 통해 제안된 메커니즘의 가능성 

확인하였다. 제안된 메커니즘은 단순한 구조와 재사용 가능성, 확장성을 바탕으로 지진 

감쇠 장치, 반복 충격 보호 시스템, 저속 하중 기반의 수송/포장 완충 장치 등 다양한 응

용 분야에 활용될 수 있을 것으로 기대된다. 에너지 소산 구조가 필요한 다양한 스케일

의 구조에 적용될 수 있을 것으로 기대된다.  

 

핵심낱말 에너지 소산, 에너지 흡수 구조, 좌굴후 현상, 정확탄성곡선, 스냅-스루 
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Abstract 

This study proposes a novel self-restoring energy dissipation mechanism based on contact-driven 
buckling mode transition in a slender elastic column. The mechanism consists of a column adjacent to 
a parallel wall, thus enabling sequential transitions through distinct buckling modes during a 
prescribed compressive displacement loading cycle: pre-contact, one-point contact, line-contact, and 
two-point contact. The sequence concludes with a snap-through to the opposite side followed by 
recovery to the initial configuration upon unloading, without additional buckling mode transitions. 
The resulting hysteresis in the force-displacement curve allows for effective energy dissipation, while 
the structure elastically recovers its original configuration to enable repeatable use. Two types of 
boundary conditions are considered: fixed-fixed and pinned-pinned. The proposed mechanism is 
validated through desktop-scale experiments, finite element simulations, and analytical modeling 
based on the Elastica approach. Parametric studies highlight the influence of column-wall spacing on 
operational limits and energy dissipation characteristics. Parametric studies revealed the influence of 
column-wall spacing and geometric properties on energy dissipation and operational stability.A crash 
box application was demonstrated through finite element simulations using LS-DYNA, confirming 
the mechanism’s ability to dissipate targeted energy levels under quasi-static impact scenarios without 
yielding. The mechanism's simplicity, scalability, and elastic recoverability make it promising for 
low-frequency, repeatable energy dissipation applications such as seismic dampers, slow-impact 
protection, and reusable shock absorbers. 
 
Keywords  Self-restoring mechanism; Energy dissipation; Buckling mode transition; Elastic 

deformation; Hysteresis   
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Chapter 1.  Introduction 
 

Elastic instabilities, such as buckling and snap-through, have traditionally been considered failure 

modes to be avoided in structural design. However, recent studies have demonstrated their potential as 

functional mechanical features in certain controlled conditions. These phenomena are now utilized in 

various applications, including mechanical metamaterials, dampers, artificial muscles, gating 

mechanisms, sensors, energy harvesting devices, and soft actuators [1–23]. By leveraging rapid changes 

in shape, load, and stiffness near critical points, these applications make use of mono-stable, bi-stable, 

and multi-stable mechanisms to achieve desired functionality. 

 

Conventional energy absorbing/dissipation systems rely on permanent deformation mechanisms, such 

as plastic deformation or fracture [24–28]. These methods enable structures to effectively dissipate 

substantial energy relative to their weight or volume. However, with increasing demand for reusable 

energy-dissipation systems, there is growing interest in developing reliable solutions that maintain 

functionality over repeated use. This shift presents a significant opportunity for innovation and 

advancement in energy dissipation technologies. 

 

Notable reusable energy dissipation mechanisms include meta-structures, such as those exhibiting snap-

through behaviors in tilted or curved elastic beams [29–35], which dissipate energy through hysteresis 

generated during snap-through transitions. These mechanisms show bi-stability during elastic 

deformation, enabling repeated use and supporting sustainable and versatile applications. Similarly, 

energy dissipation mechanisms via buckling mode transitions in nearly vertical columns have also been 

explored [36–41]. These systems rely on passive boundary control to trigger transitions, induce 

hysteresis in the force-displacement response, and eliminate the need for external restoration processes, 

thereby enabling self-restoring behavior. 

 

In particular, Heo and Shim proposed a self-restoring energy dissipation mechanism using a flange-

added column [36]. In this structure, flanges are attached to the ends of the column to create pinned 

boundary conditions with the external supports. Under compressive displacement, the structure initially 

buckles with fixed boundary conditions. As compression increases, the moment generated by buckling 

transitions the boundary conditions to pinned, resulting in a pinned-boundary buckling mode and a 

corresponding load reduction. The difference in buckling transition displacement during loading and 

unloading creates hysteresis in the force-displacement curve. This mechanism, with its simple geometry, 

provides consistent energy dissipation during cyclic loading. 



2 

 

 

This study introduces a new self-restoring energy dissipation mechanism that leverages higher buckling 

modes, inspired by the work of Heo and Shim [36]. The use of a rigid-like wall facilitates contact-driven 

transitions to higher buckling modes in a slender column, resulting in an increased critical load. During 

a compressive loading cycle, the structure transitions through various buckling modes - pre-contact, 

one-point contact, line-contact, and two-point contact - before snapping to the opposite side, followed 

by recovery to its initial configuration upon unloading without further buckling mode transitions. This 

sequence generates hysteresis in the force-displacement curve, where the enclosed area corresponds to 

the dissipated energy. By ensuring all buckling behaviors remain within the elastic range, the 

mechanism achieves both reusability and self-restoration. In this study, two different boundary 

conditions (fixed-fixed and pinned-pinned) were considered. 

 

This paper is organized as follows. Section 2 introduces the proposed self-restoring energy dissipation 

mechanism, along with analytical solutions based on the Elastica approach. The mechanism is validated 

through experimental and numerical demonstrations in Section 3. In Section 4, we investigate the effect 

of column-wall spacing on the operating conditions and energy dissipation characteristics of the 

proposed mechanism. In Section 5, comparative studies are conducted to evaluate the characteristics of 

the proposed mechanism against those of previously reported system. Finally, concluding remarks are 

provided in Section 6. 
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Chapter 2.  Energy dissipation mechanism 
 

In this chapter, we examines the energy dissipation mechanism resulting from buckling mode transitions 

during the compression cycle of a slender column near a rigid wall. The structure consists of a slender 

column with ends configured as either fixed or pinned, positioned parallel to a rigid-like wall. The 

interaction between the column and the wall produces hysteresis in the force-displacement curve, 

representing energy dissipation. 

 

Analytical solutions are developed to examine the hysteresis resulting from buckling mode transitions 

based on the Elastica approach. The governing equations are derived based on Euler-Bernoulli beam 

theory. This analysis provides a deeper understanding of the energy dissipation mechanism and offers 

guidance for designing an energy dissipation system based on the proposed mechanism. 

 

2.1.  Buckling mode transitions driven by contact  
 

The initial and buckled configurations are illustrated in Fig. 2-1, showing a slender column with length 

L  , thickness t  , width B  , moment of inertia I  , and elastic modulus E  . d  . The x  -axis 

corresponds to the axial direction of the column, while the y -axis is oriented towards the wall. As the 

end displacement δ  increases, an axial reaction force R  develops at the top end of the column, and 

the column subsequently begins to buckle toward the wall. h  represents the axial position of the top 

end of column, and the sum of δ  and h  equals the total length. 

 

Fig. 2-2. illustrates the sequential contact-driven buckling mode transitions. The schematics show six 

deformation configurations during a prescribed compressive displacement loading cycle: (1) the initial 

undeformed configuration, (2) the pre-contact buckled configuration, in which the fixed-fixed column 

bends toward the wall without making contact, (3) the one-point contact configuration, (4) the line-

contact configuration, (5) the two-point contact configuration, and (6) the post-snap buckled 

configuration results from a snap-through to the opposite side. 

 

Once the snap-through occurs, the buckling mode remains unchanged during both further compression 

and unloading. This entire process of mode transitions induces hysteresis in the force-displacement 

curve. After the cycle is completed, the column returns to its original state, allowing the same sequence 

of transitions to occur in subsequent cycles. 
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Fig. 2-1. Configurations of a self-restoring energy dissipation mechanism of fixed-fixed column 
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Fig. 2-2. Schematic of sequential contact-driven buckling mode transitions 
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2.2.  Governing equations 
 

To analyze the buckling mode transitions of the column under contact constraints, it is essential to 

establish governing equations that capture the mechanical response accurately. We assume that the 

material is linearly elastic, homogeneous, and isotropic. The deformation is large, while the strain 

remains small within the elastic limit. The change in the total length of the column is negligible. Friction 

at the contact surface is ignored. Shear deformation and inertia effects are neglected, following the 

assumption of Euler-Bernoulli theory. A small initial imperfection is assumed to trigger buckling in the 

direction of the wall. 

 

The buckling behavior is axisymmetric about the axis B-B in Fig. 2-3(a), which crosses the column 

midpoint, allowing the behavior of the entire column to be determined using the half-model shown in 

Fig. 2-3(b). Based on this half model, four distinct buckling modes are considered: pre-contact buckling 

(including post-snap buckling), one-point contact buckling, line-contact buckling, and two-point 

contact buckling. These modes are analyzed under fixed-fixed boundary conditions. Subsequently, the 

pinned-pinned boundary condition is examined. The Elastica approach is adopted, which is effective 

for solving elastic problems involving snap instability [42–48]. 

 

Based on Euler-Bernoulli beam theory, the moment-curvature relationship is given by: 

( )d sM
EI ds

θ
= , (2.1) 

where M   represents the bending moment (positive in counterclockwise direction), s   is the arc-

length variable along the column starting from the bottom end of the column, and ( )sθ  indicates the 

angle between the tangent of the column at s  and the x -axis, see Fig. 2-3(a) and thus 

cosdx
ds

θ= , sindy
ds

θ= . (2.2) 

 

A free body diagram of the half model is illustrated in Fig. 2-3(b). The upper end of the model 

corresponds to the midpoint of the column, while the bottom end is fixed. 

 

An internal force P  and internal moment 0M  are considered at the upper end of the model. The 

direction of P  has the angle ψ  with the x -axis. At the bottom, the axial and lateral components of 

the reaction are R  and Rλ , respectively. The relationship between the forces is given by 
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Fig. 2-3. Free body diagram of the self-restoring energy dissipation mechanism of a fixed-fixed 

column, (a) Free body diagram of the full model, (b) Free body diagram of a half model 

 

( )22P R Rλ= +    with cosR P ψ= , sinR Pλ ψ= . (2.3) 

 

The internal moment ( )M s  is calculated as follows: 

( ) ( )( ) ( ) 02
hM s R w y s R x s Mλ  = − − − + 

 
. (2.4a) 

where / 2h  and w  correspond to the axial and lateral positions of the upper end of the half model  

 

The magnitude of the reaction moment at the bottom end is equal to the moment at the upper end but in 

the opposite direction. The reaction moment of the column is given by:  
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( ) 0 00
2
hM R w R M Mλ= ⋅ − ⋅ + = −  (2.4b) 

and thus, the moment 0M  can be expressed as: 

0 2 4
w hM R Rλ= − ⋅ + ⋅ . (2.4c) 

 

Substituting Eq. (4c) into (4a), the internal moment ( )M s  is simplified to:  

( ) ( ) ( )
2 4
w hM s R y s R x sλ   = − − −   

   
. (2.4d) 

Note that an inflection point occurs at point C in Fig. 2-3(b), where the bending moment becomes zero. 

 
Substituting Eq. (2.4) into Eq. (2.1) and differentiating the resulting equation with respect to s , we 

obtain 

( )
2

2 sindEI P
ds
θ θ ψ= − − . (2.5) 

 

Multiplying both sides by d
ds
θ  and integrating with respect to s gives 

( )
2 2 cosd P C

ds EI
θ θ ψ  =  − +     

, (2.6) 

where C  is an integration constant. 

 

To simplify the governing equation and facilitate analytical treatment, non-dimensional variables are 

introduced. 

ss
L

= , xx
L

= , yy
L

= , hh
L

= , dd
L

= , 
L
δδ =  , 

2PLP
EI

= , 
2RLR

EI
=  (2.7a) 

and a new angle θ  and a new integration constant k : 

θ θ ψ= − , d dL
ds ds
θ θ
= , (2.7b) 

22 1C k= − . (2.7c) 

 

Using the variables in Eq. (2.7) in Eq. (2.6), we obtain the following equation 
2

2 24 sin
2

d P k
ds
θ θ   

= −   
   

. (2.8) 
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For convenience, we introduce a new monotonically increasing variable ( ) ,
2

s πφ  ∈ − ∞ 
 

,  defined 

by the transformation: 

sin sin
2

k θφ =   (2.9a) 

and, differentiating both sides with respect to s , we obtain 

2 cos cos
2

d dk
ds ds
φ θ θφ = . (2.9b) 

 

Substituting Eq. (2.9) into Eq. (2.8), the following equation is given 

2 21 sind P k
ds
φ φ= −    for 10,

2
s  ∈ 

 
. (2.10) 

 

Integrating Eq. (2.10) from 0 to s  gives 

( )

( )

2 20 0

1
1 sin

s s
Pds d

k

φ

φ
φ

φ
=

−∫ ∫ , (2.11a) 

and by solving the integral, we obtain: 

( )( ) ( )( )F F 0k kP s sφ φ⋅ = −   with ( ) 2 2

0
F 1/ 1 sink k d

φ
φ φ φ= −∫ , (2.11b) 

where ( )Fk φ  denotes the incomplete elliptic integral of the first kind. 

 

A general solution ( )sφ  in Eq. (11) is given by 

( ) ( )( )( )am F 0k ks P sφ φ= ⋅ +   with ( )( )am Fk k φ φ= , (2.12) 

where ( )amk   denotes the Jacobi amplitude function. 

 

According to Eqs. (2.2) and (2.7a), the deformed configuration of the column can be calculated using 

( )
0 0

s s dxx s dx ds
ds

= =∫ ∫ , ( )
0 0

s s dyy s dy ds
ds

= =∫ ∫ , (2.13) 

with 

( )cos cos cos cos sin sindx
ds

θ θ ψ θ ψ θ ψ= = + = − ,   

( )sin sin sin cos cos sindy
ds

θ θ ψ θ ψ θ ψ= = + = + . (2.14) 
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Using Eq. (2.14) in Eq. (2.13), the coordinates ( )x s  and ( )y s  are obtained by  

( ) ( ) ( )C cos S sinx s s sψ ψ= − , (2.15a) 

( ) ( ) ( )S cos C siny s s sψ ψ= + . (2.15b)  

with 

( )
0

C cos
s

s dsθ= ∫ ( ) ( ) ( )( ) ( ) ( )( )2 2

0

11 2 sin 2 E E 0 F F 0
s

k k k kk ds s s
P

φ  = − = − − − ∫ , 

( )
0

S sin
s

s dsθ= ∫ ( ) ( ) ( )( )2

0

22 sin 1 sin cos 0 cos
s kk k ds s

P
φ φ φ φ= − = −∫ , (2.16) 

where ( ) 2 2

0
E 1 sink k d

φ
φ φ φ= −∫  represents the incomplete elliptic integral of the second kind. 

 

The scaled axial reaction force and displacement of the column are scaled as: 

( )( ) ( )( ) 2
F F 0

cos cosk ks
R P

s
φ φ

ψ ψ
 −

= =   
 

,  (2.17a) 

1/ 1 2
2

L xδ δ  = = − ⋅  
 

. (2.17b) 

 

The angle θ  is zero at both fixed ends. Substituting these values into Eq. (2.7b) and (2.9a), we obtain 

the variables at the both ends are expressed as: 

( ) 1 0sin 0 sin sin
2 2

k k ψφ φ −   = =   
   

,  (2.18) 

which has an infinite set of solutions ( )0φ  and ( )1/ 2φ . To establish a unique solution, we define the 

relationship between these two variables by restricting the range of ( )0 ,
2 2
π πφ  ∈ −  

. 

 

Additionally, there is a single inflection point at the center of the half model (point C in Fig. 2-3(b) and 

1/ 4s =  ), where the curvature changes sign (i.e., / / 0d ds d dsθ θ= =  ). Due to the symmetry of 

boundary conditions and loading, the deformed shape becomes point-symmetric-about the inflection 

point. Using Eqs. (2.7) and (2.9a), we obtain the variable at the inflection point ( )1/ 4 / 2φ π= . Under 

the conditions in Eq. (2.18), the following relationship is valid, 

( )1 0
2

φ π φ  = − 
 

. (2.19) 
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There are five unknown variables P , ( )0φ , ( )1/ 2φ , ψ , and k , which must be determined to 

obtain the solutions: displacements and reaction forces. However, there are only three equations 

available (that is, Eqs. (2.9a), (2.11) and (2.18)), which are insufficient to determine all unknown 

variables. Therefore, additional boundary conditions need to be considered in each buckling mode. In 

the following sections, the solution procedures are provided.  

 

2.3.  Pre-contact buckling mode 
 

Initially, the column stands vertically with a very small imperfection, which is assumed to cause 

buckling in the direction of the wall. As the displacement δ  at the top end of the column increases, 

buckling occurs in the direction to the wall. In the pre-contact buckling mode, the column does not 

contact the wall, resulting in a zero lateral reaction force ( )0Rλ = . Consequently, the internal force 

P  equals R , and 0ψ = . From Eq. (18), we can determine the unknown variables: 

( )0 0φ =  and ( )1/ 2φ π= .      (2.20) 

 

By increasing k  from 0, the scaled internal force and displacement are calculated. Substituting 

Eq. (2.20) into Eq. (2.11) with 1/ 2s = , the unknown variable P  can be obtained: 

( ) ( )F F 0
0.5

k kP
π −

= , (2.21) 

and the scaled axial reaction force R  can be obtained by Eq. (2.17a) with 0ψ = . 

 

Substituting the variables ( ( )0φ , ( )1/ 2φ , and P ) into Eq. (2.15a), the scaled coordinate x  of 

upper end of the half model is calculated, 

( ) ( )( ) ( ) ( )( )1 1 2 E E 0 F F 0
2 k k k kx

P
π π   = − − −    

,  (2.22) 

and, incorporating in Eq. (2.17b), the scaled displacement is obtained 

( ) ( )( ) ( ) ( )( )21 2 E E 0 F F 0k k k k
P

δ π π = − − − −  . (2.23) 

 

The calculation is performed until the column contacts the wall. From Eq. (2.15b), the corresponding 

k  is determined by the following condition:  
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1 4
2

ky d
P

  = = 
 

. (2.24)  

 

 

2.4.  One-point contact buckling mode 
 

After the column contacts the wall as shown in Fig. 2-3(a), a lateral reaction force Rλ  is induced due 

to the contact force. The internal force P  forms an angle ψ  with the x-direction, making ( )0φ , 

( )1/ 2φ  and ψ  unknown, unlike in the case of pre-contact buckling. Since these variables remain 

undetermined, the problem cannot be solved directly. However, their possible range can be constrained 

based on known information.  

 

First, immediately after transitioning 

 from the pre-contact to one-point contact, the value of ( )0φ   is close to zero. Second, for 

transition into line contact, both the angle (θ ) and curvature ( /d dsθ ) at the contact point must 

be zero. The condition ( )1/ 2 / 2φ π= , which results in zero curvature, can be obtained using Eq. 

(2.9b). The value ( )0 / 2φ π= −  is determined using Eq. (2.19). This leads to the following range of 

( )0φ : 

( )0 ,0
2
πφ  ∈ − 

 
. (2.25) 

 

Once the value of ( )0φ   is selected within the range ( )/ 2,0π−  , the corresponding ( )1/ 2φ   is 

determined from Eq. (2.19). The variables P  and ψ  become functions of k , see Eqs. (2.11b) 

and (2.18). 

( )( )1F F 0
2

0.5

k k

P
φ φ   −    = ,  (2.26a) 

( )( )( )12sin sin 0kψ φ−= − .   (2.26b) 

 

For a certain ( )0φ , the boundary condition that enforces contact at the upper end of the half model is 

obtained by substituting the values from Eq. (2.26) into Eq. (2.15b),  
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( )1 2 1cos 0 cos cos
2 2

ky
P

φ φ ψ    = −    
    

 

( )( ) ( )( )1 1 12 E E 0 F F 0 sin
2 2k k k k

P
φ φ φ φ ψ

          + − − −          
           

d= . (2.27) 

 

By finding k  that satisfies Eq. (2.27) through a numerical root-finding method, such as the bisection 

method, the unknown variables ( P   and ψ  ) can be determined to compute the scaled force and 

scaled displacement using Eq. (2.17). 

 

By decreasing ( )0φ  from 0 to / 2π−  in a sequential manner, the calculations in Eqs. (2.26) and 

(2.27) can be performed to generate the scaled force - scaled displacement curve.  

 

2.5.  Line contact buckling mode 
 

Fig. 2-4 shows the half model configuration of line-contact buckling, where the column remains in 

continuous contact with the wall as a line. The column is divided into two segments: Segment 1, shown 

as black, represents the buckled region, while Segment 2, shown as orange, represents the region in 

contact with the wall. These two segments have lengths 1L  and 2L , respectively. The scaled lengths 

of Segment 1 and 2 are considered undetermined variables and are defined as follows: 

1
1

LL
L

= , 2
2

LL
L

= , 1 2
1
2

L L+ = . (2.28) 

 

In Segment 1, the axial reaction force R  and lateral reaction force Rλ  are in equilibrium with the 

internal force P  at D. The internal moment must remain zero because the curvature ( /d dsθ ) is zero 

at D. The deformed shape of Segment 1 exhibits point symmetry about point E, which is the inflection 

point. As a result, the internal bending moments at both ends of Segment 1 become zero, leading to the 

following boundary conditions according to Eq. (2.9b): 

( )0
2
πφ = − , ( )1

3
2

L πφ = . (2.29)  

 

Substituting the values in Eq. (2.29) with 0θ =   into Eqs. (2.9a) and (2.11b), P   and ψ   are 

expressed as functions of 1L  and k , 
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1

1 3
2 2k kP F F

L
π π    = − −        

, (2.30a) 

12sin kψ −= . (2.30b) 

 

The admissible range of 1L  is determined by identifying the critical length 45
1L  at which the transition 

from configuration (4) to (5) in Fig. 2-2. The superscript ij  of a variable indicates the value of that 

variable at the moment of change from configuration i  to j , see Fig. 2-2. When the axial component 

of the scaled internal force, cosP ψ , in Segment 2 reaches its Euler critical buckling load (for a fixed-

fixed column of length 45
22L ), Segment 2 begins to buckle in the direction opposite to the wall. The 

critical force corresponding to this mode transition is given by: 

( )
2

45 45
22 45

2

4cos cos
2

EI EIP P
L L

πψ ψ= = . (2.31) 

Note that Eq. (2.31) is expressed using original physical values. The theoretical maximum scaled length 
45
1L  is 1/ 3 , which occurs when 0ψ = . This condition implies that the lateral internal force is zero in 

Segment 1 and thus the internal axial force is determined by Euler critical load for the segment. The 

buckling transition occurs where the length of Segment 1 ( 45
1L ) is exactly the same as the length of the 

buckled region corresponding to Segment 2 ( 45
22L ). 

 

The upper bound of 1L  is 1/2. By decreasing 1L  from 1/2 to 45
1L  (close to 1/ 3), the scaled force 

and displacement curve is obtained. This is achieved by numerically determining the value of k  that 

satisfies the boundary condition ( )1y L d=  by substituting Eqs. (2.29) and (2.30) into Eq. (2.15b) for 

1L . 
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Fig. 2-4. Deformed configuration and free body diagrams of a column composed of two connected 

segments exhibiting a line contact buckling mode, (a) Half model configuration consisting of Segment 

1 (lower, gray) and Segment 2 (upper, orange), (b) Free body diagram of Segment 2, (c) Free body 

diagram of Segment 1 
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2.6.  Two-point contact buckling mode 
 
Fig. 2-5 represents the half model of two-point contact buckling mode, where the column 

simultaneously contacts the wall at two points. The model is divided into two segments: Segment 1 and 

Segment 2. Each segment has its own local coordinate system, where 1x  and 1y  denote the position 

along Segment 1 measured from the fixed boundary, and coordinates 2x   and 2y   represent the 

position along Segment 2 measured from the contact point D. The arc lengths along Segment 1 and 2 

are defined as 1s   and 2s  , respectively. In the free-body diagrams, internal forces 1P  , 2P   and 

moments 1M , 2M  acting on each segment.  

 
 

Fig. 2-5. Deformed configuration and free body diagrams of a column composed of two connected 

segments exhibiting a two-point contact buckling mode, (a) Half model configuration consisting of 

Segment 1 (lower, gray) and Segment 2 (upper, orange), (b) Free body diagram of Segment 2, (c) Free 

body diagram of Segment 1 
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Segment 1 behaves similarly to the one-point contact buckling mode, with its scaled length now denoted 

as 1L . The boundary conditions are:  

( )1 0 ,0
2
πφ  ∈ − 

 
, ( ) ( )1 1 1 0Lφ π φ= − . (2.32) 

 

Since no lateral reaction force is applied to Segment 2, it behaves similarly to the pre-contact buckling 

mode, with its scaled length now denoted as 2L . Note that the lateral displacement has a reversed sign 

compared to the case of the pre-contact buckling mode, leading to a modification in the boundary 

condition:  

( )2 0φ π= , ( )2 2 2Lφ π=  (2.33) 

 

At point D where Segment 1 and Segment 2 are connected, the force and moment equilibrium conditions 

should be satisfied. The axial force balance follows: 

1 2cosP Pψ =    with 1 1 2
EIP P
L

=  and 2 2 2
EIP P
L

= . (2.34) 

 

The moment can be calculated using Eqs. (2.1), (2.7b), (2.8) and (2.9a), leading to the following 

equation:  

2 cosd d EIM EI EI Pk
ds ds L
θ θ φ= = = ⋅  (2.35) 

and the moment balance is obtained as:  

1 2 0M M+ =    with ( )( )1 1 1 1 1
2 cosEIM P k L

L
φ= , ( )( )2 2 2 2

2 cos 0EIM P k
L

φ= − . (2.36) 

 

Considering the moment equilibriums in Segment 1 and Segment 2 and the inflection points in the 

segments, the following relations for the internal moments 1M  and 2M  can be obtained: 

1
1 2 2

d hM R Rλ= − ⋅ + ⋅ , ( )2
2 2

d w
M R

−
= ⋅    with ( ) ( )2 2 2y L d w= − − , (2.37) 

and, substituting the results into Eq. (2.36), the following equation is given, 

2 1
1 2 0

2 2
w hM M R Rλ+ = − ⋅ + ⋅ = . (2.38) 

 

Eq. (2.38) implies that 2w  and lateral reaction force Rλ  have the same sign. Because the wall cannot 

induce a reversed lateral reaction force, the two-point contact buckling mode can only be maintained 
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while 2w  remains positive. Snap-through occurs when 2w  changes sign.  

In the two-point contact buckling mode, as the axial compression progresses, the length of Segment 2 

( 2L ) increases, leading to a decrease in 2w . Consequently, the lateral reaction force vanishes ( Rλ =0), 

and the 1L  and 2L  become equal, marking the onset of snap-through.  

 

To obtain the scaled force - scaled displacement curve, nine known variables ( ( )1 0φ , ( )1 1Lφ , ψ , 1P , 

1k , 1L , 2P , 2k , and 2L ) must be determined. Fig. 2-6 shows the iterative procedure employed in 

this study. The procedure can be used just before snap-through.  

 

After snap-through, the deformed shape, force, and displacement follow a pattern similar to the pre-

contact buckling mode. Note that the lateral displacement has a reversed sign, leading to a change in 

boundary conditions: ( )0φ π=  and ( )1 2Lφ π= .  

 

 

 



19 

 

 
Fig. 2-6. Flowchart of the iterative procedure for a column exhibiting two-point contact buckling mode. 

The process begins by selecting a candidate scaled length 1L   and assigning a boundary 1φ   at the 

upper end of Segment 1. The unknowns 1k , 1P , ψ  are determined such that the lateral position of 

upper end satisfies the geometric constraint. Then, the remaining unknowns ( 2k , 2P ) are computed 

to satisfy the moment balance at the interface between the two segments. Finally, the force balance 

condition is finally verified, and the loop repeats until all conditions are satisfied.  
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2.7.  Analytical solution procedure for pinned-pinned column 
 

Changing the boundary conditions of a column from fixed-fixed to pinned-pinned could allow for more 

efficient energy dissipation. The following section describes the energy dissipation mechanism in a 

column with pinned-pinned boundaries. The scaled force - scaled displacement curve can be obtained 

using the same procedure as in the fixed-fixed case, but the key difference lies in the boundary 

conditions. 

 

The internal moment is zero at the pinned ends, while the rotation angles do not necessarily remain zero. 

The boundary conditions of pre-contact buckling mode are: 

( )0
2
πφ =  and ( )1/ 2φ π= .      (2.39) 

 

In the case of one-point contact case, the curvature is zero at the bottom end of half model. Meanwhile, 

the range of ( )1/ 2φ  is constrained in the same way as in the fixed-fixed case:  

( )0
2
πφ = , 1 3,

2 2
πφ π   ∈   

   
. (2.40) 

The primary modification in the pinned-pinned case is that ( )1/ 2φ   is specified within the range 

defined by Eq. (2.40), rather than determining ( )0φ . 

 

As previously introduced, a column of line-contact buckling mode can be divided into two segments: 

Segment 1, which maintains a one-point contact form, and Segment 2, which makes a line contact with 

the wall. The boundary conditions are: 

( )0
2
πφ = , ( )1

3
2

L πφ = . (2.41)  

The critical length 45
1L   of pinned-pinned column can be calculated by Eq. (2.31). The theoretical 

maximum 45
1L  is 1/4. 45

1L  depends on the scaled column-wall spacing d  and typically takes a value 

close to 1/4. 

 

In the case of two-point contact buckling mode, the boundary conditions of Segment 1 are:  

( )1 0
2
πφ = , ( )1 1

3,
2

L πφ π ∈ 
 

. (42.2) 

Segment 2 follows the same boundary equations as the fixed-fixed case, see Eq. (2.33). The snap-
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through critical length of 1L  is 1/6. Fig. 2-6 shows the analytical procedure for the pinned-pinned case. 

2.8.  Illustrative examples 
 

Fig. 2-7 shows the scaled force - scaled displacement curve of a fixed-fixed column having scaled 

column-wall spacing 0.05d = . The column is subjected to a prescribed scaled displacement δ . Note 

that the scaled force is normalized by 2π , i.e., the vertical axis shows 2/R π , which represents the 

axial reaction force scaled by the Euler critical buckling load of a pinned-pinned column. Points A, B, 

C and D indicate the buckling transition. 

 

The blue solid line corresponds to the initial configuration, prior to any buckling deformation (region 

R1 in Fig. 2-7), and pre-contact buckling mode (region R2), where the scaled force 23 2/R π  remain 

approximately 4.  

 

Upon contact at point A, the column transitions into the one-point contact mode, leading to a sharp 

increase in the scaled force. This behavior is represented by the orange solid line (region R3).  

 

As the displacement continues to increase, the column transitions into the line-point contact mode at 

point B, where the scaled force 34 2/R π   is approximately 16. In the region R4, the scaled force 

continues to increase until it reaches a maximum 45 2/R π  at point C, slightly below 36. 

 

The transition to the two-point contact mode at point C causes a sudden drop in the reaction force. 

Following this drop, as the displacement increases, the force gradually decreases in region R5.  

 

At point D, the scaled force 56 2/R π  corresponds to the second buckling critical force of the column, 

which is slightly above 16. A snap-through phenomenon then occurs, causing the column to snap in the 

direction opposite to the wall, accompanied by another drop to the force around 4. The dashed lines 

represent the post-snap buckling behavior. 

 

The unloading path follows the dashed lines, which deviate from the loading path and form a hysteresis 

loop. The area enclosed by the hysteresis loop represents the dissipated energy during the loading cycle. 

This self-restoring behavior arises as the structure returns to its initial configuration upon unloading 

without relying on external restoring. 

 

The scaled displacements of buckling transition points 23δ , 34δ , 45δ  and 56δ  were calculated as 
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0.0062, 0.0075, 0.0114, and 0.0250, respectively. 

Fig. 2-8 illustrates the pinned-pinned column with a column-wall spacing 0.05d =  . The scaled 

reaction forces 23 2/R π  (point A), 34 2/R π  (point B), 45 2/R π  (point C), and 56 2/R π  (point D) 

are about 1, 4, 16, and 9, respectively. The scaled distance 23δ  , 34δ  , 45δ   and 56δ   are 0.0062, 

0.0075, 0.0154, and 0.0575, respectively. 

 

 
Fig. 2-7. Analytically obtained scaled force - scaled displacement curve for the fixed-fixed column. 

Solid lines represent the loading phase, while the dashed line represents the unloading phase. The 

numbers in parentheses indicate key buckling modes: (R1) Initial configuration, (R2) Pre-contact 

buckling mode, (R3) One-point contact buckling mode, (R4) Line-contact buckling mode, (R5) Two-

point contact buckling mode, and (R6) Post-snap buckling. Points A, B, C and D indicate buckling 

transition points. 

 



23 

 

 
Fig. 2-8. Analytically obtained scaled force - scaled displacement curve for the pinned-pinned column. 

Solid lines represent the loading phase, while the dashed line represents the unloading phase. The 

numbers in parentheses indicate key buckling modes: (R1) Initial state, (R2) Pre-contact buckling mode, 

(R3) One-point contact buckling mode, (R4) Line-contact buckling mode, (R5) Two-point contact 

buckling mode, and (R6) Post-snap buckling. Points A, B, C and D indicate buckling transition points 
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Chapter 3.  Experimental and numerical validations 
 

This chapter presents the experimental and numerical validation of the energy dissipation mechanism 

under a quasi-static, displacement-controlled compressive loading cycle. For the fixed-fixed column, 

the mechanism is investigated through both experiments and finite element (FE) simulations, while for 

the pinned-pinned column, only FE simulations were conducted. The results are compared with 

analytical solutions. 

 

3.1.  Experimental setup 
 
The considered structure consists of a slender column, a wall parallel to the column, and upper and 

lower fixtures that clamp the column. Quasi-static compression tests were performed for the fixed-end 

column system. The tests were conducted using a universal testing machine with a 2 kN load cell, as 

shown in Fig. 3-1. 

 

The column has a thickness of 0.5 mm, a width of 20 mm, and a total length of 300 mm. Since 20 mm 

at each end is clamped, the length L  of the column is 260 mm. The column is made of Aluminum 

alloy 2024-T3, which is a high-strength alloy primarily composed of aluminum and copper, widely used 

in aerospace and other industries requiring excellent strength and fatigue resistance. Young’s modulus 

is 73.1E =  GPa and Poisson’s ratio is 0.33 [49]. The wall, made of steel, has a height of 200 mm, 

which is long enough to support the contacted region of the column. Young’s modulus is 200  GPa 

and Poisson’s ratio is 0.3 . 

 

In order to introduce the designed buckling motion, we customized fixtures that provide fixed boundary 

conditions at both ends. The ends of the column are clamped by utilizing the fixtures and the grippers, 

with a fixed length of 20 mm. The gripper extends 10 mm beyond the fixture and a small bump (0.1mm) 

is attached only to the end of the gripper, introducing a slight initial angle toward the wall, ensuring that 

the buckling direction of the column faces the wall. The column-wall spacing d  is set to 6.5 mm. 

 

The final prescribed displacement 0.008( 2.1 )mmδ δ= =  is set. During loading, the prescribed 

displacement increases from 0 to 2.1 mm by moving vertically the upper fixture, and during unloading, 

it decreases from 2.1 mm to 0. The loading and unloading are applied to the column through 

displacement control at a rate of 0.5 mm/min. The structure was tested within the elastic limit. 
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Fig. 3-1. Schematic of experimental setup: (a) Overall assembly (b) Boundary condition implementation 
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3.2.  Finite element model 
 
The numerical model was developed using FE commercial software, ANSYS, see Fig. 3-2. The column 

is modeled using a 5 65×  mesh of 8-node shell elements (shell281), and the wall is modeled using a 

3 3 30× ×  mesh of solid elements (solid186) [50–55]. The bottom of the wall is fully clamped.  

 

At top and bottom ends of the column, two different boundary conditions are applied: fixed-fixed and 

pinned-pinned as shown in Fig. 3-2. For the fixed-fixed case, the bottom end of the column is fully 

fixed ( 0u v w α β= = = = = ) and at the top end the boundary condition is given by 0v w α β= = = = . 

The pinned-pinned column has 0u v w= = =   and 0v w= =   at bottom and top ends, respectively. 

Note that the final prescribed displacement of 0.015( 3.9 )mmδ δ= =  is applied in the pinned-pinned 

case. 

 
A linear elastic isotropic material model and large deflection solver control option were adopted. The 

frictionless contact option was used. To trigger desired buckling motion, a small geometrical 

imperfection was given: the column is modeled as an arc with a very large radius. The midpoint of the 

column was initially displaced by 0.5mm to the wall side direction, representing approximately 0.2% 

of the total length. This displacement reproduces the initial angle induced by the bump in the experiment. 
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Fig. 3-2. FE model of a self-restoring energy dissipation structure: (a) Top view showing geometric 

properties, (b) Front view illustrating imperfection and boundary conditions; two types of columns are 

modeled, one with a fixed end and the other with a pinned end, (c) Side view illustrating loading 

conditions. 
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3.3.  Experimental and FE results 
 
The deformed shapes of the fixed-fixed column obtained from the experiment and FE simulation during 

a loading cycle are shown in Fig. 3-3. The experimental and FE simulation show similar deformed 

shapes at each loading level. 

 
The scaled force - scaled displacement (hysteresis) curves are presented in Fig. 3-4. A good agreement 

is observed among the results from analytical solutions, FE simulation, and experimental tests. In the 

experiment, the upper fixture was moved laterally, and the offset effect was eliminated through 

appropriate compensation. In the simulation, the maximum von Mises stress of 176.98 MPa, which is 

below the yield stress of the considered material, occurred just before the snap-through. 

 

Fig. 3-5 shows the scaled force - scaled displacement curve of the pinned-pinned column obtained from 

analytical solutions and FE simulation. Similar to the fixed-fixed case, the analytical and simulation 

results exhibit a good agreement. In the simulation, just before the snap-through, the maximum von 

Mises stress reached 191.78 MPa, remaining within the elastic limit of the material.  

 

Fig. 3-6 shows the displacement-energy curves obtained from the FE simulation of fixed-fixed column 

during the loading phase. The curves represent the external work (W ), strain energy ( sE ) and kinetic 

energy ( kE ). The dissipated energy ( dE ) is calculated as  

d k sE W E E= − − .  (3.1) 

 
Fig. 3-6(a) presents the overall energy behavior throughout the loading process. As displacement 

increases, W  steadily grows, while sE  rises until snap-through occurs. At the moment sE  drops 

sharply, partly converting into kE , which momentarily fluctuates. The magnified view in Fig. 3-6(b) 

highlights rapid energy shifts, transient vibrations before the structure stabilizes. The dissipated energy 

dE  increases during snap-through and is equal to the area enclosed by the hysteresis loop in the force-

displacement curve in Fig. 3-6. 
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Fig. 3-3. Deformed shapes obtained from experiment and FE simulation. The numbers correspond to 

the configuration defined in Fig. 2: (1) Initial, (2) Pre-contact, (3) One-point contact, (4) Line contact, 

(5) Two-point contact, (6) Post-snap, and (1) Final configuration after unloading. The superscript ij  

indicates the state during the transition from configuration i  to j , where ij−  and ij+  represent the 

deformation state immediately before and after the transition, respectively.    
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Fig. 3-4. Scaled force - scaled displacement curve of the fixed-fixed column obtained by analytical 

solution and FE simulation. Solid lines indicate the loading phase, while dashed lines represent the 

unloading phase. 
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Fig. 3-5. Scaled force – scaled displacement curve of the pinned-pinned column obtained by analytical 

solution and FE simulation. Solid lines indicate the loading phase, while dashed lines represent the 

unloading phase. 
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Fig. 3-6. Numerically calculated energy - scaled displacement curves of the fixed-fixed column, (a) 

Energy components during the loading phase, including external work W , strain energy sE , kinetic 

energy kE , and dissipated energy dE , (b) Enlarged view of the snap-through transient region 
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3.4.  Energy dissipation characteristics 
 

In order to investigate energy dissipation characteristics of the proposed mechanism, the following loss 

factor η  is utilized [56–59] 

dE
W

η = ,  (3.2) 

where dE  is the scaled dissipated energy which corresponds to the area of the hysteresis loop in a 

scaled force - scaled displacement curve, and W  is the scaled external work required to reach snap-

through. 

 

The values of dE  and W  are calculated as: 

56

23d 2
1 ( )loading unloadingE R R d

δ

δ
δ

π
= −∫ , (3.3) 

56

2 0

1 loadingW R d
δ

δ
π

= ∫ , (3.4) 

where loadingR   and unloadingR   represent the axial reaction forces during the loading and unloading 

phases, respectively. The scaled displacements of 23δ  and 56δ  correspond to point A and point D in 

Fig. 2-7 and Fig. 2-8.  

 

Dissipated energy ( dE ) and external work (W ) are calculated as 

2

d d
EIE E

L
π

= ,  
2EIW W
L

π
= . (3.5) 

 

Table 3.1 summarizes scaled dissipated energies, scaled external works, and loss factors obtained 

through analytical solutions, experimental tests, and FE simulations. The fixed-fixed case corresponds 

to the scaled force - scaled displacement response in Fig. 3-4, while the pinned-pinned case is illustrated 

in Fig. 3-5. 
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Table 3-1. Scaled dissipated energies, scaled external works, and loss factors obtained through 

analytical solutions, experimental tests, and FE simulations 

Boundary 
condition 

Method dΕ  W   η  

Fixed-fixed Analytical 0.0746 0.0995  0.7509 
 Experimental 0.0718 0.0950  0.7551 
 FE simulation 0.0749 0.1022  0.7327 

Pinned-
pinned Analytical 0.1121 0.1261  0.8885 

 Experimental - -  - 
 FE simulation 0.1165 0.1315  0.8862 

 

  



35 

 

Chapter 4.  Parametric studies 
 

This chapter explores effects of the column-wall spacing on operating conditions and energy dissipation 

characteristics of the proposed mechanism. 

 

4.1.  Operating conditions 
 

A key aspect of the proposed mechanism is the transition of buckling modes, which requires selecting 

an appropriate scaled column-wall spacing d  . When d   exceeds the operational limit limd  , the 

system fails to transition from line contact to two-point contact, thereby inhibiting snap-through 

behavior. 

 

Fig. 4-1 illustrates two types of sequential transitions that occur during loading phase for a fixed-fixed 

column. In Fig. 4-1, the column undergoes buckling mode transitions and ultimately experiences snap-

through, as d  is not larger than ff
limd  (the superscript ff  denotes a fixed-fixed boundary condition). 

In contrast, Fig. 4-1(b) shows the failure of the buckling transition when ff
limd d> . 

 

The operational limit ff
limd   can be determined by identifying the maximum scaled spacing d  that 

enables the transition from line contact to two-point contact. For the fixed-fixed boundary condition, 

the scaled length 45
1L , at which the transition occurs, is considered within the range of 1/4 to 1/3. The 

values 1/4 and 1/3 correspond to the scaled length at the snap-through point (D in Fig. 2-7) and the 

theoretical maximum length of 45
1L  , respectively. In the case of pinned-pinned boundary, 45

1L   is 

considered within the range of 1/6 to 1/4. 

 

For any given value of 45
1L  within these ranges, the unknown variables ( 45k , 45ψ  and 45P ) can be 

obtained by solving Eqs. (2.30) and (2.31), which define the transition condition. Once these variables 

are determined, the variables are substituted into Eq. (2.15b) to compute the corresponding scaled 

spacing, given by ( )45
1d y L= . 

 

Therefore, the operational limit limd  is determined by 

( )ff 45
lim 1maxd y L=    in [ ]45

1 1/ 4,1/ 3L ∈   for the fixed-fixed case, 
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( )pp 45
lim 1maxd y L=    in [ ]45

1 1/ 6,1/ 4L ∈   for the pinned-pinned case, (4.1) 

in which the superscript pp  denotes a fixed-fixed boundary condition. 

 

Fig. 4-2. shows the variation of scaled column-wall spacing d  with respect to the scaled length for 

fixed-fixed and pinned-pinned cases. The peak values correspond to the operational limits of the 

column-wall spacing 
ff

lim 0.197260d =     at 45
1 0.310153L = , 

pp
lim 0.143178d =     at 45

1 0.226819L = . (4.2) 
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Fig. 4-1. Conceptual illustration of the transition from line-contact to two-point contact buckling. (a) 

Columns within the operating limit of column-spacing, (b) Columns exceeding the operating limit of 

column-spacing. 
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Fig. 4-2. Scaled column-wall spacing d  at the transition point from line contact to two-point contact, 

(a) Variation of Scaled spacing d  with respect to the scaled length 45
1L  for fixed-fixed columns, (b) 

Corresponding curve for pinned-pinned columns. The peak values in each plot represent the operational 

limits ff
limd  and pp

limd , respectively.  
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4.2.  Effect of scaled column-wall spacing  
 

In this section, the effect of scaled column-wall spacing to scaled force-displacement curve and energy 

dissipation characteristics are investigated.  

 

Fig. 4-3. presents the scaled force - scaled displacement curve for a fixed-fixed column with d  

varying from 0.01 to 0.15. Although a wide range of spacing values d  was investigated, only three 

representative curves are presented in cases of d = 0.05, 0.10, and 0.15. The points corresponding to 

the maximum scaled force ( 45R ) and the scaled force just before snap-through ( 56R ) are marked by a 

purple one-dot chain line and a gray dotted line, respectively. As d   increases, the value of 45R  

decreases, while the value of 56R  increases, and the scaled snap-through displacement 56δ  increases. 

The loss factor remains nearly constant around 0.75 throughout the examined range.  

 

The corresponding variation in scaled energy characteristics is summarized in Fig. 4-4. Both the scaled 

external work W   and scaled dissipated energy dE   increases nonlinearly as scaled column-wall 

spacing d  increases. This trend is attributed to the fact that larger scaled column-wall spacing d  

allows the column to undergo greater deformation prior to contact-driven buckling transitions, thus 

accumulate more work and dissipated energy. However, the ratio between dissipated energy and 

external work, represented by the loss factor η , remains nearly constant. 

 

Similarly, Fig. 4-5. illustrates the scaled force – scaled displacement curves for a pinned-pinned column 

under varying scaled column-wall spacing [ ]0.01,0.10d ∈  . In this condition, overall trends are 

consistent with the fixed-fixed case. As d  increases, the scaled peak force 45R  decreases and he 

scaled force just before snap-through 56R  increases. The loss factor remains relatively stable around 

0.88, which is higher than that of the fixed-fixed column. 

 

The corresponding scaled energy characteristics for the pinned-pinned columns are shown in Fig. 4-6. 

Similarly, to the fixed-fixed case, both external work and dissipated energy increase with larger column-

wall spacing, while the loss factor η  remains nearly constant across the examined range.  
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Fig. 4-3. Scaled force - scaled displacement curve for a fixed-fixed column with [ ]0.01,0.15d ∈   

 
Fig. 4-4. Scaled energy response of a fixed-fixed column as a function of scaled column-wall spacing 

d  . Both W   and dE   increase nonlinearly with increasing d  , while the loss factor η   remains 

relatively constant.  
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Fig. 4-5. Scaled force - scaled displacement curve for a pinned-pinned column with [ ]0.01,0.10d ∈ .

 
Fig. 4-6. Scaled energy response of a pinned-pinned column as a function of scaled column-wall spacing 

d  . Both W   and dE   increase nonlinearly with increasing d  , while the loss factor η   remains 

relatively constant.  
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4.3.  Effect of thickness, length and slenderness ratio   
 

Until now, the discussion has been limited to the scaled force–displacement curves. in this section, the 

force – displacement curve of column is investigated by varying the thickness and length. The material 

is assumed to be steel with a Young’s modulus of 200 GPa, and the width is fixed at 24B =  mm. The 

external work required to reach the point just-before snap-through, dissipated energy corresponding the 

hysteresis area, and the maximum bending stress are calculated and compared. 

( )bending max
max

2 cos
2

Ek PM t Ek Ptc
I L L

φ
σ = = =  (4.3) 

 

The influence of thickness variation on the energy dissipation capacity and bending stress characteristic 

was investigated while maintain constant length and column-wall spacing. The detailed geometric 

parameters and corresponding energy dissipation performance are summarized in Table 4-1. In all cases, 

the column length was fixed at 500 mm, and the scaled column-wall spacing was set to 0.05d = .  

 

As shown in Fig. 4-7 the reaction force increases exponentially with increasing thickness. This behavior 

is primarily attributed to the fact that the reaction force is proportional to the flexural rigidity EI , 

where the second moment of area I   scales with the cube of thickness. On the other hand, the 

displacement at which the buckling mode transition occurs remains nearly constant regardless of 

thickness. As a result, the dissipated energy increases exponentially with thickness due to the 

significantly larger reaction forces involved during deformation. 

 

The corresponding quantitative values are summarized in Table 4-1. Similarly, the maximum bending 

stress also increases proportionally with thickness, following the linear relationship between bending 

stress and thickness. 

 

The effect of length was studied by varying L  while keeping thickness ( 1t = ) and scaled column-wall 

spacing constant ( 0.05d = ). The results are presented in Table 4-2. As the length increases, both the 

dissipated energy and maximum bending stress decrease. The reduction of energy dissipation is mainly 

attributed to the longer lengths, resulting in smaller reaction forces during deformation. This trend is 

clearly observed in Fig. 4-8, where increasing column length lead to a lower reaction force and a wider 

displacement range.  

 

Finally, the effect of change of length and thickness in fixed slenderness ratio ( 0.001t = ) was examined 



43 

 

by simultaneously varying both length and thickness while maintaining a fixed column-wall spacing. 

The results are summarized in Table 4-3. In this case, as the length and thickness increase while 

preserving slenderness, both external work and dissipated energy significantly increases, while the 

maximum bending stress remains constant. Fig. 4-9 shows the force – displacement curves for this case. 

Under constant slenderness ratio condition, reaction forces and displacement are proportional to length.  

 

Fig. 4-10 and Fig. 4-11 illustrate the variation of external work and maximum bending moment as a 

function of column length L   and thickness t  . Under a constant scaled column-wall spacing, the 

external work is proportional to /EI L , whereas the maximum bending stress remains proportional to 

slenderness ratio t .  
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Table 4-1. Effect of thickness on scaled work, energy dissipation, and bending Stress 

Parameter Sub-Parameters Case 1 Case 2 Case 3 

Input Length L [m] 500 500 500 

 Thickness t [m] 0.5 0.75 1 

 Scaled column-
wall spacing d  0.05 0.05 0.05 

Output Work W [J] 0.3991 1.3469 3.1925 

 
Energy 

dissipation 
dE  [J] 

0.2997 1.0114 2.3941 

 
Maximum 

bending stress 
max
bendingσ [MPa] 

399.3 598.9 798.6 

 
Fig. 4-7. Force- displacement curve for various thickness under fixed length condition.  
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Table 4-2. Effect of length on work, energy dissipation, and maximum bending stress 

Parameter Sub-Parameters Case 1 Case 2 Case 3 

Input Length L [m] 500 750 1000 

 Thickness t [m] 1 1 1 

 Scaled column-
wall spacing d  0.05 0.05 0.05 

Output Work W [J] 3.1925 2.1284 1.5963 

 
Energy 

dissipation 
dE  [J] 

2.3974 1.5983 1.1987 

 
Maximum 

bending stress 
max
bendingσ [MPa] 

798.7 532.4 399.3 

 
Fig. 4-8. Force- displacement curve for various length under fixed thickness condition.  
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Table 4-3. Effect of slenderness ratio on work, energy dissipation, and maximum bending stress 

Parameter Sub-Parameters Case 1 Case 2 Case 3 

Input Length L [m] 500 750 1000 

 Thickness t [m] 0.5 0.75 1 

 Scaled column-
wall spacing d  0.05 0.05 0.05 

Output Work W [J] 0.3991 0.8979 1.5963 

 
Energy 

dissipation 
dE  [J] 

0.2997 0.6743 
 1.1987 

 
Maximum 

bending stress 
max
bendingσ [MPa] 

399.3 399.3 399.3 

 
Fig. 4-9. Force-displacement curve for various length under fixed slenderness ratio condition.  
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Fig. 4-10. Variation of external work with column length and thickness. The external work increases 

significantly as both length and thickness increase. 

 
Fig. 4-11. Variation of maximum bending stress with column length and thickness. The maximum 

bending stress increases mainly with thickness, while its dependence on length is relatively small. 
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4.4.  Effect of maximum bending moment 
 

In this section, the influence of the maximum allowable bending moment on the external work capacity 

is investigated. Like the previous section, the force – displacement curve of column is investigated by 

varying the thickness and length. The material is assumed to be steel with a Young’s modulus of 

200E =  GPa, and the width is fixed at 24B =  mm. In this case, unlike the previous analyses, the 

scaled column-wall spacing d  is not fixed but varies to ensure the maximum bending stress constraint 

of max 700bendingσ =  MPa is satisfied during the loading cycle. The maximum bending stress occurs at 

just-before snap-through. 

 

Fig. 4-12 shows the variation of external work as a function of column length ranging from 500 mm to 

1000 mm. As the length increases, the external work increases almost linearly. Fig. 4-13 presents three 

representatives in case of 500L = , 700 , and 900  mm. As the length increases, the reaction force 

decreases and the displacement range broaden.  

 

Fig. 4-14 illustrate the effect of thickness on external work, with thickness varying from 0.5 mm to 

2mm while keeping the length fixed at 500 mm. The external work exhibits almost linearly increases 

with increasing thickness. Fig. 4-15 presents three representatives in case of thickness 0.5t = , 1, and 

2  mm.  

 

These results indicate that the energy dissipation capacity of the mechanism can be determined by the 

design stress and structural volume (length, width, and thickness). Even when the length varies, the 

dissipated energy remains nearly constant as long as the volume and design stress are maintained. In 

addition, for a given structural volume, a slightly higher energy dissipation is observed as the thickness 

increases. 
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Fig. 4-12. Variation of external work as a function of column length under the maximum bending 

stress constraint.   

 
Fig. 4-13. Force – displacement curves corresponding different column lengths for fixed-fixed column 

under the maximum bending stress and thickness constraint.  
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Fig. 4-14. Variation of external work as a function of column thickness under the maximum bending 

stress constraint. 

 
Fig. 4-15. Force – displacement curves corresponding different column thickness for fixed-fixed 

column under the maximum bending stress and length constraint.  
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Table 4-4. Effect of thickness on scaled work, energy dissipation, and bending stress 

Length L  [m] Thickness t  [m] Scaled column-
wall spacing d  

External workW
[J] 

Dissipated energy 
dE  [J] 

500 0.5 0.0854 1.2184 0.9150  

550  0.0932 1.3376 1.0045  

600  0.1008 1.4560 1.0934  

650  0.1081 1.5735 1.1818  

700  0.1152 1.6902 1.2694  

750  0.1221 1.8059 1.3564  

800  0.1287 1.9207 1.4426  

850  0.1351 2.0343 1.5280  

900  0.1412 2.1467 1.6126  

950  0.1470 2.2580 1.6962  

1000  0.1530 2.3733 1.7829 

500 0.5 0.0854 1.2184  0.9150  

 0.6 0.0720 1.4663  1.1012  

 0.7 0.0622 1.7137  1.2869  

 0.8 0.0546 1.9608  1.4724  

 0.9 0.0487 2.2076  1.6578  

 1.0 0.0440 2.4542  1.8430  

 1.1 0.0400 2.7008  2.0281  

 1.2 0.0367 2.9472  2.2132  

 1.3 0.0339 3.1936  2.3982  

 1.4 0.0315 3.4399  2.5831  

 1.5 0.0295 3.6862  2.7681  

 1.6 0.0276 3.9325  2.9530  

 1.7 0.0260 4.1787  3.1379  

 1.8 0.0246 4.4249  3.3228  

 1.9 0.0233 4.6711  3.5076  

 2.0 0.0221 4.9172  3.6925  
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Chapter 5.  Comparative studies 
 

To examine the characteristics of the proposed mechanism, we compare the external work required for 

energy dissipation, the amount of dissipated energy, and the loss factor with the energy dissipation 

mechanism studied in Ref. [36]. 

 

5.1.  Previous study 
 

Comparative analysis through analytical solutions is performed for three different columns: fixed-fixed 

and pinned-pinned columns of the proposed mechanism and flange-added column of the mechanism in 

Ref. [36]. While scaled variables were used in the previous sections, original physical quantities are 

used here to enable consistent comparison. 

 

Fig. 5-1 illustrates the self-restoring energy dissipation mechanism using a flange-added column. The 

schematic shows three deformation configurations under prescribed displacement δ : (1) the initial 

undeformed straight configuration, (2) the buckled configuration of the column with the fixed-fixed 

boundary condition, and (3) the buckled configuration of the column with pinned-pinned boundary 

condition after flanges rotate. Fig. 5-1(b) shows the entire equilibrium path for the three successive 

configurations. Snap-in and snap-back occur at point A and point B, respectively. The instabilities 

generate a hysteresis loop in the scaled force – scaled displacement curve, resulting in energy dissipation 

during cyclic loading. 

 

The length of flanges plays a critical role in governing the structural behavior by inducing a transition 

between fixed and pinned boundary conditions. Similarly, in the proposed mechanism, the column-wall 

spacing serves as a critical parameter that influences the buckling behavior and the overall energy 

dissipation. 
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Fig. 5-1. Mechanism of the previous study [36], (a) Schematic illustration of the deformation sequence 

showing the transition from fixed to pinned boundary conditions via flange rotation. (b) Scaled force -

scaled displacement curve exhibiting snap-in and snap-back behavior during loading and unloading. 
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5.2.  Comparison method 
 

The characteristic length is defined as the primary geometric dimension selected to compare energy 

dissipation characteristics across the mechanisms. It includes the flange length fL  , column-wall 

spacing ( ffd   and ppd  ), which are adjusted to ensure that all mechanisms experience the same 

maximum axial stress.  

 

The maximum axial stress is calculated as follows: 

bending
max max

P
A

σ σ= +  

with ( )bending max
max

2 cos
2

Ek PM t Ek Ptc
I L L

φ
σ = = = , (5.1) 

where bending
maxσ  indicates the maximum bending stress, which is obtained by sequentially substituting 

Eq. (2.9b) into Eq. (2.8), followed by Eq. (2.1).  

 

The energy dissipation characteristics are evaluated using three different approaches. In all approaches, 

the column is assumed to be made of spring steel, with an elastic modulus 200E =  GPa and a fatigue 

limit of 700 MPa, which is adopted as the designed stress. The dimensions of flange-added column are 

500L =  mm, 1t =  mm, 20B =  mm, and fL =85.3 mm. The dimensions of other columns (fixed-

fixed and pinned-pinned columns) are adjusted as follows: 

 

 Approach 1: the dimensions of other columns are the same as those of the flange-added column. 

The characteristic lengths are adjusted to ensure the same maximum axial stress: ffd =21.7 

mm and ppd = 19.4 mm.  

 

 Approach 2: the thicknesses and characteristic lengths of the fixed-fixed and pinned-pinned 

columns are adjusted to equalize the peak force level using the peak force expressions given 

in Eq. (5.3):  
2

2
4flange

cr
EIP

L
π

= , 
2 ff

45,ff
2

36 EIP
L
π

= , 
2 pp

45,pp
2

16 EIP
L

π
=  (5.3) 

Accordingly, the adjusted thicknesses and characteristic length are ff 0.48074t =   mm , 
pp 0.62996t =  mm, ffd =43.3 mm, and ppd = 30.0 mm. 
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 Approach 3: the thicknesses and characteristic lengths of the fixed-fixed and pinned-pinned 

columns are determined to make the equal force level at just before snap-instability level using 

the force expressions given in Eq. (5.4):  

:
2

2
4flange

cr
EIP

L
π

= , 
2 ff

56,ff
2

16 EIP
L
π

= , 
2 pp

56,
2

9pp EIP
L

π
=  (5.4) 

Accordingly, the adjusted thicknesses and characteristic length are ff 0.62996t =   mm, 
pp 0.76314t =  mm, ffd =33.8 mm, and ppd = 25.1 mm. 

 

The dimensions for the three approaches are listed in Table 5-1.  

 

Table 5-1. Geometric dimensions of the three column mechanisms for each approach 

Approach Mechanism Thickness 
[mm] Characteristic length [mm] 

1 Flange-added 1 fL =85.3 
 Fixed-fixed (proposed) 1 ffd =21.7 
 Pinned-pinned (proposed) 1 ppd = 19.4 
2 Flange-added 1 fL =85.3 
 Fixed-fixed (proposed) 0.48 ffd =43.3 
 Pinned-pinned (proposed) 0.63 ppd = 30.0 
3 Flange-added 1 fL =85.3 
 Fixed-fixed (proposed) 0.63 ffd =33.8 
 Pinned-pinned (proposed) 0.76 ppd = 25.1 
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5.3.  Comparison results 
 

Fig. 5-2. represents the force-displacement curves for the Approach 1 1, comparing three systems—

fixed-fixed, pinned-pinned, and flange-added columns—that are designed to have the same overall 

dimensions and the same maximum design stress. The fixed-fixed column exhibits the highest reaction 

force with the shortest displacement range, the pinned-pinned column shows intermediate values, and 

the flange-added column achieves the longest displacement range with a relatively constant force. 

 
Fig. 5-2. Force–displacement curves for the three boundary conditions analyzed in Approach 1: fixed-

fixed, pinned-pinned, and flange-added columns.  

 

Fig. 5-3. represents the force–displacement curves for Approach 2, comparing three column systems—

fixed-fixed, pinned-pinned, and flange-added—that are adjusted to exhibit the same peak force level by 

modifying their thicknesses and characteristic lengths. While the maximum force is unified across all 

cases, the displacement ranges differ depending on the boundary condition.  

 

Fig. 5-4. represents the force–displacement curves for Approach 3, in which the columns are designed 

to have the same force level at just before snap-through by adjusting their thicknesses. Although the 

boundary conditions differ, the flange-added column maintains the largest displacement range, while 

the fixed-fixed column shows the steepest force increase and the shortest stroke.  

 



57 

 

 
Fig. 5-3. Force–displacement curves for the three boundary conditions analyzed in Approach 2: fixed-

fixed, pinned-pinned, and flange-added columns.  

 

 
Fig. 5-4. Force–displacement curves for the three boundary conditions analyzed in Approach 3: fixed-

fixed, pinned-pinned, and flange-added columns.  
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Table 5-2 compares dissipated energy ( dΕ ), external work (W ) and loss factor (η ). Across all three 

approaches, the pinned-pinned column consistently demonstrates the highest amount of dissipated 

energy. The other two columns show varying levels of dissipation depending on the approach. In terms 

of loss factor, the pinned-pinned column also achieves the highest value, followed by the fixed-fixed 

column and then the flange-added column. 

 

Table 5-2. Comparison of external work, dissipated energy, and loss factor for three different approaches 

Approach Mechanism dΕ  [ ]N mm⋅  W  [ ]N mm⋅  η  

1 Flange-added 864.6  2010.6  0.43  

 Fixed-fixed (proposed) 1501.1  1999.0  0.75  

 Pinned-pinned (proposed) 1806.0  2034.4  0.89  

2 Flange-added 864.6  2010.6  0.43  

 Fixed-fixed (proposed) 697.6  928.9  0.75  

 Pinned-pinned (proposed) 1127.8  1273.1  0.89  

3 Flange-added 864.6  2010.6  0.43  

 Fixed-fixed (proposed) 929.2  1237.4  0.75  

 Pinned-pinned (proposed) 1372.6  1547.7  0.89  
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Chapter 6.  System variations 
 

In this chapter, we examine several system variations that modify the baseline column configuration. 

These variations are explored as potential modifications that can be applied for practical implementation. 

 

6.1.  Analytical procedure of Spring-end column 
 

An alternative approach to introduce an initial imperfection that promotes wall-directional buckling is 

to utilize rotational springs at the column ends. In contrast to geometric imperfections, which may 

require precise manufacturing or initial deflection, spring-based imperfections can be more easily 

implemented and adjusted in practical applications.  

 

The primary challenge in this approach lies in determining the appropriate spring stiffness that induces 

the desired buckling behavior. To address this issue, an analytical solution procedure is introduced. The 

procedure consists of two main steps. First, rotational spring moments are applied at the column ends, 

modifying the boundary conditions. Second, the governing nonlinear equations are solved numerically 

to determine the set of variables that satisfy the modified boundary conditions and equilibrium. 

 
Fig. 6-1. Configuration of spring-end column. 
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A schematic illustration of the spring-end column configuration is shown in Fig. 6.1. The column 

interacts with the rigid wall during compression, and the resulting deformation is influenced by both 

the applied load and the rotational spring stiffness. This approach provides a flexible and practical 

means to introduce controlled imperfections for energy dissipation applications.  

 

The scaled force - scaled displacement curve can be obtained using the same procedure as in the fixed-

fixed case or pinned-pinned case in Chapter 2, but the key difference lies in the boundary conditions. 

In the fixed-fixed column, the boundary condition imposes zero rotation at both ends, while in the 

pinned-pinned column, the end moments are constrained to be zero. In contrast, for the spring-end 

column, neither the rotation nor the moment at the ends is necessarily zero. Instead, a coupling condition 

is applied, where the moment generated by the rotational spring equals the internal moment induced by 

the buckling deformation. The scaled moment is calculated by 

(0) 2 cos (0)M k P φ= . (6.1) 

 

The scaled moment generated by the rotational spring is given by,  

(0) (0)M κ θ= ⋅    with 1(0) 2sin ( sin (0))kθ φ ψ−= +  (6.2) 

where κ  is the scaled spring constant and (0)θ  is the initial rotation at the end. 

 

The rotational spring – end column exhibits intermediate characteristics between pinned-pinned and 

fixed-fixed columns, behaving as pinned-pinned when the scaled rotational spring constant is zero, and 

as fixed-fixed when it approaches infinity. 

 

The boundary conditions of pre-contact buckling mode are: 

( )0 0,
2
πφ  =  

 
 and ( )1/ 2φ π= .      (6.3) 

Specifically, (0) 0φ =   corresponds to the fixed-fixed case, while (0) / 2φ π=   corresponds to the 

pinned-pinned case. 

 

The boundary conditions of one-point contact buckling mode are: 

( )0 ,
2 2
π πφ  = − 

 
 and ( ) 31/ 2 ,

2
φ π π =  

 
.      (6.4) 

In the solution procedure, a value of ( )1/ 2φ  is first selected within the range specified in (6.4). Then, 

(0)φ  is numerically determined by iteratively adjusting it to satisfy the boundary conditions defined in 
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Eqs. (6.1) and (6.2), along with the parameters k , P , and ψ . 

 

The boundary conditions of line-contact buckling mode are: 

( )0 ,
2 2
π πφ  = − 

 
 and ( )1

3
2

Lφ π= , (6.5) 

where the scaled length of segment 1 satisfied 45
1 1( ,1/ 2)L L∈ . Note that 45

1L  denotes the scaled length 

at transition from line-contact to two-point contact buckling mode. In the solution procedure first 

involves determining 45
1L  , followed by selecting 1L   within the specified range and numerically 

determining (0)φ  such that Eqs. (6.1) and (6.2) are satisfied for the parameters k , P , and ψ . 

 

The boundary conditions of two-point contact buckling mode are: 

( )0 ,
2 2
π πφ  = − 

 
 and ( )1

30,
2

Lφ π =  
 

, (6.6) 

To obtain the scaled force - scaled displacement curve, nine known variables ( ( )1 0φ , ( )1 1Lφ , ψ , 1P , 

1k , 1L , 2P , 2k , and 2L ) must be determined. Fig. 6-1 shows the iterative procedure employed in 

this study. The procedure can be used just before snap-through.  
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Fig. 6-2. Flowchart of the iterative procedure for a rotational spring end column exhibiting two-point 

contact buckling mode. The process begins by selecting a candidate boundary condition of Segment 1 

1 1( )Lφ  in the specified range. And assigning a scaled length 1L  of Segment 1. The unknowns 1(0)φ , 

1k  , 1P  , ψ   are determined such that the lateral position of upper end satisfies the geometric 

constraint and boundary condition in Eqs. (6.1) and (6.2). Then, the remaining unknowns ( 2k , 2P ) 

are computed to satisfy the moment balance at the interface between the two segments. Finally, the 

force balance condition is finally verified, and the loop repeats until all conditions are satisfied.  
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6.2.  Validation based on FE simulation of spring end column  
 

The numerical model was developed using FE commercial software, ANSYS mechanical 2023 R2. The 

column has a thickness of 1 mm, a width of 24 mm, and a total length of 500 mm. The wall has the 

same thickness and width to the column, with a length of 500 mm. Both column and wall are made of 

structural steel, with Young’s modulus of 200 GPa and Poisson’s ratio of 0.3. A linear elastic isotropic 

material model and large deflection solver control option were adopted. The frictionless contact option 

was used. To trigger desired buckling motion, a small geometrical imperfection was given: the column 

is modeled as an arc with a very large radius. The midpoint of the column was initially displaced by 

0.5mm to the wall side direction, representing approximately 0.1% of the total length. 

 

The column is modeled using a 7 167×   mesh of 8-node shell elements (shell281), and the wall is 

modeled using a 7 7 167× ×  mesh of solid elements (solid186). The bottom of the wall is fully clamped.  

 

At the top and bottom end, the boundary condition is given by 0u v w= = =   and 0v w= =  , 

respectively. The final prescribed displacement of 0.1( 50)δ δ= =   is applied in the top end. 

Compressive displacement loading is applied over 10 seconds, followed by unloading over another 10 

seconds. The quasi-static solver is adopted, employing a Euler backward time integration scheme.  

 

At both ends of the column, torsional spring are connected to the local coordinates, which were defined 

to along the both ends. The rotational stiffness is set to 8000 Nmm/rad, which corresponds to 

/ 10L EIκ κ= =  . To enable nonlinear rotational spring behavior under large deformation, the Beta 

Feature of ANSYS was activated to access the nonlinear rotational spring formulation. 

 

Fig. 6-3. shows the analytical solution and FE simulation. Good agreement is observed between the two 

results, validating the applicability of the analytical solution for predicting the overall behavior. This 

confirms that the reliability of the analytical solution, demonstrating its potential for use in design and 

parametric studies.  
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Fig. 6-3. Scaled force – scaled displacement curve for the rotational spring-end column. A scaled 

rotational stiffness of 10κ =   and scaled column-wall spacing of 0.052d =   are adopted. The 

analytical solution and FE simulation are plotted as black and orange solid lines, respectively. Good 

agreement is observed between the two results.  
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6.3.  Laterally multi-column 
 

To enhance the energy dissipation capacity, a lateral multi-column configuration can be introduced, in 

which multiple slender columns are placed side-by-side adjacent to the rigid wall (Fig. 6-4). Each 

column is positioned with column-wall spacing, denoted as 1d  and 2d , allowing sequential contact 

of individual columns during the loading process. 

 

FE simulations were performed to investigate the behavior of this system. Two representative case were 

analyzed: (1) Closely spaced multi-column, and (2) Widely spaced multi-column.  

 

The column dimensions were identical in both cases ( 500L = , 24B = , and 1t =  mm). In Closely 

spaced multi-column, the column wall spacing were set as 1 25d =  mm and 2 27d =  mm. In Widely 

spaced multi-column, the column wall spacing were set as  1 25d =  mm and 2 30d =  mm. 

 

In the closely spaced configuration, the two columns engage almost simultaneously, leading to a nearly 

doubled peak force compared to the single-column case. This result highlights the straightforward 

advantage of parallel load-sharing in enhancing energy dissipation capacity. 

 

The widely spaced configuration, whose result is shown in Fig. 6-5, exhibits more complex behavior. 

The force–displacement curve reveals that the displacement at which the peak force occurs is governed 

by the column located farther from the wall, while the snap-through displacement is primarily 

determined by the column positioned closer to the wall. This sequential activation leads to a more 

gradual force drop after buckling and contributes to improved energy dissipation characteristics. 
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Fig. 6-4. Schematic of the laterally multi-column configuration. Two columns with different wall 

spacings 1d  and 2d  are placed side by side adjacent to the rigid wall. This configuration enables 

sequential contact of the columns during loading and contributes to enhanced energy dissipation. 
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Fig. 6-5. Scaled force–displacement response of the column under quasi-static loading and unloading. 

The blue curve shows the loading path, where distinct changes in slope correspond to contact with the 

inside and outside walls. A sudden force drop occurs due to snap-through instability. The red dashed 

line represents the unloading path, indicating the elastic recovery of the system after deformation. 
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Chapter 7.  Potential applications and conceptual designs 
 

The self-restoring energy dissipation mechanism based on contact-driven buckling transitions offers a 

variety of potential applications in energy absorption and structural protection systems. This chapter 

introduces several conceptual designs where the proposed mechanism can be implemented, highlighting 

its advantages in cyclic energy dissipation, reusability, and adaptability. 

 

7.1.  Crash box alternative 
 

The self-restoring energy dissipation mechanism proposed in this study can be applied as an alternative 

to conventional crash boxes used in automotive structures. In traditional automotive crash management 

systems, crash boxes are installed between the bumper beam and front side member to absorb impact 

energy during low-speed collisions, thereby preventing damage to the primary structural members (Fig. 

7-1). The crash box typically deforms plastically under impact loads, which leads to irreversible 

deformation and the need for replacement after each impact event [60–62]. 

 

To address these limitations, the present mechanism utilizes contact-driven buckling transitions and 

self-restoring behavior to achieve reversible energy dissipation. This feature enables multiple uses 

without permanent deformation, offering significant advantages in terms of maintenance and life-cycle 

cost, particularly for low-speed collisions where repetitive minor impacts may occur. 

 

Currently, insurance organizations such as the Research Council for Automotive Repair (RCAR) 

employ low-speed crash tests to evaluate vehicle damage repairability and determine insurance 

premiums. The RCAR test protocol involves low-speed frontal impacts at velocities 15 km/h assessing 

both structural damage and repair costs. 

 

In the conventional crash management system, the energy absorption sequence proceeds from the 

energy absorbing foam, to the crash box, bumper beam, and finally to the front side member depending 

on the impact severity. The proposed buckling-based device can replace or supplement the crash box 

by providing elastic energy dissipation under these low-speed impact conditions. 

 

To explore the feasibility of this concept, a conceptual design and finite element (FE) analysis were 

conducted. The structural configuration includes a pair of slender columns installed between the bumper 

and front side members, connected through dashpot dampers to enhance stability (Fig. 7-2).  
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Fig. 7-1. Schematic illustration of a conventional automotive crash box system. Installed between the 

bumper and front side members, the crash box absorbs impact energy during low-speed collisions but 

suffers permanent plastic deformation, requiring replacement after each impact event [60–62]. 

 

 
Fig. 7-2. Conceptual design of a self-restoring energy dissipation mechanism integrated into a crash 

management system. A pair of slender columns are placed between the bumper and front side members, 

with dashpot dampers connected to enhance lateral stability and enable contact-driven buckling 

transitions (BTS) under compressive loading. 
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7.2.  Design procedure 
 

In this study, the BTS was assumed to be installed parallel to the front side members, utilizing them as 

rigid walls. Accordingly, the maximum column length was set to 1 m. The available width was 

determined based on the bumper height, with a maximum usable width assumed to be 150 mm. The 

allowable displacement was set to 70 mm, based on the typical length of conventional crash boxes. The 

column-wall spacing was not restricted by any particular constraint in the conceptual design. 

 

The design process follows a sequential procedure: (1) defining the energy absorption requirement, (2) 

selecting the material and design stress, (3) determining geometric parameters that satisfy the target 

performance, and (4) verifying the maximum stress to prevent material failure. 

 

In the present example, an energy absorption requirement of 5.2 kJ was assumed, corresponding to a 

600 kg vehicle mass impacting at 4.16 m/s. 

 

Material properties for several candidate materials are summarized in Table 7-1. Among these, 

Maraging steel with a Young’s modulus of 200 GPa and yield strength of 2500 MPa was selected. The 

design stress was conservatively set to 2 GPa, corresponding to 80% of the material's yield strength, to 

ensure structural reliability while maintaining sufficient energy absorption capacity. 

 

Table 7-1. Typical values of available materials 

Material Young’s modulus [GPa] Yield strength [MPa] 

Maraging steel[63,64] 200 2,500 

Titanum alloy(Ti-6Al-4V)[65] 114 1,170 

BeCu (25 alloy)[66] 131 1,100 

Kevlar (82%) in epoxy[66] 86 1,517 

 

The scaled force–displacement curve is already obtained. Once the column length, Young’s modulus, 

second moment of area, and scaled column-wall spacing are defined, the amount of dissipated energy 

can be calculated. 

( )d d
EIE E d
L

= ⋅   (7.1) 
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In addition, the maximum stress can be estimated based on the slenderness ratio. 

( )bending max
max

2 cos
2

Ek PM t Ek Ptc
I L L

φ
σ = = =  (7.2) 

We also know the precise moment at which the maximum stress occurs. It appears just before snap-

through, during the two-point contact buckling mode. Since the boundary conditions at this stage are 

well-defined, the term k P  corresponding to the maximum stress can be computed accordingly. 

 

For example, in the case of a pinned-pinned column, the value of 1L  just before snap-through is known 

to be 1/6, and the boundary conditions of 1φ  at contact point to wall and pinned-end are π  and / 2π , 

respectively. By utilizing this information together with the scaled column-wall spacing, the term k P  

can be expressed as a function of the scaled spacing d : 

1 1 1

1

( ( )) ( (0)) ( ) ( / 2)
1/ 6

k k k kF L F F FP
L

φ φ π π− −
= =  (7.3) 

1
4( 1/ 6) ky L d

P
= = =  (7.4) 

Hence, k P  can be evaluated explicitly in terms of d . 

 

Table 7-2 presents an example of the crash box alternative. The overall design assumes that three 

columns are installed, with 50 mm width, within a total available width of 150 mm. For each column, 

the input energy from external sources is assumed to be 1.8 kJ, with the design goal of dissipating 1.5 kJ. 

Since the total energy absorption requirement was 5.2 kJ, and each column was designed to dissipate 

1.5 kJ, a total of three columns were used to meet the requirement with sufficient margin. Note: The 

total energy dissipation capacity (3 × 1.5 kJ = 4.5 kJ) is slightly below the required 5.2 kJ. This may be 

complemented by additional structural components or design adjustments. Fig. 7-3 shows the force – 

displacement curve of designed BTS.   
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Fig. 7-3. Designed force – displacement curve for a crash box alternative BTS 

 

Table 7-2. Crash box alternative BTS design parameters 

Parameters Notation Value 

Length L  1000 mm 
Thickness t  8 mm 

Width B  50 mm 
Elastic modulus E  200 GPa 

Yield stress Yσ  2.5 GPa 
Designed maximum stress Dσ  2 GPa 

Column-wall spacing d  41.4 mm 
Input kinetic energy kE  1.8 kJ 

Dissipated energy dE  1.5 kJ 
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7.3.  LS-DYNA simulation  
 

FE simulations were performed using LS-DYNA for a column. Fig. 7-3 shows the finite-element (FE) 

model. In the FE model, the column was modeled using 5 100×   mesh of Belytschko-Tsay shell 

elements, and a geometric imperfection was introduced to induce buckling toward the rigid wall. 

Specifically, the initial imperfection followed an arc-shaped profile, representing the first-mode 

buckling deformation, with a maximum amplitude corresponding to 1% of the column length. The 

Plastic kinematic material model is adopted.  

 

The wall was modeled using the *RIGIDWALL_PLANAR_MOVING keyword, and contact is defined 

using the *CONTACT_AUTOMATIC_SINGLE_SURFACE card. The contact friction coefficients 

were set to 0.08 for both static and dynamic. 

 

Loading was applied through the movement of the rigid wall using the 

*RIGIDWALL_PLANAR_MOVING_FORCES card, incorporating both initial velocity and mass to 

represent the impact condition. An initial velocity of 0.5 m/s and a mass of 14,400 kg were applied. A 

damper element was introduced between the column and the rigid wall, with the damping coefficient 

set to 10 Ns/m. 

 

Additionally, to capture high-frequency structural damping behavior, the 

*DAMPING_FREQUENCY_RANGE card was employed, with a damping ratio of 5% specified for 

the relevant frequency range. 

 

To implement the pinned–pinned boundary condition, the translational degrees of freedom at the lower 

end of the column were fully constrained, while the upper end was constrained in all translational 

directions except the loading (axial compression) direction. 

 

The simulation was performed for a total duration of 0.5 seconds. The time step in numerical analysis 

was determined using the keyword *CONTROL_TIMESTEP, in which the scale factor was set to 0.5.  
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Fig. 7-4. Finite element model of the column-wall system used in LS-DYNA simulations. (a) Overall 

view showing the column constrained between two side walls. (b) Enlarged view of the upper end, 

illustrating the moving rigid wall and the attached damper elements 

 

Table 7-3. Input parameters for MAT_003 (Plastic Kinematic) model of Maraging steel. 

Property Value Unit 

Density 7.86e-6 Kg/mm3 
Elastic modulus 200 GPa 
Poisson’s ratio 0.3 - 

Yield stress 2.5 GPa 
 

The force–displacement curve obtained from the LS-DYNA simulation is shown in Fig. 7-5, along with 

the analytical prediction. The two results show generally similar trends but also exhibit noticeable 

differences. For example, the peak force appears at a later displacement in the simulation compared to 

the analytical solution. This discrepancy arises because the analytical model does not account for 

dynamic effects such as inertia, which are present in the simulation. 

 

Fig. 7-6 illustrates the time history of energy components during the simulation. The input kinetic 

energy is rapidly converted into strain energy and dissipated energy as the moving wall impacts the 

column. After the initial transient response, the system stabilizes, and the dissipated energy reaches 



75 

 

approximately 1.5 kJ, which corresponds to the design target. The minimal residual kinetic energy after 

0.4 s confirms that the energy dissipation is nearly complete. These results validate the effectiveness of 

the designed damping mechanism and confirm that the structure successfully absorbs the intended 

amount of energy through snap-through and post-buckling deformation. 

 

Fig. 7-7 shows that no noticeable plastic deformation occurred during the simulation. The effective 

plastic strain remains negligible both before and after the snap-through, indicating that the structural 

response is dominated by elastic deformation. 

 

 
Fig. 7-5. Comparison of force–displacement responses obtained from LS-DYNA simulation and 

analytical solution. The LS-DYNA result exhibits dynamic oscillations after buckling, while the 

analytical curve represents the quasi-static response. 
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Fig. 7-6. Time histories of energy components obtained from the LS-DYNA simulation. The input 

kinetic energy is progressively converted into strain energy and dissipated energy.  

 
Fig. 7-7. Effective plastic strain distributions before and after snap-through. The left image shows the 

configuration and strain state immediately before snap-through, while the right image illustrates the 

state after snap-through has occurred.  
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7.4.  Potential Applications and Conclusion 
 

The proposed mechanism offers a simple and scalable design that is easy to implement across various 

structural sizes. Its most significant advantage lies in its ability to passively dissipate energy through 

controlled snap-through and post-buckling deformation under low-frequency, quasi-static loading 

conditions. However, when subjected to high loading rates, unintended buckling modes may emerge, 

which could hinder its intended function. 

 

Therefore, this mechanism is particularly suitable for applications where slow and large-magnitude 

external loads are expected. Potential use cases include seismic protection systems, slow-impact 

isolators for packaging or transport, passive vibration control in large civil structures, and mechanical 

buffers for equipment subjected to gradual displacement or drift. 

 

Unlike conventional dampers used in automotive or aerospace crash scenarios, this system is designed 

for environments where low-rate but high-energy events must be absorbed reliably and repeatedly. 

Future research may explore combining this mechanism with viscoelastic or granular damping layers 

to enhance robustness under broader loading conditions 
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Chapter 8.  Conclusions 
 

This study presents a novel self-restoring energy dissipation mechanism based on contact-driven 

buckling mode transitions of a slender elastic column. By inducing sequential transitions between 

distinct buckling configurations under compressive loading—ranging from pre-contact buckling 

through post-snap buckling modes—the mechanism effectively dissipates energy through pronounced 

hysteresis while remaining entirely within the elastic range. Its ability to recover its original 

configuration after unloading highlights its potential for repeated use without maintenance. Analytical 

modeling based on the Elastica formulation, complemented by experiments and finite element 

simulations, thoroughly examined the energy dissipation mechanism of the proposed system under both 

fixed-fixed and pinned-pinned boundary conditions. Parametric studies further clarify the influence of 

geometric factors, such as column-wall spacing, on characteristics and operability.  

 

Furthermore, a crash management system prototype based on the proposed mechanism was developed 

and simulated using LS-DYNA. The results showed successful energy absorption, with clear snap-

through behavior and minimal residual strain, confirming the feasibility of applying this concept in 

reusable crash protection systems. Unlike conventional dampers relying on material yielding or viscous 

effects, the proposed mechanism performs best under quasi-static and low-frequency conditions, where 

its elastic snap-through response is fully activated.  

 

Future extensions may include integration with smart materials for tunable stiffness, deployment in 

microscale applications such as MEMS damping, or development of large-scale seismic protection 

systems using multi-column configurations. 
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Appendix A.  Comparison of typical damping mechanisms  

with the proposed system 
 

Fig. A-1. shows the comparison of common energy dissipation mechanisms with the proposed buckling-

based damper. The figure illustrates typical examples of elastomer-based, metallic yielding, and 

hydraulic dampers, along with their characteristic force–displacement hysteresis behavior. Limitations 

such as residual displacement, low-frequency inefficiency, and limited deformation capacity are noted. 

In contrast, the proposed snap-through-based mechanism provides elastic restoring behavior with 

improved energy dissipation at quasi-static loading rates. 

 

 

 
Fig. A-1. the comparison of common energy dissipation mechanisms with the proposed mechanism 
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