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ABSTRACT

In this work, a numerical method for a 3D linear hydroelastic analysis of 
oating structures with

liquid tanks subjected to surface regular water waves is developed and compare the numerical results

with experimental tests. Considering direct couplings among structural motion, sloshing, and water

waves, a mathematical formulation and a numerical method are developed. The �nite element method

is employed for the 
oating structure and internal 
uid in tanks, and the boundary element method is

used for the external 
uid. The resulting formulation completely incorporates all the interaction terms

including hydrostatic sti�ness and the irregular frequency e�ect is removed by introducing the extended

boundary integral equations.

Important issues of the 3D hydroelastic problem are the complete inclusion of hydrostatic sti�ness

and hydrostatic equilibrium of elastic 
oating structures. The hydrostatic sti�ness is composed of the

sum of the hydrostatic pressure and initial stress e�ects. Therefore, an explicit expression of geometric

sti�ness that is related to the hydrostatic pressure is required, and the hydrostatic analysis should be

pre-performed before the hydrodynamic analysis to obtain the initial stress �elds.

An updated Lagrangian �nite element (FE) formulation for a geometrically nonlinear hydrostatic

analysis of 
exible 
oating structures subjected to buoyancy, self-weight, and various external static

loads is developed. The nonlinear equation is linearized with respect to a reference con�guration and the

resulting FE formulation is iteratively solved using the Newton-Raphson method. A special numerical

integration technique is developed to handle the wet-surface change without re-meshing. Through the

proposed numerical method, the hydrostatic equilibrium can easily be calculated considering various

static and quasi-static loading conditions and the stress �eld of elastic bodies is more accurately evaluated

in a large deformation case.
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Chapter 1. Introduction

For a long time, the hydrodynamic analysis of 
oating structures has been typically based on the

rigid body assumption. The rigid body hydrodynamic analysis has been deemed adequate for the design

of 
oating structures where rigid body motions are dominant. However, as the size of 
oating structures

is getting larger to the extent that the 
exible motions of 
oating structures account for a substantial

portion of the hydrodynamic responses, the rigid body assumption is no longer resonable for the hydro-

dynamic analysis of 
oating structures.

More recently, the hydrodynamic analysis of 
oating liquid storage structures subjected to surface

regular waves has been widely studied due to the signi�cant increase in demand for 
oating production

storage and o�oading (FPSO) units, 
oating lique�ed natural gas (FLNG) units, and other related

structures. Recently, the size and the weight of 
oating liquid storage structures are becoming increas-

ingly greater in tandem with growing market demand and on the basis of their economic bene�ts. In

such 
oating structural systems, the assumption of rigid body motions is no longer suitable because, as

the dimensions of 
oating structures increase, the overall sti�ness decreases, resulting in relatively low

resonant frequencies close to the range of excitation frequencies and sloshing resonance frequencies.

Most previous studies mainly addressed the coupling e�ect between rigid body motions and sloshing.

However, the size and the weight of 
oating liquid storage structures are becoming increasingly greater

in tandem with growing market demand and on the basis of their economic bene�ts. In such 
oating

structural systems, the assumption of rigid body motions is no longer suitable because, as the dimen-

sions of 
oating structures increase, the overall sti�ness decreases, resulting in relatively low resonant

frequencies close to the range of excitation frequencies and sloshing resonance frequencies. In spite of

the increasing importance of the hydroelastic behavior of 
oating liquid storage structures, few related

studies have been reported. Accordingly, a complete mathematical formulation has not been developed

and the numerical results have not been veri�ed by experimental studies.
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Important issues for the general 3D hydroelastic problem are the explicit inclusion of hydrostatic

sti�ness and the use of accurate hydrostatic equilibrium of elastic 
oating structures. The hydrostatic

sti�ness is related to the sum of the hydrostatic pressure and initial stress e�ects. Therefore, an explicit

expression of geometric sti�ness that is related to the hydrostatic pressure is essential, and the hydro-

static analysis should be pre-performed before the hydrodynamic analysis.

Until now, the hydrostatic equilibrium has been calculated based on the rigid body assumption

using various methods, where 
oating structures are assumed to be rigid. While those methods are sim-

ple, they are not always applicable to 
exible structures and require additional works (such as pressure

projection) to calculate the stress �elds of 
oating structures caused by hydrostatic pressure. Recently,

the importance of hydrostatic sti�ness in hydroelastic analyses has been extensively investigated. A hy-

drostatic analysis has become a prerequisite to obtain stress �elds required for constructing the complete

hydrostatic sti�ness in hydroelastic analyses.

Nevertheless, it is hard to �nd methods to accurately calculate the hydrostatic equilibrium (and

stress �elds) of 
exible 
oating structures. Basically, the hydrostatic analysis of 
oating structures is

nonlinear, mainly because of large motion and wet-surface change. Furthermore, when 
oating structures

are modeled using �nite elements, di�culty arises from non-matching between the �nite element mesh

and the free surface. Such non-matching mesh problems frequently occur in the analysis of 
uid-structure

interaction problems and proper treatment is an important issue in numerical analyses

.

Therefore, a general method to calculate the hydrostatic equilibrium of 3D 
exible 
oating struc-

tures, by which accurate draft and stress �elds of structures should be developed in collaborate with the

development of numerical method for 3D hydroelasticity.
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Chapter 2. Hydrostatic analysis

2.1 Introduction

In ocean environments, 
oating structures such as ships, o�shore platforms, and o�shore facilities

are always subjected to various hydrostatic and quasi-static loads (e.g. structural weight, ballast water

weight, and cargo weight) [1]. Calculating hydrostatic equilibrium is basic and important for analyzing

the stability and strength of 
oating structures.

For a long time, hydrostatic equilibrium has been calculated based on the rigid body assumption us-

ing various methods [2, 3, 4, 5, 6, 7, 8, 9], where 
oating structures are assumed to be rigid. While those

methods are simple, they are not always applicable to 
exible structures and require additional works

(such as pressure projection) to calculate the stress �elds of 
oating structures caused by hydrostatic

pressure. Recently, the importance of hydrostatic sti�ness in hydroelastic analyses has been extensively

investigated [10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21]. A hydrostatic analysis has become a prereq-

uisite to obtain stress �elds required for constructing the complete hydrostatic sti�ness in hydroelastic

analyses [10, 11, 12].

Nevertheless, it is hard to �nd methods to accurately calculate the hydrostatic equilibrium (and

stress �elds) of 
exible 
oating structures. Basically, the hydrostatic analysis of 
oating structures is

nonlinear, mainly because of large motion and wet-surface change. Furthermore, when 
oating structures

are modeled using �nite elements, di�culty arises from non-matching between the �nite element mesh

and the free surface. Such non-matching mesh problems frequently occur in the analysis of 
uid-structure

interaction problems and proper treatment is an important issue in numerical analyses [22, 23, 24].

The objective of this study is to develop a general method to calculate the hydrostatic equilibrium

of 3D 
exible 
oating structures, by which accurate draft and stress �elds of structures are obtained. We

employ an updated Lagrangian �nite element formulation [25, 26] for a nonlinear hydrostatic analysis

{ 3 {



of 
exible 
oating structures. After nonlinear terms are linearized, we obtain incremental equilibrium

equations, which are iteratively solved using the Newton-Raphson method. Wet-surface change, normal

vector change, and buoyancy change due to structural displacement are completely considered [10, 12].

To e�ciently handle the non-matching mesh problem without re-meshing, a special numerical integra-

tion technique is developed. The proposed formulation and numerical method also can be used for a

hydrostatic analysis of rigid 
oating structures as well as 
exible 
oating structures.

The incremental equilibrium equations are presented in Section 2.2. The �nite element discretization

procedure and the equations for a rigid body analysis are derived in Section 2.3. In section 2.4, an e�ective

numerical integration technique is developed and the feasibility of the proposed numerical procedure is

demonstrated through various nonlinear hydrostatic problems in rigid and elastic body cases in Section

2.5.
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2.2 Incremental equilibrium equation

As shown in Figure 2.1(a), a three-dimensional (3D) 
exible structure is 
oating in calm water and

a �xed Cartesian coordinate system (x1, x2, x3) is introduced. The structural material is assumed to be

homogeneous, isotropic, and linear elastic. In the initial state, the 
oating structure does not interact

with water. Through a nonlinear hydrostatic analysis, we can obtain the hydrostatic equilibrium, where

the external forces (e.g. surface force, body force, and hydrostatic pressure) are balanced, as shown in

Figure 2.1(b). The volume and surface of the 
oating structure are denoted by V and S, respectively.

In particular, hydrostatic pressure is applied on the wet-surface, Sw.

The incremental equations for the freely 
oating structure are obtained through the updated La-

granagian formulation [25, 26]. In Figure 2.2, two con�gurations are demonstrated and they are denoted

by the left superscripts t and t+�t, respectively. The material point vectors for the 
oating structure in

the con�guration at time t and t + �t are expressed by txi and t+�txi, respectively. The displacement

vectors of the 
oating structure are then de�ned by

t+�t
t ui = t+�txi � txi; (2.1)

Also, the hydrostatic pressure �elds are de�ned as

tP = ��wgtx3;
t+�tP = ��wgt+�tx3; (2.2)

where �w is the density of water and g is the gravitational acceleration.
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Figure 2.1: Hydrostatic analysis of 
exible 
oating structure.
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Figure 2.2: Two con�gurations of 
exible 
oating structure.

{ 7 {



The local equilibrium equations at time t+ �t are given by

@t+�t�ij
@t+�txj

� t+�t�sg�i3 = 0 in t+�tV;

t+�t�ij
t+�tnj = �t+�tP t+�tni on t+�tSw;

t+�t�ij
t+�tnj = t+�tfsi

t+�tni on t+�tS; (2.3)

where �ij is the Cauchy stress tensor, fsi is the surface force, �s is the density of the 
oating structure,

ni is the unit normal vector outward from the 
oating structure, and �i3 is the Kronecker delta.

After applying the principle of virtual work at time t+ �t, the following weak formulation can be

obtained:

Z
t+�tV

t+�t�ij�t+�teijd
t+�tV =�

Z
t+�tV

t+�t�sg�u3dt+�tV

+

Z
t+�tSw

�wg
t+�tx3

t+�tni�uid
t+�tS

+

Z
t+�tSw

t+�tfsi g
t+�tni�uid

t+�tS (2.4)

where �t+�teij is the virtual linear strain tensor that corresponds to the virtual displacements �ui,

�t+�teij =
1

2

�
@�ui

@t+�txj
+

@�uj
@t+�txi

�
: (2.5)
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We then obtain the incremental equilibrium equation for a nonlinear hydrostatic analysis after lin-

earizing all the terms in Equation 2.4 with respect to the con�guration at time t,

Z
tV

Cijrs
t+�t

ters�teijd
tV +

Z
tV

t�ij�
t+�t

t�ijd
tV

�
Z
tSw

�wg
t+�t

tu3
tni�uid

tS �
Z
tSw

�wg
tx3

tnj
t

t+�tQij�uid
tS

=�
Z
tV

t�sg �u3dtV �
Z
tV

t�ij�eijd
tV +

Z
tSw

�wg
tx3

tni�uid
tS +

Z
tS

tfsi
tni�uid

tS (2.6)

with

t+�t
teij =

1

2

 
@t+�t

t�ui

@txj
+
@t+�t

t�uj

@txi

!
; �t+�t

t�ij =
1

2

 
@�uk
@txi

@t+�t
t�uk

@txj
+
@t+�t

t�uk

@txi

@�uk
@txj

!
;

t
t+�tQij = �ij

@t+�t
t�uk

@txk
+
@t+�t

t�uj

@txi
; (2.7)

where t+�t
tui is the displacement from the con�guration at time t to the con�guration at time t + �t,

t+�t
t�ij is the virtual nonlinear strain tensor, and Cijrs is the stress-strain relation tensor. In Equa-

tion 2.6, all the static and kinematic variables refer to the con�gurations denoted by tV , tSw, and tS.
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The iterative form of Equation 2.6, for the Newton-Raphson method, is for n=1, 2, . . . ,

Z
t+�tV (n�1)

Cijrs�t+�te
(n)
rs �t+�teijd

t+�tV +

Z
t+�tV (n�1)

t+�t�
(n�1)
ij ��t+�t�

(n)
ij dt+�tV

�
Z
t+�tS

(n�1)
w

�wg�t+�tu
(n)
3

t+�tn
(n�1)
i �uid

t+�tS

�
Z
t+�tS

(n�1)
w

�wg
t+�tx

(n�1)
3

t+�tn
(n�1)
j �t+�tQ

(n)
ij �uid

t+�tS

= �
Z
t+�tV (n�1)

t+�t�(n�1)
s g�u3dt+�tV �

Z
t+�tV (n�1)

t+�t�
(n�1)
ij �eijd

t+�tV

+

Z
t+�tS

(n�1)
w

�wg
t+�tx

(n�1)
3

t+�tn
(n�1)
i �uid

t+�tS +

Z
t+�tS(n�1)

t+�tfsi
t+�tn

(n�1)
i �uid

t+�tS; (2.8)

where �t+�te
(n)
ij , �t+�t�

(n)
ij , and �t+�tQ

(n)
ij are de�ned by substituting t+�t

tui and txi with �ui and

t+�tx
(n�1)
i in Equations 2.6 and 2.7, respectively, and �ui refers to the increment of the structural

displacement at the iteration n.

Note that in Equations 2.8, all the quantities with superscripts (n � 1) and (n) are evaluated

to the con�guration updated at the iteration n, i.e., t+�tV (n�1), t+�tS
(n�1)
w , and t+�tS(n�1), where

t+�tV (0) = tV , t+�tS
(0)
w = tSw, and t+�tS(0) = tS. Also, for n=1, t+�t�

(0)
ij = t�ij .
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The material point vector is updated as

t+�tx
(n)
i = t+�tx

(n�1)
i + �u

(n)
i ; t+�tx

(0)
i = txi: (2.9)

The structural density and the Cauchy stress tensor should be updated during iterations using the

following relations:

t+�t�(n)
s =

t+�t�
(n�1)
s

det
�

�t+�tF
(n)
ij

� for the structural density;

t+�t�
(n)
ij =

t+�t�
(n)
s

t+�t�
(n�1)
s

�t+�tF
(n)
ik

t+�tS
(n)
kl �t+�tF

(n)
jl for the Cauchy stress tensor; (2.10)

where �t+�tF
(n)
ij and t+�tS

(n)
ij are the deformation gradient and the second Piola-Kirchho� stress ten-

sors at the iteration n.

The second Piola-Kirchho� stress tensor t+�tS
(n)
ij is obtained through the following relation:

t+�tS
(n)
ij = t+�t�

(n�1)
ij + �S

(n)
ij ; with �S

(n)
ij = Cijrs�e

(n)
rs ; (2.11)

where �S
(n)
ij and �e

(n)
rs are the second Piola-Kirchho� stress increment tensor and the linear part of the

Green-Lagrange strain increment tensor, respectively.
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2.3 Finite element discretization

In this section, we discretize the incremental equilibrium equation using the standard �nite element

procedure. In addition, the incremental equation for rigid 
oating structures is derived by introducing

the generalized coordinates.

2.3.1 General 
exible body hydrostatics

In the iteration n, for the �nite element (e), the increment of the structural displacement �u
(n)
i is

approximated as,

�u(n)(e) = t+�tH(n)(e)�U(n); (2.12)

where �U(n) is the nodal incremental displacement vector and H is the displacement interpolation

matrix used in the �nite element method. The same interpolation matrix is also used for the virtual

displacement.

Substituting Equation 2.12 into Equation 2.8 and applying the standard �nite element assemblage

process, the following incremental equation in matrix form is obtained:

h
t+�tK

(n)
L + t+�tK

(n�1)
NL � t+�tK

(n)
HD �

t+�tK
(n)
HN

i
�U(n)

= �t+�tR
(n�1)
B � t+�tR

(n�1)
I + t+�tR

(n�1)
HS + t+�tR

(n�1)
S (2.13)
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where the matrices are evaluated by

t+�tK
(n)
L =

X
e

Z
t+�tV (n�1)(e)

t+�tB
T (n)(e)
L C(e) t+�tB

(n)(e)
L dt+�tV;

t+�tK
(n�1)
NL =

X
e

Z
t+�tV (n�1)(e)

t+�tB
T (n)(e)
NL

t+�t�(n�1)(e) t+�tB
(n)(e)
NL dt+�tV;

t+�tK
(n)
HD =

X
e

Z
t+�tS

(n�1)(e)
w

�wg
t+�tHT (n)(e) t+�tn(n�1)(e) t+�tH

(n)(e)
3 dt+�tS;

t+�tK
(n)
HN =

X
e

Z
t+�tS

(n�1)(e)
w

�wg
t+�tx

(n�1)
3

t+�tHT (n)(e) t+�tQ
(n�1)(e)
N

t+�tH(n)(e)dt+�tS;

t+�tR
(n�1)
B =

X
e

Z
t+�tV (n�1)(e)

t+�t�(n�1)(e)
s g t+�tH

T (n)(e)
3 dt+�tV;

t+�tR
(n�1)
I =

X
e

Z
t+�tV (n�1)(e)

t+�tB
T (n)(e)
L

t+�t�̂(n�1)(e) dt+�tV;

t+�tR
(n�1)
HS =

X
e

Z
t+�tS

(n�1)(e)
w

�wg
t+�tx

(n�1)
3

t+�tHT (n)(e) t+�tn(n�1)(e) dt+�tS;

t+�tR
(n�1)
S =

X
e

Z
t+�tS(n�1)(e)

t+�tHT (n)(e) t+�tfs(e) t+�tn(n�1)(e) dt+�tS; (2.14)

where C is the stress-strain law matrix, BL is the linear strain-displacement relation matrix, BNL is the

nonlinear strain-displacement relation matrix, H3 is the interpolation matrix for the component �u3,

and �̂ is the vector form of the Cauchy stress tensor �ij . The matrix t+�tQ
(n�1)(e)
N is de�ned by

t+�tQ
(n�1)(e)
N = �ik

t+�tx
(n�1)
k

@

@t+�tx
(n�1)
j

� t+�tx
(n�1)
k

@

@t+�tx
(n�1)
i

(ei 
 ej) ; (2.15)
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Note that the matrix
h
t+�tK

(n)
L + t+�tK

(n�1)
NL � t+�tK

(n)
HD � t+�tK

(n)
HN

i
in Equation 2.13 is a sin-

gular matrix, because there is no sti�ness for the rigid translational motion in the x1- and x2- directions.

Therefore, a proper boundary condition is required for the directions.

Equation 2.13 should be iterated until the linearization error satis�es the following criteria:






�uT (n) � (�t+�tR
(n�1)
B � t+�tR

(n�1)
I + t+�tR

(n�1)
HS + t+�tR

(n�1)
S )

�uT (1) � (�t+�tR
(0)
B � t+�tR

(0)
I + t+�tR

(0)
HS + t+�tR

(0)
S )






 2 � "E (2.16)

where "E is an energy criterion in the iterative solution procedure.
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2.3.2 Rigid body hydrostatics

In this section, we derive equations for the nonlinear hydrostatic analysis of rigid 
oating structures.

The equations for the rigid body hydrostatic analysis can be derived by modifying the Equation 2.6.

Basically, in the rigid body case, the linear strain tensor eij in Equation 2.6 is no longer valid. Therefore,

the �rst and sixth terms in Equation 2.6 are equal to zero.

In addition, using Equation 2.3, we modify the second term in Equation 2.6 as follows, see Reference

[10]:

Z
tV

t�ij�
t+�t

t�ijd
tV =

Z
tSw

�wg
tx3

tni
@t+�t

tuk

@txi
�ukdtS �

Z
tV

t�sg
@t+�t

tuk

@tx3
�ukdtV: (2.17)

Substituting Equation 2.17 into Equation 2.6 and applying the usual �nite element assemblage pro-

cess, we obtain the following incremental equation for the rigid body hydrostatic analysis:

h
	RT

�
t+�tK

(n)
L + t+�tK

(n�1)
NL � t+�tK

(n)
HD �

t+�tK
(n)
HN

�
	R
i

�qR(n)

= �t+�tR
(n�1)
B + t+�tR

(n�1)
HS + t+�tR

(n�1)
S (2.18)

where

t+�tK
(n)
HS =

X
e

Z
t+�tS

(n�1)(e)
w

�wg
t+�tx

(n�1)
3

t+�tHT (n)(e) @H(n)(e)

@t+�tx
(n�1)
i

t+�tn(n�1)(e) dt+�tS;

t+�tK
(n)
HB =

X
e

Z
t+�tV (n�1)(e)

t+�t�(n�1)(e)
s gt+�tHT (n)(e) @H(n)(e)

@t+�tx
(n�1)
3

t+�tn(n�1)(e)dt+�tV; (2.19)

and
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uR = 	RqR = qR1 	R
1 + � � �+ qR6 	R

6 (2.20)

in which 	R
i (i = 1; 2; :::6) is the nodal displacement vector for the i-th rigid body mode, and the dis-

placement vector (uR) of six rigid body motions (surge (R1), sway (R2), heave (R3), roll (R4), pitch

(R5), and yaw (R6)) can be constructed about the origin of the Cartesian coordinate system as follows:

uR1
i = qR1 �1i; uR2

i = qR2 �2i; uR3
i = qR3 �3i; uR4

i = qR4 "ijk�1j
0xk;

uR5
i = qR5 "ijk�2j

0xk; uR6
i = qR6 "ijk�3j

0xk; i; j; k = 1; 2; 3 and "ijk = permutation symbol: (2.21)

Equation 2.18 should be iterated until the error due to linearization satis�es the following criterion:






�qR(n) � (�t+�tR
(n�1)
B + t+�tR

(n�1)
HS + t+�tR

(n�1)
S )

�qR(1) � (�t+�tR
(0)
B + t+�tR

(0)
HS + t+�tR

(0)
S )






 2 � "E (2.22)

If Equation 2.22 is satis�ed, we can obtain the hydrostatic equilibrium of rigid 
oating bodies. In

other words, the body force RB , the buoyancy force RHS , and the surface force RS are in equilibrium.

Note that it is not necessary to consider the update procedure of the structural density in Equation 2.10

because the density of the 
oating body does not change.
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2.4 Numerical integration

Numerical integration is essential to evaluate sti�ness matrices and load vectors in the �nite element

formulation derived in the previous sections. In this section, we develop a special numerical integration

technique to e�ectively consider the non-matching mesh problem in a nonlinear hydrostatic �nite ele-

ment analysis of 
oating structures. In particular, the integration technique is applied to the surface

integration of partially submerged �nite elements, whereas the conventional Gaussian quadrature scheme

is used for the surface and volume integrations of non- or fully submerged �nite elements.

When the 
oating structure experiences large motions, the wet-surface changes signi�cantly. The

structural mesh then does not match with the free-surface of water in general. When the mesh matches

with the free-surface well, as depicted in Figure 2.3(a), it is easy to discretize the structural wet and

dry surfaces by locating all wet nodes at the free surface. As shown in Figure 2.3(a), when the mesh

and free-surface are not matched, the numerical integration should be carefully performed. For example,

the mesh can be reconstructed using a re-meshing technique, which is computationally expensive and

complicated.

To handle the non-matching mesh problem without modifying the initial mesh, an e�ective nu-

merical integration technique is developed, as shown in Figure 2.4. We consider four di�erent cases of

wetted situations of 4-node �nite elements. CASE 1 is a fully wetted element case whereas others are

partially wetted element cases. In the following, we explain the numerical integration strategies in detail.
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Figure 2.3: Wet-surface change of �nite element meshes: (a) Matching mesh and (b) non-matching

mesh.
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Figure 2.4: Numerical integration strategies for a 4-node wet-element.
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� CASE 1 (all nodes are submerged): As depicted in Figure 2.4(a), the fully wetted element connected

by nodes 1-2-3-4 can be numerically integrated over the wet surface Sew using the conventional 2�2

Gaussian quadrature technique in natural coordinates.

� CASE 2 (2 of 4 nodes are submerged): Figure 2.4(b) shows a partially wetted element case, in

which two of four nodes are submerged under the free surface. The wetted part of the element

connected by nodes 1-2-3-4 is de�ned as 1�-2�-3-4 by introducing the assumed nodes 1� and 2� at

the free surface. The assumed nodes 1� and 2� are used only for numerical integration. That is,

there is no increase in DOFs in the hydrostatic analysis. Using the new elemental connectivity, we

can integrate the wetted surface S
(e�)
w through the conventional 2�2 Gaussian quadrature.

� CASE 3 (1 of 4 nodes are submerged): One of four nodes is submerged under the free surface. In

this case, the connectivity of the wetted part is de�ned as 1�-2�-3-4� by introducing the assumed

nodes 1�, 2�, and 4�, as shown in Figure 2.4(c). The assumed nodes 1� and 4� are exactly located

at the free surface and node 1� is placed slightly higher (0 < "� 1) than the free surface to avoid

the geometric singularity of the 4-node �nite element.

� CASE 4 (3 of 4 nodes are submerged): As shown in Figure 2.4(d), we consider the case in which

three of four nodes are submerged. We here subdivide the pentagon-shape wetted part into two

rectangular subparts
�
S

(e�)
w = S

(e�+)
w [(e��)

w

�
. The connectivity of the two parts is de�ned as 1�-2-

3-4� and 1�-2�-3-4, respectively. In this case, the terms KHD, KHN , and RHS in Equation 2.13

and the term KHS in Equation 2.18, can be integrated over the wet-surfaces (e�) as follows:
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K
(e)
HD �K

(e�)
HD

=

Z
S

(e+)
w

�wgH
T (e�+) n(e�+) H

(e�+)
3 dS +

Z
S

(e�)
w

�wgH
T (e��) n(e��) H

(e��)
3 dS;

K
(e)
HN �K

(e�)
HN

=

Z
S

(e�+)
w

�wgx3 HT (e�+) Q
(e�+)
N H(e�+)dS +

Z
S

(e��)
w

�wgx3 HT (e��) Q
(e��)
N H(e��)dS;

R
(e)
HS �R

(e�)
HS

=

Z
S

(e�+)
w

�wgx3 HT (e�+) n(e�+) dS;+

Z
S

(e��)
w

�wgx3 HT (e��) n(e��) dS;

K
(e)
HS �K

(e�)
HS

=

Z
S

(e�+)
w

�wgx3 HT (e�+) @H(e�+)

@xi
n(e�+) dS +

Z
S

(e��)
w

�wgx3 HT (e��) @H(e��)

@xi
n(e��) dS: (2.23)

Here, the numerical integration procedure is explained for 4-node rectangular elements. The situa-

tions of partially submerged 3-node elements also can be easily considered through a similar numerical

integration scheme. Finally, Equation 2.13 for elastic bodies and Equation 2.18 for rigid bodies are

iteratively solved without adjustment of the initial �nite element mesh. This means that a re-meshing

scheme is not required in the present nonlinear hydrostatic analysis of 
oating structures.
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2.5 Numerical examples

In this section, several numerical tests are performed to validate the proposed numerical method

and to demonstrate its capabilities through various nonlinear hydrostatic problems.

A freely 
oating box barge is considered to obtain hydrostatic equilibrium states in both 
exible

and rigid body cases. The usual hydrostatic stability curve is evaluated and compared with the ORCA

3D [31] in the rigid body case. In addition, the importance of a nonlinear hydrostatic analysis in the

stress analysis of 
exible 
oating structures is demonstrated.

We then perform a nonlinear hydrostatic analysis of a 
exible cargo barge in freely 
oating and

grounded cases. Various results including center of gravity (COG), center of buoyancy (COB), buoy-

ancy, total weight of the 
oating structure, displaced volume, and strain energy are presented and the

stress distributions are plotted. In the following, the parameter " in CASE 3 of Section 4 is set to

1:0� 10�8 for the numerical integrations.
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2.5.1 Freely 
oating rigid box barge

A box barge of length 200m, width 100m, and height 60m is considered; see Figure 2.5. The barge

consists of three parts: the bottom, side hulls (bow, stern, starboard and port), and the top deck. The

geometric and material properties are listed in Table 2.1, and it is ensured that the draft d is 40m

with a vertical center of gravity (COG) -4.3m, vertical center of buoyancy -20.0m, and displaced volume

80,000m3 in the rigid body case. The density of water �w is 1000kg=m3 and the gravitational accelera-

tion g is 9.8m=s2. The barge model is discretized using 4-node MITC (Mixed Interpolation of Tensorial

Components) shell �nite elements [27, 28, 29, 30]; see Figure 2.5(b).

In Figure 2.6(a), the box barge is initially positioned in the water with a trim angle of 20 degrees.

The initial con�guration does not correspond to the hydrostatic equilibrium. An incremental rigid body

hydrostatic analysis is performed using Equation 2.18 until Equation 2.22 is satis�ed (" = 1:0 � 10�8).

As shown in Figure 2.6(c), the hydrostatic equilibrium is found after 5 iterations and the details of in-

cremental solutions are listed in Table 2.2. In the hydrostatic equilibrium, the buoyancy (7:840� 109N)

is balanced with the self-weight of the 
oating structure. In addition, the numerical results quickly

converge to the analytical results.

The proposed formulation also can be used to calculate hydrostatic stability curves (GZ-curves).

Figure 2.7 shows the GZ-curves of the box barge for the transverse and longitudinal directions. There is

good agreement between the results of the proposed formulation and those obtained using ORCA 3D [31].
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Figure 2.5: A box barge: (a) dimensions and (b) �nite element mesh.
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Table 2.1: Material properties of box barge. (�For simplicity, the density of the bottom hull is set to

zero.)

Bottom Top Sides

Thickness (m) 0.4 0.2 0.2

Density (kg=m3) 0� 3:8� 104 9:0� 104

Young’s modulus (Pa) 2:0� 1013 2:0� 1013 1:0� 1012

Poisson’s ratio 0.3 0.3 0.3
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Figure 2.6: Hydrostatic analysis of the rigid box barge: (a) initial con�guration, (b) instantaneous

con�guration (after 1 iteration), and (c) con�guration for hydrostatic equilibrium (after 5 iterations).
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Table 2.2: Incremental solutions for hydrostatic analysis of the rigid box barge.

Iteration Buoyancy (N) COG (m) COB (m) Energy criteria

(xg1; x
g
2; x

g
3) (xb1; x

b
2; x

b
3) ("E)

1 7.779�109 (-0.627,0,-4.254) (9.373,0,-20.682) -

2 7.842�109 (-0.072,0,-4.297) (1.068,0,-20.009) 3.062�10�1

3 7.841�109 (-0.010,0,-4.298) (0.151,0,-20.001) 1.125�10�4

4 7.840�109 (-0.002,0,-4.299) (0.011,0,-20.000) 6.223�10�8

5 7.840�109 (0,0,-4.300) (0,0,-20.000) 6.436�10�9

Ref. 7.840�109 (0,0,-4.300) (0,0,-20.000) -

(Self-weight)
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Figure 2.7: Comparison of GZ-curves.
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2.5.2 Freely 
oating 
exible box barge

In the case of a 
exible body, the box barge deforms and thus the con�guration in Figure 2.6(c) is

no longer in equilibrium. The structural deformation causes a change of the displaced volume, resulting

in a buoyancy change, while the structural self-weight does not change. A new hydrostatic equilib-

rium should be then found. We here start the hydrostatic analysis of the 
exible box barge from the

con�guration obtained in the hydrostatic analysis of the rigid box barge, as shown in Figure 2.8(a).

The x1- and x2- directional displacements are �xed at the nodal position (0, 0, -d). The convergence

of the incremental hydrostatic analysis of 
exible bodies highly depends on the initial con�guration given.

Figure 2.8(b) presents the con�guration calculated for the hydrostatic equilibrium of the 
exible

box barge. The details of incremental solutions are summarized in Table 2.3. We can observe that the

buoyancy is varying during the iterations whereas the self-weight is not changed because the structural

density is correctly updated using Equation 2.10. After 5 iterations, the buoyancy is balanced with the

self-weight and the energy criterion de�ned in Equation 2.16 is satis�ed ("E = 1:0� 10�8).

We then demonstrate the importance of a nonlinear hydrostatic analysis in the stress analysis. In

order to calculate the stress distribution of 
oating structures in usual engineering practice, the hydro-

static pressure is �rst calculated through the rigid body hydrostatic analysis. The pressure distribution is

then projected into the 
exible 
oating body as an external load, and the stress distribution is evaluated.

This procedure would be adequate for relatively rigid 
oating structures, but results in larger errors as

the structure becomes more 
exible.

Using the present formulation, we can accurately calculate the stress distribution at the hydrostatic

equilibrium of 
exible 
oating structures. The distribution of von Mises stress is plotted in Figures 2.8(c)

and (d), obtained after 1 iteration and 5 iterations, respectively. Note that Figure 2.8(c) is equivalent

to the results of the usual stress analysis based on the rigid body hydrostatic analysis because the in-

cremental analysis starts from the con�guration for the hydrostatic equilibrium of the rigid box barge.

Figure 2.8(d) is obtained at the �nal hydrostatic equilibrium of the 
exible box barge.
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It is observed that the distribution of von Mises stress is totally di�erent between both results and

the maximum value in Figure 2.8(d) is almost four times larger than that in Figure 2.8(c). Therefore, the

use of a nonlinear hydrostatic analysis is recommended for the stress analysis of general 
exible 
oating

structures.
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Figure 2.8: Hydrostatic analysis results of the 
exible box barge: (a) initial con�guration (con�guration

for hydrostatic equilibrium of the rigid box barge), (b) con�guration for hydrostatic equilibrium (after 5

iterations), (c) distribution of von Mises stress (after 1 iteration, maximum value: 2.0328�108 N), and

(d) distribution of von Mises stress (after 5 iterations, maximum value: 8.3839�108 N).

{ 31 {



Table 2.3: Incremental solutions for hydrostatic analysis of the 
exible box barge.

Iteration Buoyancy (N) COG (m) COB (m) Energy criteria

(xg1; x
g
2; x

g
3) (xb1; x

b
2; x

b
3) ("E)

1 7.788302�109 (0,0,-8.7259) (0,0,-21.774) -

2 7.840521�109 (0,0,-9.4776) (0,0,-22.052) 1.030899�101

3 7.840042�109 (0,0,-9.4669) (0,0,-22.075) 3.382075�10�1

4 7.840003�109 (0,0,-9.4683) (0,0,-22.079) 1.023977�10�4

5 7.840000�109 (0,0,-9.4682) (0,0,-22.080) 9.436614�10�9

Ref. 7.840000�109 - - -

(Self-weight)
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2.5.3 Cargo barge problems

In this section, various nonlinear hydrostatic analyses are conducted for freely 
oating and grounded


exible cargo barge models. The cargo barge model (thickness is 1m, Poisson’s ratio is 0.37, Young’s

modulus is 1.0�109 Pa, and structural density �s is 2655.06 kg/m3) is presented in Figure 2.9(a) and

it is discretized with 2,300 shell �nite elements, as shown in Figure 2.9(b). The \cargo hold" is the

area where the surface force will be applied. The various 
oating and loading conditions considered here

are summarized in Table 2.4 and Figure 2.10. Note that, in the freely 
oating cases, the x1- and x2-

directional nodal displacements are clamped at (0, 0, -d).

We �rst conduct a 
exible body hydrostatic analysis using a freely 
oating cargo barge model. The

initial draft d is set to 8.0 m. The hydrostatic equilibrium of the 
exible cargo barge can be obtained after

5 iterations; see Table 2.5. The corresponding con�guration is depicted in Figure 2.11(a), in which local

bending deformation is observed. Figure 2.11(b) presents the distribution of von Mises stress calculated.

In addition, we consider the case where the barge is subjected to cargo loading. Uniform surface

force (1.0�105N=m2) is applied on the \cargo hold" shown in Figure 2.10(b). In this case, the hydro-

static equilibrium is obtained after 6 iterations. Figure 2.12 shows the deformed con�guration and the

distribution of von Mises stress. In the loaded case, the buoyancy equals the sum of self-weight and

external forces; see Table 2.5.

Finally, we consider two grounded situations of cargo barge, as described in Figures 2.10(c) and (d).

To model these situations, we introduce the pin-support boundary condition and therefore no displace-

ments are introduced at the nodes of grounding points. The initial draft d is set to be 6m for both cases

and the corresponding initial con�gurations are presented in Figures 2.13(a) and (b), respectively.

On top of Figures 2.14(a) and (b), the deformed con�gurations of two grounded cases are presented.

In these hydrostatic equilibriums, the weight of the 
oating structure should be equal to the sum of

buoyancy and reaction force at the grounding point; see Table 2.6. The distributions of von Mises
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stress are presented on the bottom of Figures 2.14(a) and (b), respectively. A symmetric deformation

and stress �elds are obtained in grounded case-1, as shown in Figure 2.14(a). In grounded case-2, as

shown in Figure 2.14(b), an asymmetric deformation including a twisting mode is observed and thus the

transverse COB (xb2) is no longer zero.
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Figure 2.9: A 
exible cargo barge: (a) dimensions and (b) �nite element mesh used.
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Table 2.4: Floating and loading conditions in the cargo barge problems.

Initial draft Weight External force (N)/

(m) (N) Grounding points (m)

(a) Freely 
oating (w/o loading) 8.0 6.272�108 -

(b) Freely 
oating (Loaded) 8.0 6.272�108 Cargo hold : 1.600�108 N

(c) Grounded case-1 6.0 6.272�108 (80,0,-6)

(d) Grounded case-2 6.0 6.272�108 (80,-20,-6)
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Figure 2.10: Various 
oating and loading conditions.
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Table 2.5: Hydrostatic analysis results of the freely 
oating cargo barge.

Analysis condition Freely 
oating (w/o loading) Freely 
oating (loaded)

Number of iterations 5 6

Buoyancy (N) 6.272�108 7.872�108

Weight (N) 6.272�108 6.272�108

External force (N) - 1.600�108

COB (xb1; x
b
2; x

b
3) (0,0,-3.726) (-12.073,0,-4.751)

Total strain energy (N�m) 3.061�108 8.700�108

Energy criteria 3.221�10�9 1.889�10�9
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