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Abstract

Various numerical methods for fracture analysis have been proposed, but they faced limitations due to several
problems, and a new phase field model was recently proposed. However, it requires a high computational cost
due to the rapid increase in degreéf@edom caused by the fine mesh near the crack tip and due to iterative
solution procedure such as the NewRaphson method. Although various adaptive mesh refinement schemes

have been applied to the phase field model, improvement of the computatiiciehey still remains a problem



to be solved.

In this dissertation, new numerical methods to improve the computational efficiency of the phase field model for
brittle fracture are proposed. First, in order to reduce the computation time, an adapdieesgheme is

proposed. The whole domain is divided into the domain around the crack tip and the rest domain. By frequently
updating the structural properties of the domain around the crack tip and occasionally updating the structural
properties of the reaining domain, the computational efficiency is improved. For further efficiency

improvement, the adaptive mesh refinement scheme using vaniadidefinite elements is applied. The proposed

method shows that the computational cost is greatly reduced thvangus numerical examples.

In addition, mesh coarsening using the phantmde method is also proposed. The fine mesh in the domain
where the crack tip has already passed is replaced by the coarse mesh to which thengidetaethod is

applied, whickdrastically reduces the degrees of freedom. The performance of the proposed method is verified
through several numerical examples. It is expected that the proposed methods will be effectively utilized for

fracture analysis using the phase field model.

KeywordsPhase field modeFinite element methodgrittle fracture CrackpropagationAdaptive update,

Adaptive mesh refinemerariable nodefinite element Phantormode method, Adaptive mesh coarsening
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Chapter 1. Introduction

1.1 Research background

Fracture is one of the most i mportant phehemdnd oin
catastrophic failures. Understanding and analyzing fr
Griffith |[1] and |l rwin [2] played a | eading role in

engineering prdieryt i ;ft rwidédesned gy tr@rom aceaplrireesdeent t he frac
in thermodynamic aspects; thus, Linear Elastic Fractu

was born.

I n addition to thef tfhreaocrteutriec anie cdheavneil cosp, memmatnyo r esear c h
behaviors through numerical analysis. The main tool wu
(FEMX 33 The finite el ement apameshisngfnearmackheropadg
modeling of moving crack tips. This is a very tedious
were developed to deal with di-smeosmitnguitheseitrmmenatd ©b
met hod ( EF&M,) t{Hel extended fini-1t@] elemenphaet dmdndd K& E
21], and various other methods [ 22, 23] . However, S i

task, there adeas$iingl wehal cempéexiand arbitrary crachk

The phase field model (PFM) based o#8fhe Rezreinattiyonalt
applied on problems of ductile fracturpab[29bf dianaddl:i
complex fracture behaviors such as crack initiation ¢
of freedom all ows the model to easily handle compl ex
i ndeed adhweamosgeous feature of the phase field model
solve nonlinear e gRuaapt hi soonns nseutchho da,s aNedwtmens h r ef i ne men!

val ues in the phase f i enlcd etarsaen gihtei ccro npairt ea,t i volmiad h cloasrt g

To resolve this problem, various adaptive mesh refine
field mdordel 1[nNn33 he refinement schemes, displacement ¢

be satismaedhi Ag mesh interface between coarse and fi

-1-



Nitsche's method [ 44, 46], the hybridizbhbtel dappooac
[47]. Al so, mees hi niprlaennseinttieodn sa dcoapnt ibng | ayers of- triang

43]. A multiscale af8®@foach could be wuseful [ 38

1.2 Researclobjective

I n dihg se,r tvaet ifooncus on further i mprovingdtmedebmbpaot albi i
fracture. We propose the adaptive update scheme. The

mesh refinement, and can be further i mproved when us
schemes. |Ilirmathisg hreummer t he entire domain is divided ir
far from the crack tip. Since structural properties

domain far from t he rcer aoccke atsii po,n atl H oys eu ppdrad peedr tiine s hae it |
To maxi mize the computational efficiency, the | ocal

toget her. The adaptive update scheme redogesheothpsat af
solution accuracy. To i mplement the adaptiv-eodmesh re
el ements [48, 49] is adon]t.edA ffoirnet hnee snhe snhe atrr atnhsei tciroanc

to the botasefmem the crack ti pndcdce ocallgdhhmemtl sy. -oThtee | Llagye
node el ements is effective compared to otherd7ddapti v

We also introduce a mehhodbiongmehbrwher Bdaptiaekmesp

In the following sections, the formulation of the phe
refinement schromete uslianmewvtas i amd et he addha.ptTlhe afpfdadtei s«
of the proposed numeri cal schemes is demonstrated thr

dr awn.

The paper including the works in Chapter 2, 3, 4 and 5 is accepted and will be appear[#8]R#f. this

dissertation, the contents contained in R&8] have been written with minor modifications.



Chapter 2. Phase field model

In this section, we briefly review the f &rfmdlretm drheof
variational approach to numericalti $mpl ementnaétieomepte
increment al |l oad step instead of the actuaistaime gel
anal ysis is considered in this study.

2.1.Phase fieldapproximation

A linear el astViicnbloddi md & od lianesp ccomscikd esruer®lagcse) shown i

Figl,S, an& indicate the displacement and force boundar

Sd
(@) (b)

Fig. 2.1. Schematics of a linear elastic body including (a) a sharp crack surfadé, and (b) a diffusive crack

surface I, (¢) .

The potential energy functional <consi Gertihregrtyhd 1flr d cst

as
H(u,ﬁ):fvwe(t)dv+ Gcfr deJ:/fbu dvffsfsu ds, 21)

wheuvue s the displw@deme'nESVBbeoelastlfJ:cL"(u)s'rtsaiheeﬂmalgL/ 8 1

tensof, deenndot es the critifgalndedhengtye reheasert ermnal,ly aj

surface force vectors, respectively.

I n Ej), (the elastic strain energy density function is

-3-



2.0 :%m(oz Lt (5F), 22)

i n whiamlly ar e ® &amnstant s.

From the idea presented5s8ptyhdmbracti or@ansduMbathenehér gy’
side 2In) &Empr dxi mated by

Gcfrdl“zGcfvy(gb,Vqﬁ)dV. 23)

I n B3)y denotes the crack surface density function per

v(¢,V¢):%IOV¢~V¢+Z—, (24)
wi t h

_ 96 09 99
v¢_(’)xeX+8yey+8ze;'

whet,elenotes the regularization parameter to control
sur fla@eandy i s a damage parameter or phase field wvari

(undethpgto 1 (full2g(bYedeed)es selee Fgande ant, orfe

the basdoks weetOCarnaseée any8oeimdwBitgolpeolcorgaceks wi t h t he di

crack gyirf atcltee (sharp crack model and the diffusive cr
1 1 |
710=0.01
¢ ¢ 1, =0.1
71():0.2
0 0 .
-1 0 1 -1 0 1
Xp Xp
(a) (b)

Fi®g2Crack topalogghes shmarp crack model and (b) th

The spectral decomposition7of the strain tensor is pe
0:Q+0+1 (2.)5
wi t h



0 =32(5) mpen, andd = xk[

in whiamdl denote the negative and

positivengcamdonents

e, denote the eigenvectors anelsrmétgteir(-&qedlleyn,e)staensdtthhee Msa tc ra i

bracket operator.

I n addi diecomposti hé on of the

O ELIN(VERTN(VE

wi t h

0O = SA(O) + (@),

whereand, are ttieveegmad positive

Usi ng2E)gsaad i(a1LEqg.tHhe foll owing

HM@—LM<W+wmmNﬁLQ§W¢WH§-

—fvfb'udV—fafsu ds

i n wiligfhtk denotes the quadratic

av

strain

tensor,

parts of

equation

functi on

the strair

(2.6)

he strain e

is obtained

27)

k bscanveol t

smal | parameter to prkvleht snumedical thiasageatadiy)ies (

Strongvkeonmnimngoequations ar
V-a+f, =0,
. 9,9
0=[(1—¢)* +Kk]—2,
[A-¢) ]au
G
|—°+2w§ ¢—GlVo-Vo=2p,,
0

Uu=uy; ons,,

d-n=f, ons,,

Vo-n=0 onS,

i n whliicsh t he stnriess st htee nismirt,

di spl ace8BefU s and

e

gi ven

nor mal

by

vV e, tiosr

(28)

(29)

(210)

211)
(212)
(21 3)

t chuet wparreds cfrri ¢



To consider the irr[@W®ertshiebiploistiyt iovfe cpraactk ogir¢fviiteh st r ai

Eg21Qq) is replaced as

H (1) = maxys,” O s)), 21 4)

in whidemdtieme, s is tinmne amlxitgidegot eeamt healbdb.cal histor

I n Eqs. @ad®)he) Y BythoOo)d formulati odDpreopadept bge @Ambuali
Appendi xVak)i ous for mulGalt,i omarsd emarse dA®wWagnc2e8d, for mul at
prop®sb8ld. [Nbae the numerical schemes presented in the

field formulati ons.

2.2. Finite element discretization

The first vabr)i aniit@B ) BOf&).EIMA( (results in thbevéohilogin

equations

[, a:s0av— [ f,-cu dV—fo f..0u dS=0, (215)

fv _2(1—$)H 6 dV+fv

GCIOV¢-V6¢>+%¢6¢> dv=0. 216)

The displ acemenmotd ef ifeilndmtosf kEah eE2eepbd | at ed by

u™ = H{E, (217)
wi t h
h - h 0 . T
(m) _ —
M= g Ty g Al )

whetheis the shapei,flucherndtoms atthe oalleement nadahdadi spl ac

denote di splxeacngdihiene st i @in ¢ hats precda vel y.

The damage fi el dmiosf alhseo fiimtierep cell aetmeednthby

-6 -



oM™ — Hf,,m)L‘E, (218)
wi t h

a0 ] andln o]

i n wiﬁEiicsh the nodal damagei parlhaemehedalbedama.ganpar amet e
The interpolation of the | ocal history field is given
H(’"):Hﬁ]m)gg, (2.19)

wi t h

T

Hﬂ")Z['l }«E] ang{E:[Hl - H |

Whetﬁeis the nodal | otlademotse o rtyh e elcagioal amidst ory at no

Applying-diBepl acement relation to Eq. M(iZX. wh)i,t ttetne asst r &

g™ = Bk, (2.20)
wi t h
oh ohy 0
19)4 ox
e )
l‘jm)zgwﬂ)' B™ = 0 %_hq (2.21)
0. (m) 9y dy
N oh o on 9
ay gy 0x O X
Not e UPhHat small deformation strain tensor and | inear

The damage gradiemi di®ebtdaioffed haes el ement

Vo™ =B, (2.22)
wi t h
oh o
gim —| O (2.23)
"o oh, | '
dy oy

The damage gradiem (Vpi"pl deabtebhetbbementdi ent of the

m (¢™) x,n ydidrections.



Substituting Eq&20) 2i b¥1yp,)EQ2.h1e8 )f odddwi ng increment al
obtained for the dti splacement field at ti me

‘KPAU® = R—F", (22 4)

wi t h

KO =A: KOO TR=A R™ an 8" =A7 [ F"O,

m=1" u

L (e R CHO R TRV

tR(m _ (MyTte (M /(M (mT¢(m m
R™ = [ (H™Tf{"dv +fw(Hu ) {rdg

tFlEm)(n) — V(m)[(l_ t¢(M)2_+_k](BEJn))T lﬁ(n)(r)dv(m,
T

to(m(n __ [t _(m(n t_(m(h t(ntn

u —[ Oy Ty Ty } ,

in whAfchis the FE as ®edmbnloyt esp etrhaet omry mb enr d erfo tfeisnittlee e

iterati oM niusnbtere i ncrement dk”" desptaesembrttaageat | al

'‘Ris the exter FRIdefnortee wehcet oirntke"”niad tfloer ctea nveeecrt toira |

matrix of m IC® iesl mafesnrti al | aw mam,r'R® ifsort hteh e xd leemeant f o
for themef@ medff” are the externally applied body and s
m, respéR™iivseltyhe internal fomyceadf®cdeondtheesr st hes el eeme

for themel ement

Usi ng2E8RL9 J( 22i2d (21 6BHqg. t(he incremental equilibrium ec

tis obtained as

KOAG ™ = _tF0 (225)
wi t h
K =ALLK an 8" =A% F™,
m)(n; GC
K )():fvw G.l,B(™)B(" + I_+2H<n) HEMYH M dve
0
teme g (M Ag (DT gy
Fm — J:/(m)ZH HP) dv
G [
| Clo (BN TS 41 2 HT (HP)T BTNV
vim ¢
0
whena®™ i s the incremefiKi’adenatmaget vecttamgential stiffne

-8-



‘F" denotes the internal frPtedevetceorttiertamgempthiasle ¢t
el emmrftarhe pha's®” lieabdes the internalmfforce heepthars ef ¢

'"H™ i s the local histmor o™ esdtbfe dheagkeefieet d of the

To solve the incremental22é)yudZhidb,(itulme egtuarARdagrmmd ofnwinl [E g

met hod is employed. Thfeoliltewiang omorcweirt g emnuee armittidr ite e

|au® |aa

T Sa andg ——f-<e, (226)
AU® Au ¥

in whjiarhd, are the error tolerances for the displ aceme]

The whole numeri cal procedure employed in 28hi sThetudy
incrementddbtdeep, L wRRtMi=1in the | oad incremental |l oop.
by

‘R = a(t)°R, (227)

in whichenotes the | oad paramet®ri § utnlce i @nt dromalf off @rec e
final l oad step.

| mposing the prescribed displacement at each | oad ste
U= B()°U, (22 8)

wherleis the prescribedl alad pé.Bi¢ e menthev dcotaodr paatr amet er

di splacement’U ¢enttthel paredcri bed displacement vector e

di spl acement control is considered in this study.



Load incremental loop

( Start >
L t=0

| Read inpu

»/t=0andn= (
4

&
S ‘ KO =A% _K (M0
S
>
S R=A%_ R™andF"=Ag F("
g |
= | 'U=g3(t)°U
()
S
[ ty (n) (n __ t=(n)
3! ‘ Solve'K"AU™ =a ¢ YR — 'F
o
L
a
o ‘ Update'H ™
K _ (m(n
g ‘ K on - A:‘Izlk 93
S
§ ‘ t F{E”) - ArihltFa'() me
()
°©
T | Solve'K MAQ ™ = —'FM
= : :
[}
(%]
©
e
o
t=t+At

Fi 33Numeri cal procedur e
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Chapter 3. Domain decompodion

To apply the adaptive update and adaptive mesh refin

into several domains. The domain decomposition met hod

Let us consider the domad,) aftttththee r @arcocqf)r todpmtghia imeinn p
and the pnaafpaiat t(abs mehowdl( iaWwhedn gt he t hr eet adroemagiinvse na,t

we search the thyMde Tlhenasesr ahi hng megrocedure i s presen

3.1 Crack tip domain

The crackqtﬁtpsddmaingii@lasngzq‘mn@ndoconsisting of el emen
more nodal damage paataméitameds ga reeatéew stihmma s 8 .(Fi)g

and (b). The cggtidist iexmprtes seaf iarse

Qo ={X X €y, & <& . ¢ 24}, B)1

in whkicehnotes the posi,tgf andVearteort hod cheomaege ipatr amet er

t i nmean d+At, reetsipee lopydemaodes the critical value of the d

3.2. Domain of crack propagation path

The domain of crqi@f‘kisﬂrrgpivdmgmarteictmepa:trkack tip has alrea
def i nerdegahsoha bel ogjfiangd tcoonsi sting of elements whose

parameters a@ atgttéXieers etgh(dr)g. The con c;ipmtiisonextpor edsesf e dn ea

Qi =00l X F QS 0 = 6. 82

-11 -



3.3. Neartip domain

The -miemrdqMai 9 defi egidomsi at i ngi bh shemeeat sRIistoance t

all the nodal pesitiseeYBhlBeoogndigt hio'hi s oexdprfésneed as

t+At

Qo =l ) —x [ <R, x. €™}, 3)3

whexeis the position vemf{®dr of a node belonging to

=
q nt
) q‘cpp q::t H q‘C;’A‘Ea
HHHR H
N 5
(@)
=i
qt At
nt
————— qc";;\‘ i:d q‘c:“A‘
R
AT
&-EEEE
(b)

Fig. 3.1. Identification of the mesh refinement domains (a) at tiamad (b) at timet + At . Thecrack tipdomain

is colored yellowthe domain of the crack propagation patltatored red, and the netip domainis colored

green.

When the crack doegih=oq,. pThpagdedttwecamsbbnrefinemen:t
performed atT heemcalmestel engll;™s qigfpand,™ are aedaptciomverted i nt

mes hes.

-12 -



Chapter 4. Adaptive mesh refinement

Recentl wdapeveralmesh refinement schemes were propose
the phase f4i7¢l.d Weo chd Is o[ 3npl oy an adapt i wme dnee seh erneefnit nse
which is different from.the sdbdhemesecpi ewni, o wel gxpt apas

scheme wutilized in this study.

4.1. Variablenode elements

I n order to implement t he adanpotdievee lneensehn trse fairnee nmeemmpt! osy
regions whervearmeessh dlehresiirt ysyhape functions are obtaine
Ref d-56) [ or detai Tedexamiiveatt lme s enrof doer mealnecnee notfs ,v atrhi ea bp
performed (B3eelAppendhoowde emaht sapaableglotdeeepamentt éc¢
coarse mesh can mmeodeorerd eameend st 0 neiagtti n£ mesh through
three -wadé abll ement s are eampleo yd c merdtdsthaws-it el 8d gsludbimé nt s
with Bdmauhsnodaedelké&dmentdesmwi hh 64 dhHcTobepdrfaor i gume

i ntegrakd oGagudsheqrradr at ur e oimai aad o flithed mers he aom newch i on

and fine meshes4i2s il lustrated in Fig.
S s S

T T r r
(a) (b) (©)

Fig.4.1. Examples of variablaode elements: (a) Iiode element, ()8-node element, and (c) 2Bde element.

- 13 -



=~
-
- -

SO I L LTI I T LT3

Variablenodeelements

Fig42Use of -nvoadrei aeblleement s to connect the coarse

4.2. Mesh connection

To apply the adapitisveewmeslsargfiomemaremnti fy the mesh r

t he whodt'eatbottiynse di vi ded into (aqig¢tbeafsre meghdhaddaemain

the transi emt,)bneeswe edo nttiewrd. 8n Fi g.

Aem

Am

q., : Coarse mesh domain at tirr
q', : Fine mesh domain at tint
q,, : Transient mesh domain at tim

Fi 43Mesh geometrg' daindi ddegdnaiqmtam d,,.

- 14 -



4.3. Adaptive mesh refinement during crack propagation

The coar s e, Mmegtieandi are adaptively converteddidnto fir

Note that the figqQ® ol sameg ™ awaey aflrsomadaptively recover

When thestoasseomeerted into the transient or fine me
history fields of additional nodes are mapped utilizi

fields of the coarse mesh.

i
—_— ..q. tlcpp (l_tc'qé“ q ‘J:tfa
| HEI X|:‘ ﬁc
(@
[ X
nt
HHH H
—_— .G.“.t;.‘;p,t H qrc;:m
TTTTTT XI:‘ R: ::.
1 FE- 1 11
(b)

Fig. 4.4. Mesh geometry of adaptive mesh refinem@)tat timet and (b) at timet + At . Thecrack tipdomain
is colored yellowthe domain of the crack propagation patltaored red, and thneaistip domainis colored

green.

- 15 -



4.4. Hole boundary handling procedure

When the crack tip enctohsentmal atidaoh el emodr ewsiyd t du rmpirred i
Thus, we introduce a methodology for té&rec audaphtalsee. me s

I f there isTTaimollkebbodyad a}p hoonmwhieni dofFiegl.e mg mtrse adj ac
defingddescri b&a®bi)n Mhegni p hkdqmpenetrates intgpashe hol
depicted Gbj, F$ gaiddteidt o comsadem region where the creé
expechedar e mesahrees coonnverted intion f£ipg) me $hewsi,g s sh

domadin* | eaves tfe heemaieg, ameecovetedt he coarse meshes

the computational ef #iGdi)ency, as illustrated in Fig.

(@) (b) .

Fig. 4.5. Schematics of the hole boundary handling procedure: (a) a dotpainith a hole boundanf’,, (b)

mesh geometry whem;, penetrates intod, , (c) mesh geometry at time, and (d) mesh geometry at time

t+At.

- 16 -



Chapter 5. Adaptive update

5.1. Motivation

To obtain tthehasoé uttii®ind omodel , the incremental equi li
phase fi eR2d9d 22mdEdasr.e (iteratively sol ved,divehpdraec etmeen tt

vector, phase field vector, internal force vectors, |

During the simulation, the structural properties used
change rapidiryi pnigmahowheb neBowever, such iptlh@erties:
domain far fraqm,t he csréaedk ktniydreifghs tsuidsyhat t he comput af

ef ficienpchyasef ftikadme mpdeVved by m@mwtoadr teiloajsétdh e struct ur a

properdgiiedseinonall this the adaptive update scheme.

q

Fig. 5.1. Neartip domain ¢!, and domain far from the crack tig ', . While the structural properties in},

changerapidly during the simulatigrthose in g, rarely vary.

5.2.Key idea

Toapply the adaptive update schsemaiilinbrhemtdipspgkbadamer
tangential stiffness matri cies BR®g) tZ2red dfas pl dc emeetd as

- 17 -



KPP =K +K O antKP=KI"+K O, 6.1
wi t h
MO A M0t ) € e (o
é’“ ft
IO Z A KO R0 A g (M
in wk'iahe"are the number ofared..ements pkE™t dwdlY,
denote the tangential stiffness mgtand,esrfescpetcheée vei yp
‘KM andk!'™ are the tangential stiffnessinmgtandges for t

respecti vadl yi.n Neoctteu atlh computbhaltl ame @it drenditirmcepal e Em

memory space.

In the standard numerical proce@8rk] aoitkt heepbpdattide
at every tE0ad ist)edp, However, in the'Kidamtdk¥eamuepdate

occasiupmaltleyd'K™wah 8Ké™ are updated at=0ever)y'Kfdaddstep (

‘K™ are adaptively updated at specific |load steps sat
t

D max@’)

k:tu"le% > (5 )2

max (@, ) = '

inwhi ¢,hdenotes the i nitingals uphdeatuep dlactaed psatteapme&upepd ns £t e (
sati dfiieedset to the nex10 waosa du ssetde p.n Nohti e8) tsh @bdey s(tsiefef nA

update is additionally peg.fzaglMed when the crack propa

For the history update procedure in Eq. (2.14), the a
The | ocaH™ bifstdiemegritss adaptively updat®2®)whean stalié sdiiie

al so when theqb#@c¢'k. pHopgyef es he iendeimentsdat ed at eve

st ap0,( 1) .2,

- 18 -



5.3. Numerical examples

In this section, we investigate the performance of the
the =idmggl enot ched t ensieameptrconbelde ng h etahre psrionbgtpeem,ntt he s
bending problem, the notchedgelavecwedhshosbaphbdl e sw
hol es-shapedLpaneledogend notechsédhgdreanching probl em.

I n the | onceante nmie sshc hreenfei, a fine mesh is employed in the
and a coarse mesh i s usedmeisnhitnhge irse mmaoitn ipnegr fdoormaeidn .d uArl
adaptive mesh refinemeninsthementareodosmai meah it &eudde
During the simulation, the coarse mesh in the domain

mesh usi mgdwareil ebmeent s .

To show the perfor manhtemeo fc anrhbei naedda pwiitvhe tuhped altcec aslc and

schemes, four cases are considered: the I ocal mesh r
scheme, and the adaptive mesh refinenehnetmes.cheme by it
I n all the numerical examples, the dbthengquadsi shownal
with unit thickness. The plane straim amddirtdd’on i s coc
The critical damage=0barameter is taken as

The phase field model do not require additional crite
in what direction they propagate. Therefore, t he pha:
prcer ack does nodse)xiisn.odadert htaa catch crack initiati

initiation as a refinement domain, ¢ot=Dduaotiti ¢ale dam

propagates D)s.eeAfApepeniddexat nfpfingrab& dnitiation, t he

t akenp =4as.

- 19 -



To ensure the solution accuracy, it i s necessary to

(Ie:\/A_6With an alAemernthaares smaller than half of the
propagation dolpali9n ] 28hi clFor sthe adaptive me s h refir

characteri sti c slhenggetohmeotfr if=hilgs ifhdikeimuangmrei cal procedure

in MATLAB 2017a and the computation was-7TpP&®0f cCrPide d® o n
3.60GHz and 64GB RAM.

5.3.1.Singleedge notched tension problem

Let us consider a sqgeudage coprlaactke asbcdHuRIdrnigiBed Jihd ghhie@.t e
is subjected to a prescribed vertical di spl acement al

YouBgmodul u, rBoi ®somand the criticB+21@GPearvg0d3 rahdase |
G, =27x10° k N/ mm, respectivel y. T H,e=0.0065gmin.ar iTh ek itacad i par a|

deter mi ntei p heeo @@mam. i s

We use the nmd®helgemneretts )Yydiln fleirgt he | waocdadle maensdh trheef irreeggm
mes hb50e50 el ement & (& Hisg.used for the adaptive mesh r
di spl a¢ e mentas®®6ung otro di spl acement control. The numb

step idpl8&80s0 ganven(2i)n. Fi g.

-20-



0.5m

le |
" 0.5mm " 0.5mm

@)
1
B(t)
0 L L L
0 500 1000 1500 1800
Load step:
(©) (d)

Fig.5.2. Singleedge notched tension problem: (a) geometry and boundary conditions, (b) mesh used for the local
mesh refinement scheme, (c) initial mesh used for the adaptive mesh refinement schemeloaddh{stpry

curve.

When the adapti cdhemesh sr afpiphnenmalnt tshhe changes i n mesh
crack propagatiob. @rFeori Itlhwes tf roautre da miadp yFaicge saeraet epsl wortivtleeed |
in Si3) . I n the curves, tihe yidibeaécit $ ohhal Dlmdgad thneveei o pa re
al so compared with those of Miehe et Balkdb)[ BThbhe&atil
Tabd2e show the specific computati or toibmes vedr rtehsapg o ntdhie
update scheme significantly reduces the solution tin

adaptive mesh refinement scheme is much more computat

- 21 -



(@) (b) (©

Fig.5.3. Mesh geometries and crack patterns foisihgleedge notched tension problem when &)= 0.00539¢

mm (3452 nodes and 3256 element)) 6=0.00554¢mm (4103 nodes and 3886lements) and (c)
6 =0.00585¢mm (5699 nodes and 5398 elements).

=22



Load [kN]
(==}
S

0 1 2 3 4 5 6 7
Displacement [mm] x 10

Local mesh refinement

Local mesh refinement + Adaptive update
—— Adaptive mesh refinement

— Adaptive mesh refinement + Adaptive update

(b)

0.8

Load [kN]
s o
B~ [@)}

e
o

0 1 2 3 4 5 6 7
Displacement [mm] x 10

Miehe et al. [27]

Patil et al. [39]

Tian et al. [43]

Local mesh refinement + Adaptive update
—— Adaptive mesh refinement + Adaptive update

Fig. 5.4. Load-displacement curves on the singlége notched tension problem: (a) when the adaptive update

scheme is used drwhen it is not used, and (b) when compared with previous results.
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Table5.1. Specific computation times required for the sirgtige notched tension problem in Fig2 for the

local mesh refinement scheme.

_ Computation
Numeri cal schemesltems

[ sec] Rati o
Local mesh refineHi story field upd 6863.121. 36
Stiffness constru 22250. 69. 23
Equation solving 2928.59.11
Etc 97.00 030
Tot al 32139. 100.00
Local mesh refineHdi story field upd 2132.36.01

+ Adaptive updateStiffness constru 16034. 45. 12
Equation solving 4535.2 12.76
Etc 364.32 1.02
Tot al 23065. 6491

Table5.2. Specific computation times required for the sirgtiye notched tension problem in Fig2 for the

adaptive mesh refinement scheme.

Computation

Numerical schemesltems i
[ sec] Rati o

Adapti vefmememment Mesh refinement 25. 99 0.514
Hi story field upd 1025.5 21. 24

9.68 0.41
+ Adaptive updateHi story fi l'd upd 54.94 3.21
Stiffness constru 1886.5 39.08

Adaptive mesh refMesh refinement

Stiffness constru 3504.2 72.59
Equation sol ving 252.97 5. 24
Etc 18. 68 0.39
Tot al 4827.4100.00
1
1

D

Equation solving 343.08 7.11
Etc 15.83 0.32
Tot al 2420.050.13
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5.3.2.Singleedge notchedhearproblem

Here, a squareegpdater avdk hi @ csomgib&ed)ad, a80i | BAAt 42t e d
horizont al di splacement is uniformly applied along t}

fixed®& Yooudwl us, rRobi ssoand the criticEd2106Pau=PB, rel eas

and,=27x10° k N/ mm, respectivel y. T Hye=0.0085gmin.ar Thdatoirard i pa

deter mi ntei p heé®naeiaadimm.

The mesh 28l8méemegn(s) 5FHdwyn iisn uBieg. f or tsehdmeaemd me s
the regulbexb0Oenesmewof s used for the adapti vé5nmes h Trheef i n
prescri bed §diss palpapcl €.686dnnyu ntthhd number of the total incre

Bt) i ncreases uniformly.

—_— — — — — — —

Xk 1 \
0.5mm ' 0.5mm

(a) (b) (©)
Fig. 5.5. Singleedge notched shear problem: (a) geometry and boundary conditions, (b) mesh used for the local

mesh refinement scheme, and (c) initial mesh used for the adaptive mesh refinement scheme.

When the adaptive mesh refinement scheméorinse da ddouprti endg,
crack propagati ob6 Rirsg a) s o bdei de ghlea dFebrmetbntta i cnuerdv efsor t he
anal ysis cases}t hientwhiat¢ h r teladeitrli eocatdif dors cael Fiinmy( thihhees h @mws e d
the curves by, MPatBi®l aimtdadBlo.BfilznThke abmpfitation times f
cases are %3 sWhdni bh€adaldsacphte nvee itmse deantprhpwteadt,i on t i me i

about 40% to 50% but there is almost no change in sol

- 25-



(@) (b) ()

Fig6Mesh geometries andi regdagcek npoa tctheerdn ss hfedass0.0p86E0 b1 e m  wi

mm( 3578 nodes an,d (38)8.2112¢€ Imeinle8n3t8 ) node s andand571x) el e

6=0.0129‘mm( 7225 nodes and 6847 el ements)
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@)

0.7
0.6
0.5¢
0.4r
03+
02
0.1

Load [kN]

0 0.004 0.008 0.012 0.016
Displacement [mm]

Local mesh refinement

Local mesh refinement + Adaptive update
— Adaptive mesh refinement

— Adaptive mesh refinement + Adaptive update

(b)

0.7
0.6
— 0.5+
0.4r
03+
0.2r
0.1r
0

Load [kN

0 0.004 0.008 0.012 0.016
Displacement [mm]

Mieche et al. [27]

Patil et al. [39]
— Borden et al. [30]
Local mesh refinement + Adaptive update
— Adaptive mesh refinement + Adaptive update

Fig. 5.7. Loaddisplacement curves on the singlége notched shear problem: (a) when the adaptive update

scheme is used and when it is not used, and (b) when compared with previous results.
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Table5.3. Computation times required for the singlége notched shear problem in Fd.

i ~ Computation ti me

Numerical schemes appli :
[ sec] Rati o [ %]

Local mesh refinement 25661. 514 100. 00
Local mesh Adeptluipeame et + 17699. 75 68.9 7
Adaptive mesh refinemen 3572.66 100. 00
Adaptive mesh refinemen2037. 74 57. 04
We additionally compare the computational efficiency

presentsed[4B29, R&1 .

scheme is employed

shown 54 3dalbl.8iTgh.putami on

Note that initial

Two

and when

mes hes

t

ar

anal ysi s

adaptive

schemes are

casdsmagsrresonwharerred a

ado

mes measured without adap

e provided

Table5.4. Computation time ratios for the singdelgenotched shear problem Fig. 5.5.

in the tabl e

No adaptive scheme used

Adaptive schemes

used

Number of elements (N)

Number of elements

Computation time

ratio [%]

Patil et al. [39] 62500 (250) 2450 73.38
Hirshikesh et al. [42] 20164 (142) 1060 35.83
Tian etal. [43] 78400 (280) 1225 6.02

10000 (100) 2500 31.28
Adaptive mesh refinement 40000 (200) 2500 7.77

90000 (300) 2500 3.37

10000 (100) 2500 17.84
Adaptive mesh refinement

. 40000 (200) 2500 4.43

+ Adaptive udpate

90000 (300) 2500 1.92
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—&— Adaptive mesh refinement

* —&— Adaptive mesh refinement + Adaptive update
30 *  Patil et al. [39]

*  Hirshikesh et al. [42]

*  Tian et al. [43]

Computation time ratio [%]
B
(e

2 2.1 2.2 2.3 2.4 2.5
log(N)

Fig. 5.8. Computational efficiency curves for the singldge notched shear problenFig. 5.5.

5.3.3.Symmetric thregooint bending problem

The thirdasgmokelt e-ineci sthreendonghéeéespbpeéni wénThe, gedmet r
and boundary condi 9% @ans dhe pepisciredecapplispd aBe mpoit nt

const akhRt120&GPrae an80GPa, and the crit iGgan.leaOﬁleN/gmm.r eTheea s e

regul ari zat iloc®03mar ametdet hies rtaidpi uds® noalD.2mime near

We conmésdkr9la7Bel ement5:9( bn fFéog.t he | ocal mesh 4560 i nement

el ementS9%ch Fobpg. the adaptive mesh refidniememdasesheune . |

0.06Emm We wuse 2900 incremental | oadl sthepsn @WIOtdFitghe | oc
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point A

bs - 4
2mm A 1 0.4mm : t B
yT ‘ o.2mm*fT (b)
L, 4mm ‘ 4mm ‘
X (@)
|
B(t)
0 n L
(© 0 1000 2000 2900
Load step

(d)
Fig. 5.9. Symmetric thregoint bendingoroblem: (a) geometry and boundary conditions, (b) mesh geometry for
the local mesh refinement scheme, (c) initial geometry for the adaptive mesh refinement scheme, and (d) load

history curve.

Figld Il lustrates the mesh geamedribgs tdord adrapt hk vpatmeeasmh
during cracki flrlap a gpateiseditssp Itahcee meonaad curves for the f
curves, the | oad i wditrheec trieoan€ iabtb b of i ortttic £ Sidkiy sstp htehcee nhe n t
curves calcul azfe,d Gos whdrgrhia nedtt Acalb. B t[] Baddil wds t{he comput
times with and without the adaptive update scheme tog
The perdopaodsapti ve update scheme provides improved comp

numeri cal exampl es.

(@) (b) (©

Fi 81 0Mesh geometries andsymmetkr ppoatntterrmen dfionrg tphreob |l en

6=0.0469Mm( 2615 nodes and@OBEPAMZ e Sme8MBt M)odes amhd294£6 el

6=0.0543"m (3798 nodes and 3576 el ements).
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@)

0.045

0.015 -

Load [kN]

0 L L 1 L 1 1
0 0.0l 002 003 0.04 0.05 0.06 0.07

Displacement [mm]

Local mesh refinement

Local mesh refinement + Adaptive update
— Adaptive mesh refinement

— Adaptive mesh refinement + Adaptive update

(b)

0.045

Load [kN]

0.015

0 L 1 L L 1 L
0 001 0.02 0.03 0.04 0.05 0.06 0.07

Displacement [mm]

Miehe et al. [27]

Goswarni et al. [41]
— Ambeati et al. [60]
Local mesh refinement + Adaptive update
— Adaptive mesh refinement + Adaptive update

Fig.5.11. Load-displacement curves on the symmetric thpeent bending problem: (a) when the adaptive update

scheme is used and when it is not used, and (b) when compared with previous results.
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Table5.5. Computation times required for the symmetric thweant bending problem in Fig.9.

Computation ti me

Numerical schemes appli :
[ sec] Rati o [ %]
Local mesh refinement 21770. 49 100. 00
Localremkeishement + Adapt 13861. 82 63.6 7
Adaptive mesh refinemen5496.56 10m0
Adaptive mesh refinemen 2959. 41 53. 84
5.3.4.Notched plate with three holes
I n this section, we consider a notched plate with thr

in Bbi¢g39, 48B,]. 6&here are three hoRewertopal mdddpbkaa
prescribed alohg tbp peréeémeaprd Dhet perManteetreiralo fp rtohpee rk
ar e gi lvenms® acso n s\e=a.Mt 6Pa amRd5 GPa, and t he critical e
G, =2.28<10°k N/ mm. The att ¢ gl apta=x0bment e Mhes pedomaRn sk adi us

mm.

For the I ocal me s hmersehf igneedbiteat tireymme(hemg, usbé . @R) shBbomn i
the adaptive mesh refinemen223sdlemae,t st) h& h{pd)nt ii snl Fmed h
For displacement contr ofli,s tihrec rpegldted | D et alu mipé aceime n |

incremental | od&® isntceap aise sl il faoorrdnl vy.
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— / 120mm
10mm O

51mm

@) (b) (©)
Fig.5.12. Notched plate with three holes: (a) geometry and bourtdengitions, (b) mesh geometry for the local

mesh refinement scheme, and (c) initial mesh geometry for the adaptive mesh refinement scheme.

When the adaptive mesh refinement scheme is adopted,
pr optaigo n, as d&e [@ihcet efldo sipl aFciegmernet schuorvvne kidnr HRihge. four anc
casless.the curves, the | oaddiirsedthieon odladng etalted i perr if me tc
5.48bves dhepkatedmurves compared with réPults is pbeer
that the curves obtained using the proposed scheme ar
the ot tberssb.owsi gt.he <cal counpaareedd cwiatchk tphaet hn cmer i c al and
Ambati 6&t d&Nlot e[ that the other studi es 5@l poe semtws vtelr
computation times for the analysis casee.upldibee anenspr oV €

is consistently observed.
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@) (b) (c)

Fig. 5.13. Mesh geometries and crack patterns forrib&ched plate with three holes when @)= 0.37Smm

(4794 nodes and 4554 element®) 6 =0.598mm (7699 nodes and 7200 elements)d (c) 6 =1.03Smm
(6985 nodes and 6633 elements)
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Load [kN]
o o o
S o)} [ere)

=
[\S]
y

0 0.2 0.4 0.6 0.8 1 1.2
Displacement [mm]

Local mesh refinement
Local mesh refinement + Adaptive update

— Adaptive mesh refinement
—— Adaptive mesh refinement + Adaptive update

Fig. 5.14. Load-displacement curves on the notched plate with three hdies the adaptive update scheme is

used and when it is not used.

Load [kN]

0.8

<
o

<
~

0.2

Displacement [mm]

Ambeati et al., 2014 [60]

Patil et al., 2018 [39]

Tian et al., 2019 [43]

Muixi et al., 2020 [44

Local mesh refinement

Local mesh refinement + Adaptive update
— Adaptive mesh refinement

—— Adaptive mesh refinement + Adaptive update

> o m O

Fig.5.15. Load-displacement curves on the notched plate with three holes when compared with results in previous

studies.
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Numerical resul Numerical resul Experimental resu
by Ambati et al by Ambati et al.

Fig.5.16. Calculated crack path compared with the numerical and experimental results by AmbabiCht Bihe

numerical solution is obtained by using the adaptive update scheme with the adaptive mesh refofement

Table5.6. Computation times required for the notched plate with three holes iB.ER).

Computation ti me

Numerical schemes appli

[ sec] Rati o [ %]
Local mesh refinement 6917.37 100.00
Local mesh Adapt neemmenpda 4565. 42 66. 00
Adaptive mesh refinemen 4146.08 100. 00
Adaptive mesh refinemen 2359.78 56 . 92

5.3.5.Singleedge notched shear plate with diama@héped holes

Let us consider a s eulagree cprlaactkeswiatght ddd haongeensd &3¢ @Gdf¢ £cr i b
[ 48]The plate is subjected to a prescribed horizont al

fixed.6 Yonadglsuodn, rRoi 9, and the criB=H2t0aGPwsM.8r, gyanrdel ea

G, =2.7x10° k N/ mm, respectivel y. The000gmun.arT ke pha@amrmpanan

r adiRuisg0.04mm.

The mesh IP¥Peneeéemegnts) used for the | ocal 5mél&h,rahnidner
the initial 328leeslhe ngeecrotnee)t ruys d f or t he adapti be (@ldigsh ref
The prescribéd ndtiremlsee@®mmpnfthoe number of the total inc

andt) uni formly increases.
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—_— — —> —> —> —> —

0.125m
OI O O O
0.25m Oﬁm -Hmm
0.125m <> <> O <>
0.125mn [*,0.5mm._
& &
0.25m
y 0.125m <> <> <> <>
L /S S
e
X 0.12‘5mrr 0.25mm 0.25mm 0.25mmr0.125mrr

@

Fi®l7 Siendgglee notched sheshapédtkhPowesh @apmgedmetry and
mesh geometry for the |l ocahiméah gebimeémegnt oschdme ada:

scheme.

Fig.li8scribes the mesh geometries and crack patterns
the four analylsisplaaementt ber.eBAUTahree |doraadwni si nt hFei gt.ot a
along the dipr edigieonn The computation times ©bedquired
I't is clearly shown that the adaptive updatwi tskc he me

al most no change in the solutions.
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(@)

Fig.5.18. Mesh geometries and crack patterns forsihgle edge notched shear plate with diamaméped holes

when (a) 6 =0.0113¢mm (6933 nodesand 6457 elements)b) 6 =0.0124¢mm (7941 nodes and 7465
elementspnd (c) 6 =0.0144¢mm (12771 nodes and 12064 elements).

0.7
0.6}
_ 05}
Z
204t
203}
o
=02t
0.1}
0

0 0.0025 0.005 0.0075 0.01 0.0125 0.015
Displacement [mm]

Local mesh refinement

Local mesh refinement + Adaptive update
— Adaptive mesh refinement

—— Adaptive mesh refinement + Adaptive update

Fi®glo9L oad spl acement cedgesnomnmchde sheaghapbdt bolwes hwH e ¢

adaptive update scheme is used and when it is not
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Table5.7. Computation times required for teimgleedge notched shear wiliamondshaped holem Fig.5.17.

Computation ti me

Numerical schemes appli :
[ sec] Rati o [ %]
Local mesh refinement 14624. 72 100. 00
Local mesh Adapt nemenpda 8907. 93 60. 91
Adaptive mesh refinemen5043.26 100. 00
Adaptive meshAdaptiineenem 2928. 41 58. 07
5.36. L-shaped panel
An -sthaped panel i's consi @d)ydedd X, iTIHI&yY sptTredstcerd dbiiers Hiigs.p |

applied at &pomondulBus ,YroRIthigesoand the criticeed25.8&nergy r

GPay=0.18 , @.nr=®5 N/ m, respectively. Thlg=2r mgiu | &hiez ataidd nu s

deter mi ntei p hee ®&maiamsm(15

For the I ocal mesh refinement scheme, thé. @@sh Bemome:

the adaptive mesh nrietfiianle nmeensth sgcehoemmeet,r yt h(g3 R#§ eélse mesrtds

The prescri béd 9diaspdlamednduitd intumber of the total i ncr e

increases uniformly.
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L 250mm | 250mm

—3
L AN

250mm

6
point 81

s

30mm

500mm

250mm

(b) (©
Fi®20-shaped panel: (a) geometry and boundary conditio
scheme and (c) initial mesh geometry for the adapti ve

Fig. 211l ustrates theadmeshclhepmeteirnas created by the a
during crack 5p.r2e) a gpateiscediitssflitghcee meonatd curves for the f
curves, the | oad i sditrheec trieoanc tabtodnp of iordtic €p lidaly Ssthtehceg nheonat d
curves calculated by Patil ®2t8Bdws [4D§d @aldc Hli atsdd kersd
with the experi mernlt.alb&8bdswlets b yh eWicnoknipeurt aft hen atdiampe $ vwi
update scheme together with the | ocal and adaptive n

scheme provides i mproved computational efficiency as

- 40 -



(@) (b) (©

Fi®21IMesh geometries andshcarpaecdk ppaantetd@099Esemf O(3aB8)4 henddes a

3718 el ene-®B8X5mm (BP82 nodes and &0I4OEmem ¢ MeOn2t2s4) ,n oadneds (.

9830 el ements) .
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Load [kN]

(e (98} [@)} O
T T T

0 0.2 0.4 0.6 0.8 1
Displacement [mm]

——— Local mesh refinement

Local mesh refinement + Adaptive update
Adaptive mesh refinement

—— Adaptive mesh refinement + Adaptive update

(b)

—_ =
o]

—
(e} w N =} \] W
T T T T T

Load [kN]

0.2 0.4 0.6 0.8 1
Displacement [mm]

o

Patil et al. [40]
—— Hirshikesh et al. [42]
Local mesh refinement + Adaptive update
— Adaptive mesh refinement + Adaptive update

Fi B22Load spl acement -schiarpweeds paametthe (la) when the adapti

when it i s notcounspeadr,e da nwdi &(sbu)b twehveino u s
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Numerical resul Experimental reuslt by Winkl

Fig23Cal cul ated crack path comgdredhei nuomehécakpsesoil me |

by using the adaptive update scheme with the adaptive

Table5.8. Computation times required ftre L-shaped paneh Fig.5.20.

Computation ti me

Numerical schemes appli

[ sec] Rati o [ %]
Local mesh refinement 33347.53 100.00
Local mesh Adapiupeame et + 21775. 64 65. 30
Adaptive mesh refinemen 9719.60 100. 00
Adaptive mesh refinemenb5733. 24 58. 99

5.3.7.Singleedged notched branching problem

Finally,edged snontgdheed branchi ng p44b 64Be m sp rsoopl ovseedd. bGo niM
square platedgiethcraclki odl eé0. 15mQR2ahs. sThhoewnprienscki @ped C

 G(x—1)? i
8

) s applied along the top and bottom edges of t

to symmetry, vhealnfio doefl tohrel yploantee wi th symmetric boundar

in 5igda). BYomodgu!l us, rBbi ssoand the cr Et2062hav=Ber gy r el
an@ =89x10°k N/ mm, respectively. THe 0008ngnu.| aTr h-Eziapt & doonmapianr a

radiRuiss mMm.0 4

The mesh geometry 65QBP5i €| e sadd tnfedsrhi mhed iilpoecme nt s c he me
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mes hb0sf0Cel ement §. Rah) Fiigg.used for the adaptive mesh r

di spl agemecnrte a Dendin ufport odi s pl alce mewmmb erondfr otthe Tt ot al i n
is 10@®@ uvamidf or mly i ncreases.
£ 60()(_1)2

1Imm

1mm

lmm

1
|
18
E
!
!
|
i
i
15
O
NN NN N AN NN NN

(b) (©)
Fi®24Si ngtlge notched branching problem: (@eognedtmegt fyra

the | ocal mesh refinement scheme and (c) initial me s h

Fig.d8Bscribes the mesh geometries and crack patterns
5.8Bows the crack paths calculated by the full and ha
i n R&44%$.. [Note that the half and full model sol utions
and similar sawltth #fh.eR& fedkd eJrilaatcee ment curves for the f ol
in 5i837The only previdospl wcpmehidsHc e@idsv eplaait tReedf .t ofget he

does not well match witah owracrte owml tfo.r ceh-ahil gt it he H log
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the displacement The coomputatidomsti mes required for |
59. I't is clearly shown tcheast tthhee caodmapputtiavtei ounp dtaitnee shcyh e:

al most no change in the solutions.

(b) (©

(a)
Fi 825Mesh geometries and c readcgke pnaotttcehrends bfroarncthh e g sipm

6,=0.0099mm (5634 nodes and,=9029Mme( ad8B0Oshodeb) and 12245

(c®=00848mm (22679 nodes and 21632 el ements).
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symmetric B.C

Full model (Proposet Half model (Proposec

@ (b)

Full model (MuiX et al., 2020 [44 Full model (MuiX et al., 2021 [46
(©) ©)

Fi®g26Crack paths calculated by (a) the full model and,
compared with those by the 4l a&andodiR) sRby. Mua xR mpdat lad

proposed met houwsiamrge tohhea aa dhepdt ibwe update scheme with t
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0.09

0.07 r

0.05 -

0.03 ¢

Load [kN]

0.01

-0.01 : : ' : :
0 002 004 006 008 0.1

Displacement [mm]

Fi §g27Load spl acement cedges non chkbd $Hrmagkéing problem

scheme is uUused samdtwhiesred.

Table5.9. Computation times required ftdre singleedge notched branching problémFig. 5.24.

Computation ti me

Numerical schemes appli

[ sec] Rati o [ %]
Local mesh refinement 31231. 21 100.00
Local mesh Adapt neemenpda 21358. 76 68. 39
Adaptive mesh refinemen 10910. 514 100. 00
Adaptive mesh refinemen 6454.63 50. 16
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