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1-1. Shell structures

« 3D structures with one dimension(thickness), small compared to the other two dimensions

« Curved geometry, light weight, hold applied loads very effectively

Nature




1-1. Shell structures

« Engineering applications : ship, car, airplane, etc.
« Finite Element Method has been dominantly used for the analysis of shells.

- It is still a challenging issue to develop more reliable and effective shell finite elements

for the analysis of general shell structures.




1-1. Shell structures

Shell behaviors

e Bending + membrane + transverse shearing actions

SUN2IE NI

Asymptotic categories

 Three different asymptotic categories are shown with deceasing thickness,
depending on the geometry, loading and boundary conditions.

- Bending-dominated, membrane-dominated, mixed behaviors

. p= log E(e +Az) —log E(e) * £ strain enerqgy, = thickness/Length
log(e + Ag)—log e

- p=1 (membrane-dominated), p=3 (bending-dominated), 1<p<3 (mixed)



1-1. Shell structures

. . < Lee PS and Bathe KJ, Comput Struct 2002;80:235-55.
Asymptotic categories O Lee PS and Noh HC, Journal of KSCE 2007:27(3A): 277-89.

Shell problems Asymptotic behavior (p)

Fully clamped plate Zero Bending-dominated (p=3.0)
Scodelis-Lo roof shell Zero Mixed (p=1.75)

Free cylindrical shell Zero Bending-dominated (p=3.0)
Fixed cylindrical shell Zero Membrane-dominated (p=1.0)
Clamped hemispherical cap Positive Membrane-dominated (p=1.0)
Free hyperboloid shell Negative Bending-dominated (p=3.0)
Fixed hyperboloid shell Negative Membrane-dominated (p=1.0)
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< Negative Gaussian curvature>

< Zero Gaussian curvature >

< Positive Gaussian curvature>



1-2. Shell elements

Flat shell elements

 Simply superimpose a plate bending stiffness and a plane stress
membrane stiffness

- Membrane behavior is not coupled with the plate bending behavior.

Continuum mechanics based shell elements (degenerated shell elements)

« Degenerated from 3 dimensional solid element
- Bending, membrane and transverse shearing behaviors are fully coupled.
- Formulation is straightforward for both linear and nonlinear analyses.

- Dominantly used in most commercial FE software

> AHMAD S et al, Analysis of thick and thin shell structures by curved finite elements. Int J Numer Methods Eng 1970:2:419-51.

< 3-node flat shell elements> < 3-node continuum mechanics based shell elements > 6



1-3. Locking

« If the finite element discretization cannot accurately approximate the pure bending
displacement fields of shells, the solution accuracy deteriorates in bending dominated

and mixed shell behaviors

« Locking phenomenon can be severe when the shell thickness decreases

» DISP3 : 3-node displacement-based triangular element

A p * MITC3 : 3-node MITC triangular element
t
,,,‘,,‘,L x DISP3 MITC3
> 0 0
Convergence 0.6~ i 0.6 /7 /[ |
y studies
A
2L 1.2 - 1.2+ y -
log E, -1.8| . log E,-1.81- .
2.4 - 2.4 .
B tL=1/100 = tiL=1/100
D C 2L A—4A- t/L=1/1000 ',l A—4A- tIL=1/1000
3L ©—©- t/L=1/10000 3 4 ©—©- t/L=1/10000
-3.6 1 1 | | | -3.6 1 1 1 | |
21 15 -09 -0.3 21 15 -09 -03
x log h logh
A B >




1-3. Locking

Free In the bending-dominated shell problem
Strain energy using 1616 meshes

1 1 K3 t/L DISP4 MITC4
=
05 Ebﬁéjjgf 1/100 3.2272E-08 4.5079E-07
y 0 :&JJ’%&' 2L
= 1/1,000 3.4363E-07 4.4696E-04
05 1 )A)’%
P — 1/10,000 3.4385E-06 4.4692E-01
-1 :
0 1T Order of change t/L (t/L)®
X Free i
Locking

Locking categories

Shell element Shear locking Membrane locking m
Vv

3-node - Flat geometry

4-node, 6-node,
9-node, 16-node



1-3. Locking

 Locking treatment

- Reduced Integration = Spurious energy modes
* Stabilization technique
< Zienkiewicz OC et al, Int J Numer Methods Eng 1971,3:275-90

- Enhanced Assumed Strain method = Unknowns are added
* Static condensation on element level
<> Simo JC and Rifai MS, Int J Numer Methods Eng 1990,29:1595-638
< Ramm E and Andelfiger U, Int J Numer Methods Eng 1993:36:1311-37

- Assumed Strain method (ANS, MITC method)
* No spurious energy mode, simple formulation
<> Dvorkin EN and Bathe KJ Eng Comput 1984,1.77-88
<> Park KC and Stanley GM, J Appl Mech 1986,53:.278-90

< 4-node quadrilateral shell element (MITC4) >
S

X : Tying point

%(1+s)e(A)+ (1-s)e!?

0 %(1+r)e(D)+ @-r)el




1-4. MITC shell elements

e Quadrilateral shell elements : MITC4, MITC9, MITC16

 Triangular shell elements : MITC3, MITC6

[  J
@ ®
5 Isotropic triangular shell elements
Isotropic element :
Response is independent of node numbering
3 sequences (3-node : 1-2—-3, 2—3—-1, 3—-1-2)
1

<> Lee PS et al., Comput Struct 2004;82:945-62.
<> Kim DN et al., Comput Struct 2009;87:1451-60.
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1-5. Triangular mesh

 Relatively easy to generate meshes even for complex shell analyses

ional efficiency

, computat

ion

. = Auto mesh generat
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3-node shell element is so effect
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1-6. 3-node triangular shell element

-0.6

-1.2-

logE, -1.81-

24}

—_

Free

Free

In the bending-dominated shell problem

2L

using the isotropic shell elements

» DISP3 : 3-node displacement-based triangular element

* MITC3 : 3-node MITC triangular element

< Convergence studies >

DISP3

B8 tL=1/100
A—4A- t/L=1/1000
©—S- tL=1/10000

-1 -09 -03

log h

MITC4

MITC3
4] 0
0.6 . 0.6
-1.21 . -1.2|
log E,-1.8[ . log E, -1.8}
2.4 . -2.41
5 tL=1/100
A—4A- tIL=1/1000
3k ©-S- t/L=1/10000 3k
-3.6 | | | | | -3.6
21 1.5 -09 -03 -2.1
logh

=1/100
=1/1000
=1/10000

e MITC4 : 4-node MITC quadrilateral element

Performance of shell elements

DISP3 < MITC3 < MITC4

Currently, no available
“Effective 3-node continuum

mechanics based shell element”

12



1-7. Research purpose

Development of the effective 3-node shell finite element

Requirements

(" )

« No spurious zero energy mode

« Spatially isotropic behavior
« Pass the patch tests
 Reliable results for membrane and bending

dominated shell problems

\ J

13



1-8. Requirements

Zero energy mode test

« The unsupported single shell element should pose six zero eigenvalues,

corresponding to the six physical rigid body modes

Isotropic element test

« The response of the single shell finite element should be the same
regardless of the node numbering

- Different sequences of node numberings : 1-+2—3, 2—+3—-1, 3—-1-2

Fully
clamped edge

< A single 3-node triangular shell element for the isotropic test >



1-8. Requirements

Patch tests

« The minimum number of degrees of freedom is constrained to prevent
rigid body motions
« Nodal forces that should result in constant stress conditions are applied

« The constant stress should be calculated to pass the patch test

y
A
(0,10) (10,10)
(4,7)
(8,7)
(8,3)
(2,2)
g X
(0,0) (10,0)

< Triangular mesh used for the patch tests >



1-8. Requirements

Convergence studies Reliable results

« Bending dominated shell problems
- Fully clamped plate, 60° skew plate, free cylindrical shell, free hyperboloid shell
« Membrane dominated shell problems

- Clamped cylindrical shell, clamped hyperboloid shell

7
71 2L

N I

< Cylindrical shell problem > < Hyperboloid shell problem >



1-8. Requirements

Benchmark problems
- A mesh of 96x96 element mesh of MITC9 shell elements

Strain energy ratio (%)

Boundary | Asymptotic

Benchmarks t/L

condition behavior Bending Membrane Transverse
shear
1/100 1.94 98.02 0.03
i =hes '\é'gr":gaatgg 1/1,000 0.32 99.68 0.00
o 1/10,000 0.88 99.92 0.00
Cylindrical
shell
sending. /100 99.77 0.22 0.01
Free-Free dominatge 4 171,000 99.93 0.07 0.00
1/10,000 99.98 0.02 0.00
1/100 416 95.78 0.06
i = '\é'gr":i?]raatgfj' 1/1,000 116 98.84 0.00
. 1/10,000 0.35 99.65 0.00
Hyperboloid
hell
°ne sending. /100 99.11 0.83 0.06
Free-Free dominated 1/1,000 99.99 0.01 0.00

1/10,000 100.0 0.00 0.00



Contents

. Introduction

. MITC3-HR shell element

. MITC3+ shell element
. Mode analysis

. Conclusions

18



2-1. MITC3 shell element

Geometry interpolation
3 3 .
X(r,5,t) = h(r,5)% +%Zaihi(r,s)vn'
i=1 i=1

where h =1-r-s, hy=r, h,=s

Displacement interpolation

U(r,s,t):i:hi(r,s)l]i +%iaihi (r,s) (—\72i05i +\71i,3i)

Assumed transverse shear strain field

~ ~ MITC 2
er',?/”Tcs = egtl) +CS, € 3 _ egt) —Cr
e, = const. where

3 1 3 2
C= (eﬁt) _eﬁt))_(egt) _eét))

e,, = const.



2-2. MITC3-HR shell element

Hellinger-Reissner functional for 3-node shell elements

1. - 1 AT . _a AT
HHR_L(EngCbmgbm—EyA C,7h+7% C v - L Tf8dv + boundary terms

A
. - . (2es ~ _a (266 ) oas
gbm = g§§ = Bme }/ = (zgrtJ = BVU ?/ - [ZEA — B}/ o
287 rt

bm - Bending and membrane strains from the 3-node displacement-based shell formulation

y  :Transverse shear strains from the 3-node displacement-based shell formulation
7 : Approximated transverse shear strains with unknowns

Modified Hellinger-Reissner functional for the MITC3-HR shell element

- T, - 1 _ AT - - T
. _L(_ MITC3T o ZMITCS 27A C yA C M'TC3)dV—_[/quBdV + boundary terms

M
Err

A
- 26 SA_| 285t | _paAz
gblxr/lancs _ ggl\g =M MITC3j 7MITCS =[ st j BMITC3U y _(Zgéj = B?,a
26

gb'\r/'n'TC3 Bending and membrane strains from the MITC3 shell formulation
77MITC3 : Transverse shear strains from the MITC3 shell formulation
= A

y : Approximated transverse shear strains introduced on the rotated contravariant base vectors

< Lee ¥, Yoon K Lee PS. Improving the MITC3 shell finite element by using the Hellinger-Reissner principle. Computers and Structures, 101-111 93-106, Nov 2012. >



2-2. MITC3-HR shell element

g . . _a_[2e& ,
&: 6 =89deg. Approximated transverse shear strains 7" =[;3{J= B}
Er
5 A
€. = a, + ;S ) _
—a with unknowns variables &, @, a3
€t = — @l

Defined on the rotated contravariant base vectors ( fjr g° gt )

Increasing @ (0deg.< & <90deq.)

In-plane
7 twisting axis
g

o Stiffness of the in-plane twisting mode can be reduced

- Improve the performance of 3-node shell elements

< In-plane twisting mode >

21
< Lee ¥, Yoon K Lee PS. Improving the MITC3 shell finite element by using the Hellinger-Reissner principle. Computers and Structures, 101-111 93-106, Nov 2012. >



2-3. Basic tests

Shell elements

[ )
« MITC3 : 3-node triangular shell element

e MITC3-HR : 3-node triangular shell element based on the Hellinger-Reissner principle

o MITC4 : 4-node quadrilateral shell element
. J

Results of basic tests

Shell element Zetojenerdy

Isotropic test

mode test
MITC3 Pass Pass Pass
MITC3-HR Pass Pass Pass
MITC4 Pass Pass Pass

22



2-4. Convergence studies

S-norm for convergence studies

_ =2
Huref _uhHS

H— :
u H
ref S

Relative error E, =
where

A =¢ — &, AzT:_ref_z-h X :Href()?h)

ref

0. - the reference solution obtained by a very fine mesh practically

(a mesh of 96x96 MITC9 shell elements)
0, :the solution of the finite element discretization with Ax V. meshes
(N =4, 8, 16, 32 and 64)

I7 : One-to-one mapping

For optimal convergence behavior for a 3-node shell element
E, = Ch"

his the element size, C must be constant, k=2



2-4. Convergence studies
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2-4. Convergence studies

« Clamped hyperboloid shell problem / uniform mesh

MITC3 MITC3-HR MITC4
0 T T T 0 I I T T T 0 I I T I I
-0.6 . -0.6| . -0.6| .
-1.2+ . -1.2| . -1.2 .
log E, -1.8| - log E,-1.8F . log E, -1.8| .
2.4+ . 2.4} . 2.4 —
-5 tiL=1/100 85 tL=1/100 S5 tiL=1/100
A4 t/L=1/1000 A—4A- t/L=1/1000 A—4A- t/IL=1/1000
3 ©—S- t/L=1/10000 3k ©—S- t/L=1/10000 3 ©—©- t/L=1/10000
-3.6 1 1 1 1 1 -3.6 | | 1 1 1 -3.6 | | | | |
21 -15 -09 -0.3 21 15 09 -03 21 -1.5 -09 -0.3
log h log h logh

* The bold line represents the optimal convergence rate.



2-4. Convergence studies

* Free hyperboloid shell problem / uniform

log E, -1.

MITC3-HR

=& tL=1/100
A—4A- t/L=1/1000
©—© t/L=1/10000

MITC3
0 (]
-0.6| - -0.6|
-1.2| - 1.2+
1.8 — |ogEh-1.8—
2.4 - 2.4
= t/IL=1/100
A—24A- t/IL=1/1000
3 ©—<- t/L=1/10000 3+
-3.6 | | | | | _36
21 -15 -09 -0.3 -2.1
log h
* The bold line

-1.5
log h

-0.9

-0.3

mesh

-0.6

-1.2

logE, -1.8

-2.4

-3.6

-2.1

MITC4

R=m=y
A—A
S

t/L =1/100
t/L =1/1000
t/L =1/10000

represents the optimal convergence rate.

1.5  -0.9
logh

-0.3



2-4. Convergence studies

* Free hyperboloid shell problem / uniform mesh

<@ = 75deg.> <@ = 80deg.> <@ = 85deg.>
MITC3-HR MITC3-HR MITC3-HR
0 0 0 — &
-0.6| . -0.6| . -0.6| .
-1.2f . 1.2 . -1.2| .
log E, -1.8| - log E,-1.8F . logE, -1.8F .
-2.41 . -2.41 . 2.4 .
=5 tiL=1/100 =+ tiL=1/100 85 tL=1/100
A—~A- t/lL=1/1000 A—4A- t/L=1/1000 A—A- t/L=1/1000
3k ©—©- t/L=1/10000 3 S-S t/L=1/10000 3L ©-S- t/L=1/10000
3.6 | | | | | 3.6 | | | | | 3.6 1 1 1 1 1
2.1 1.5 0.9 -0.3 21 15 -09 -03 21 15 09 -03
logh log h log h

In-plane

/ twisting axis
—

- Improve the performance

< In-plane twisting mode >

3-node triangular shell element

<@ = 90deg.>
MITC3-HR
0 T T o Ay
0.6 .
-1.2f .
log E,-1.8F .
2.4 .
=& t/L=1/100
A—74A t/L=1/1000
3 ©—5- t/L=1/10000
3.6 1 1 1 1 |
21 15 -09 -0.3
log h

« Stiffness of the in-plane twisting mode must be reduced

27



2-4. Convergence studies

« Clamped hyperboloid shell problem / distorted mesh

MITC3 MITC3-HR MITC4
0 —— O 0 ——
-0.6 . -0.6- - -0.61 .
-1.21 . -1.2- . -1.21 —
log E, -1.81- - log E,-1.81- - log E,-1.8 -
2.4+ . 2.4 . 2.4} -
85 tL=1/100 5 tiL=1/100 == t/L=1/100
A—4A- t/IL=1/1000 A—4A- t/L=1/1000 A—4A t/L=1/1000
3L ©—S- t/L=1/10000 3 ©—S- t/L=1/10000 3k ©—6- t/L=1/10000
3.6 | | | | | -3.6 | | | | | 3.6 | | | | |
21 15 -09 -03 21 -15 -09 -03 21 15 -09 -03
logh logh log h

* The bold line represents the optimal convergence rate.



2-4. Convergence studies

* Free hyperboloid shell problem / distorted mesh

MITC3-HR

& tL
A—4A- tIL
©—S L

=1/100
=1/1000
=1/10000

MITC3
0 0
0.6 : 0.6
1.2 8 1.2
log E, 1.8 . log E, -1.8
2.4 . 2.4\
B85 tL=1/100
A—A- t/L=1/1000
3L ©—6- t/L=1/10000 3
3601111 -3.6
21 15 09 -03 2.1

.Iog h .

* The bold line

-1.5 -09 -03

log h

-0.6-

-1.21-

logE,-1.8

-2.4

MITC4

85 tiL=1/100
A—A- t/L=1/1000
©—S- t/L=1/10000

represents the optimal convergence rate.

-1.5 -09 -0.3

.Iog h



2-4. Convergence studies

MITC3-HR shell element
Summary of convergence studies using the s-norm

Benchmarks Boundary Shell behavior Mesh Performance
condition pattern

Uniform MITC3 < MITC3-HR < MITC4

Square plate Fully clamped Bending-dominated
Distorted MITC3 < MITC3-HR < MITC4
60° skew plate  Simply supported  Bending-dominated Distorted MITC3 < MITC3-HR < MITC4

Uniform MITC3 = MITC3-HR = MITC4

Membrane-
Clamped-Clamped dominated
Cylindrical Distorted MITC3 = MITC3-HR = MITC4
shell Uniform  MITC3 = MITC3-HR =~ MITC4
Free-Free Bending-dominated
Distorted MITC3 < MITC4 < MITC3-HR
VI Uniform MITC3 = MITC3-HR = MITC4
Clamped-Clamped dominated
Hyperboloid Distorted MITC3 = MITC3-HR = MITC4
shell Uniform  MITC3 < MITC3-HR < MITC4
Free-Free Bending-dominated

Distorted MITC3 < MITC4 < MITC3-HR

30
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Improving the MITC3 shell finite element by using the Hellinger-Reissner principle

Youngyu Lee,|Kyungho Yoon, Phill-Seung Lee *

Division of Ocean Systems Engineering, Korea Advanced Institute of Science and Technology, 291 Daehak-ro, Yuseong-gu, Dagjeon 305-701, Republic of Korea

ARTICLE INFO ABSTRACT
Article history: The objective of this study is to improve the performance of the MITC3 shell finite element. The
Received 12 December 2011 Hellinger—Reissner (HR) variational principle is modified in the framework of the MITC method, and a

Accepted 5 July 2012
Available online 1 August 2012

Keyvwords:

Shell structures

Finite elements
Hellinger—Reissner principle

MITC method

special approximated transverse shear strain field is proposed. The MITC3-HR shell finite element
improved by using the Hellinger-Reissner functional passes all the basic tests (zero energy mode test,
patch test, and isotropic element test). Convergence studies considering a fully clamped plate problem,
a sixty-degree skew plate problem, cylindrical shell problems, and hyperboloid shell problems demon-
strate the improved predictive capability of the new 3-node shell finite element.

© 2012 Elsevier Ltd. All rights reserved.

1. Introduction

Shell structures have been widely used in many engineering
applications, and the finite element method has been dominantly
adopted for the analysis of shells. Since the effectiveness of a shell
finite element analysis depends highly on the predictive capability

The MITC3 triangular shell finite element shows much better
predictive capability than the displacement-based 3-node triangu-
lar shell finite elements and other 3-node isotropic triangular shell
finite elements [15,18]. However, the locking alleviation by MITC3
is not as large as that by MITC4; that is, the accuracy of the solu-
tions is not as good as that of the MITC4 quadrilateral shell finite

31
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3-1. MITC3+ shell element

t Bubble node

§ Bubble function f, =27rs(1-r-s)

S

Barycenter

a4\7n4 = %(alvnl + a2\7n2 + a3\7n3)

On rotations

Key idea

« The cubic bubble node for the rotations is positioned on the flat geometry
- Enrich the bending displacements
- Membrane locking is not present, effective in geometrically nonlinear analysis
- Providing compatibility with a 4-node shell element
- Static condensation can be carried out on the element level for the bubble node

« New assumed transverse shear strain field

A ACONSt alinear A ACONSt. alinear

€i=6; +E4 €t =6¢ €

33
< Lee Y, Lee PS, Bathe KJ. The MITC3+ shell element and its performance. Computers and Structures, 138, 12-23, Jul 2014. >



3-1. MITC3+ shell element

t Bubble node s Geometry interpolation

3 4 ~.
X(r,s.0) =3 h (r,9)%, +%Zai £ (r, )V
i=1 i=1

: w4 1, 5 = =
with  a,V,' = 3 (Vi +ayVy +agVy),
f, =27rs—r-s),

1 1 1
fl:h1_§f4’ fa =h2—§f41 f3:h3_§ fs

Displacement interpolation

(s = 2.9 %iai fi(r,s) (Vs +V, B)

New assumed transverse shear strain field

« No spurious zero energy mode, isotropic, pass patch tests and presents excellent
convergence behavior
- Tying points for the covariant transverse shear strains should be inside of the element

- The stiffness of in-plane twisting mode must be reduced

34
< Lee Y, Lee PS, Bathe KJ. The MITC3+ shell element and its performance. Computers and Structures, 138, 12-23, Jul 2014. >



3-1. MITC3+ shell element

Assumed transverse shear strain field(MITC3)

_Barycenter

~MITC3 ~const ~linear
e, =€ " +e,

~MITC3 ~const ~linear
e, =€, +e

Separation
< Undeformed geometry >
~const __ = MITC3 e® (2) 3 (3
ert _ert s 1/3 ( +- e ) (e e )
In-plane
/ . . .
|y~ twisting axis —const | ~MITC3 1
B e® &N 3 _ a0
est T st r1/3 ( +- e )+3(es e )
~ i _~ -~ 1
eIrltlnear — erlt\/IITCS e(:onst _ —C(3S _1)
3
< n- . S . _ _ 1
In-plane twisting mode esltmear ZeSItWTCS gonst — §C(1 3r)

< Lee Y, Lee PS, Bathe KJ. The MITC3+ shell element and its performance. Computers and Structures, 138, 12-23, Jul 2014. >



3-1. MITC3+ shell element

Barycenter

New tying scheme
Along edge directions

o Byp 20
rt 3 2t 3 3t

\/g (A) _\/E (C)

€. =—=¢e —e
st 3 1t 3 3t
v10
A _ (A) (B)
eqt T (e - e )

S
4
1
X : Tying points

2/3

2

eg?)

1/6

&

0l 1/6 2/3 1 r

Constant transverse shear strain field

A const A (B)
e, e (e

1
(B) ©) 4 a(©)
e )+3(ert + €

éconst — ést (e(A)

st

(A))+ (e(C) +e(C))

< Lee Y, Lee PS, Bathe KJ. The MITC3+ shell element and its performance. Computers and Structures, 138, 12-23, Jul 2014. >
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3-1. MITC3+ shell element

S
4
Linear transverse shear strain field
1
X : Tying points _ . 1
ginear _Laag_qy gl _ 56@-3n)
with
1 =P -eP)-(P-eP) d=1/10,000
0 < >"~L 1 Vr
2d d A aconst. . alinear
€r=€r  +en
s
A A aconst. ~linear
& =64 +Eg
1 . - -
X Tying points New assumed transverse shear strain field
2/3 (4)
R 2 1 1
X 6, =2(e® _Le®y,l (e )+ 2e(@s )
3 2 3
egt-'?)
1/6 e (e(A) ze(A))+ (e(C) (C))+ C(l 3r)

Fr— 1/6 2/3 1 v

37

< Lee Y, Lee PS, Bathe KJ. The MITC3+ shell element and its performance. Computers and Structures, 138, 12-23, Jul 2014. >



3-2. basic tests

Shell elements

3-node .
Transverse shear strains
elements

MITC3i Standard interpolation function New assumed transverse shear strain field

MITC3+ Cubic bubble function on rotations New assumed transverse shear strain field

Results of basic tests

Shell element Zero energy Isotropic test Patch test
mode test

MITC3i Pass Pass Pass

MITC3+ Pass Pass Pass
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3-3. Convergence studies

e Fully clamped plate problem under uniform pressure

A L=1.0
q y _ ,
l E=17472%x10
S q=1.0
A v=0.3
y y
A A
2L 2L
D C 2L D C

(a) (b)



3-3. Convergence studies

e Fully clamped plate problem under uniform pressure

MITC3 MITC3i MITC3+ MITC4
0 0 0 I T I I T 0 I I T
0.6 / . 0.6 1/ - 0.6 . 0.6 .
.21 : 12| , - .24 -1.2f s
log E, -1.8 . - log E, -1.8} - log E,-1.81 logE, -1.81 -
241 - 24 - 2.4 2.4 -
== tIL=1/100 y =& tiL=1/100 =1/100 B t/L=1/100
A—4A- tIL=1/1000 /. A—A- tIL=1/1000 =1/1000 A—4A- t/IL=1/1000
3k A -©—6©- tIL=1/10000 3k ‘ -©—6©- t/L=1/10000 Y. =1/10000 3+ ©—©- t/L=1/10000
-3.6 | | 1 ] ] -3.6 | | | | 1 -3.6 -3.6 1 1 1 1 1
21 15 -09 -03 21 -15 -09 -0.3 214 15 -09 -0.3 21 -15 -09 -0.3
log h logh log h log h

* The bold line represents the optimal convergence rate. The solid and dotted lines correspond to the results

obtained by the mesh patterns in (a) and (b), respectively.



3-3. Convergence studies

« Hyperboloid shell problems

05 =

Yy o
)

0.5 )ﬁ%

i
i
\L\E

L
1l
il
L
N
S

X +2° =1+y?% yel-1 1]

2L

(a)

N

I~
N

~
e

(b)

P(6) = p,cos(2 6)

1

0.5 |-

p(6)/p, 0

0.5 -

-1
0 30 60 90

« £ =20x101, v =1/3
- Clamped-clamped :

membrane-dominated
- Free-Free :

bending dominated



3-3. Convergence studies

« Clamped hyperboloid shell problem / uniform mesh

MITC3
Or—T7T—71—T1T1 1
-0.6 -
1.2 -
log E, -1.8[ =
-2.41 —
B tiL=1/100
A—A- t/IL=1/1000
3k ©—6- t/L=1/10000
-3.6 | | | | |
-2.1 -15 -09 -03
log h

log E,

* The bold line represents the

MITC3I
0 T T T 1
-0.6 -
-1.2 —
-1.8 o
-2.4 -
S& tiL=1/100
A—A t/L=1/1000
3 ©—5- t/L=1/10000
-3.6 | | | | |
2.1 -1.5 -0.9 -0.3
log h

MITC3+
0 T T T T
-0.6 .
-1.2 -
log E, -1.8 .
-2.4 .
S t/L=1/100
A—4A- t/L=1/1000
-3 ©—S- t/L=1/10000
-3.6 | | | |
21 -15 -0.9 -0.3
log h

optimal convergence rate.

log E,

MITC4
0 R . B
-0.6 -
1.2k .
-1.8 —
-2.4f -
S5 YL=1/100
A—A YL=1/1000
a3k ©-9 YL =1/10000
-3.6 | | | | |
2.1 -1.5 -0.9 -0.3

logh



3-3. Convergence studies

* Free hyperboloid shell problem / uniform mesh

MITC3 MITCS3i MITC3+ MITC4
0 0 0 — T T T T Or——T7T—71—T1 711
-0.6 — -0.6- — -0.6 — -0.6 -
1.21 — 1.2F — 1.2} - 12| -
log E, -1.8F . log E, 1.8 . log E, -1.81- . log E, -1.8
-2.4F - 2.4} - 2.4 - 2.4
B tL=1/100 -5 tL=1/100 B8 tiL=1/100 =1/100
A4 YL=1/1000 A—A L =1/1000 A—A t/L=1/1000 =1/1000
3L ©-0 t/L=1/10000 3L ©-© 1L =1/10000 a3k ©-6- t/L=1/10000 3k =1/10000
-3.6 | | | | | 3.6 1 1 | | 3.6 1 1 1 | | -36
-2.1 -1.5 -0.9 -0.3 2.1 -1.5 -0.9 -0.3 -2.1 -1.5 -0.9 -0.3 2.1 -1.5 -0.9 -0.3

log h log h

* The bold line represents the optimal convergence rate.

logh log h

Relative error using 1616 meshes

74.24%
99.65%

1/1,000
1/10,000

0.47%
0.48%

0.22%
0.22%



3-3. Convergence studies

log E,

« Clamped hyperboloid shell problem / distorted mesh

MITC3

-1.2

88 tL=1/100
A4 t/L=1/1000
©—& t/L=1/10000

MITC3i
0 I
-0.6 =
1.2 -
log E,-1.8 .
2,41 =
B8 tL=1/100
A—A t/L=1/1000
3L ©—6- t/L=1/10000
-3.6 | | | |
-2.1 -1.5 -09 -03
logh

* The bold line represents the

MITC3+
0 T T T 1
-0.6- —
-1.2 —
log E, -1.8| .
2.4 -
=8 tL=1/100
A—A- t/L=1/1000
3k ©-6- t/L=1/10000
3.6 1 1 | 1 1
-2.1 1.5 -09 -03
log h

optimal convergence rate.

MITC4

-0.6

-1.21

logE,-1.8

-2.41

85 tiL=1/100
A—A- t/L=1/1000
©—6- t/L=1/10000




3-3. Convergence studies

* Free hyperboloid shell problem / distorted mesh

MITC3 MITC3i MITC3+ MITC4
0 0 0 T T T 1 0
-0.6| . 0.6 . -0.6| . 0.6 .
1.2+ . 1.2f . 1.2F . 1.2 .
log E, -1.8 . log E, -1.8| . log E,-1.81 . log E, -1.8F- .
2.4 . 2.4 . 2.4 . 2.4 .
B tL=1/100 == tiL=1/100 8- t/iL=1/100 =& tiL=1/100
A—A- t/L=1/1000 A—A t/L=1/1000 A—4A- t/L=1/1000 A—4A- t/L=1/1000
3 ©—S t/L=1/10000 3k S-S 1/L=1/10000 3 ©—S- t/L=1/10000 3 ©—©- t/L=1/10000
-3.6 | | | ] ] 36 ] ] ] 1 | -3.6 1 1 1 ] | 3.6 | | | | 1
21 15 -09 -03 21 15 09 -03 21 -15 -09 -03 21 15 09 -03

log h logh

* The bold line represents the optimal convergence rate.

logh log h

Relative error using 1616 meshes

91.94%
99.9%

5.02%
5.59%

91.11%
99.91%

1/1,000
1/10,000



3-3. Convergence studies

Strain energy ratio / uniform mesh

- A mesh of 16x16 element mesh of MITC3+ shell elements

Strain energy ratio (%)

Boundary | Asymptotic Transverse

LGRS condition behavior Bending Membrane shear
MITC3+ Ref. MITC3+ Ref. MITC3+ Ref.
. ~1/100 1.89 194  98.05 9802 0.06 0.03
FF'i’;ee‘fj “ggrr:ﬁ]?tzz 1/1,000 0.21 032 9976  99.68 0.03 0.00
1/10,000 0.19 088  99.77  99.92 0.03 0.00
Cylindrical
shell
) . 1/100 99.76 9977  0.23 0.22 0.01 0.01
FFrreez diem”idn';‘?e 171,000 99.98 9993  0.02 0.07 0.00 0.00
1/10,000 100.0 9998  0.00 0.02 0.00 0.00
. ~1/100 3.72 416  96.21 9578 0.08 0.06
FF'i’;ee‘fj '\é'gm]ftr:; 1/1,000 0.90 116  99.07  98.84 0.03 0.00
1/10,000 0.27 035  99.69 9965 0.04 0.00
Hyperboloid
shell
) . 1/100 99.17 9911  0.81 0.83 0.03 0.06
FFrriee diem”idn';‘tge 171000 99.99 9999  0.01 0.01 0.00 0.00
1/10,000 99.99 1000  0.00 0.00 0.01 0.00

* Reference solutions are obtained by the 9696 element mesh of MITC9 shell elements.
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3-3. Convergence studies

Strain energy ratio / distorted mesh

- A mesh of 16x16 element mesh of MITC3+ shell elements

Strain energy ratio (%)

Boundary | Asymptotic Transverse

LGRS condition behavior Bending Membrane shear
MITC3+ Ref. MITC3+ Ref. MITC3+ Ref.
. ~1/100 2.94 194  96.67 9802 0.40 0.03
FF'i’;ee‘fj “ggrr:ﬁ]?tzz 1/1,000 0.66 032  98.89 99.68 0.45 0.00
1/10,000 0.74 088 9882  99.92 0.44 0.00
Cylindrical
shell
) . 1/100 98.80 9977 113 0.22 0.06 0.01
FFrreez diem”idn';‘?e 171,000 99.61 9993  0.39 0.07 0.00 0.00
1/10,000 99.53 9998  0.39 0.02 0.08 0.00
. ~1/100 3.38 416 9641 9578 0.21 0.06
FF'i’;ee‘fj '\é'gm]ftr:; 1/1,000 0.59 116  99.24 9884 0.17 0.00
1/10,000 0.65 035 9918 9965 0.17 0.00
Hyperboloid
shell
) . 1/100 9894 9911 0091 0.83 0.15 0.06
FFrriee diem”idn';‘tge 171000 99.85 9999  0.15 0.01 0.01 0.00
1/10,000 99.75 1000  0.04 0.00 0.22 0.00

* Reference solutions are obtained by the 9696 element mesh of MITC9 shell elements.
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3-3. Convergence studies

MITC3+ shell element

Summary of convergence studies using the s-norm

Benchmarks Boun.d .ary Shell behavior Mesh Performance
condition pattern

MITC3 < MITC3+ = MITC4

Square plate Fully clamped

60° skew :
plate Simply supported
Clamped-
o Clamped
Cylindrical
shell
Free-Free
Clamped-
. Clamped
Hyperboloid
shell
Free-Free

Bending-dominated

Bending-dominated

Membrane-
dominated

Bending-dominated

Membrane-
dominated

Bending-dominated

Uniform

Distorted

Distorted

Uniform
Distorted
Uniform
Distorted
Uniform
Distorted
Uniform

Distorted

MITC3 < MITC3+ = MITC4

MITC3 < MITC3+ = MITC4

MITC3 = MITC3+ = MITC4
MITC3 = MITC3+ = MITC4
MITC3 = MITC3+ = MITC4
MITC3 < MITC4 < MITC3+
MITC3 = MITC3+ = MITC4
MITC3 = MITC3+ = MITC4
MITC3 < MITC3+ = MITC4
MITC3 < MITC4 < MITC3+
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3-4. Classical convergence studies

3-node shell elements

Shell

elements

MITC3 +

A3
(ANSYS)

S3
(ABAQUS)

TRIC

15

18

18

18

Membrane
Strains

Displacement-based

* Reduced Integration

(stabilization scheme)

» Enhanced Assumed

Strain

 Axial strain modes
« Drilling rotational

modes

Bending Transverse shear
strains strains

Displacement-based Assumed strain

Reduced Integration .
o Assumed strain
(stabilization scheme)

' Reduced Integration
Displacement-based o
(stabilization scheme)

» Symmetric bending modes

» Antisymmetric bending + shear modes

Static condensation

Collapsed

(4node—3node)

Collapsed
(4node—3node)

Natural mode

method
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3-4. Classical convergence studies

e Fully clamped plate problem under uniform pressure
-1 =10, £=17472x107, g = 1.0, v = 0.3

t/L=1/100
- Displacement(w() is normalized by the analytical solution 1.2 , , ,
R c—_ - X
z 5
A ° 0.8} .
9 t 3
° 0.6} oo MITC4 -
J, X ° AL MITC3+
A A A A A A A A E A3
A > T 04} *—x §3 -
£
2 0.2 -
y 0 I ] ]
A 0 8 16 24 32
2L
N
t/L=1/10,000
1.2 , , ,
N Lo = = $
V]
D C s o8}
2L % S—S- MITC4
0 A—L- MITC3+
© 06 - —+—+ A3 -
K x—x S3
% 04l < TRO _
E
A B . ' |
0 8 16 24 32



3-4. Classical convergence studies

« Pinched cylindrical shell with rigid diagrams

-R=L=10, £=3.0x107, t=0.01, v =03

- Displacement(w,) is normalized by the analytical solution

1.2

0.8

0.6

0.4

Normalized displacement

0.2

3232 meshes of MITC3+

Shell

o—o- MITC4
A—A- MITC3+
—+—+ A3

>—¢ 83 -
<—<% TRIC

0 8 16 24 32

Strain energy ratio (%)

. Bending Membrane Transverse shear
behavior

MITC3+ Ref.  MITC3+ Ref. MITC3+ Ref.

Mixed 60.60 61.40 38.76 37.35 0.63 1.25

* Reference solutions are obtained by the 9696 element mesh of MITC9 shell elements.
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3-4. Classical convergence studies

« Hemispherical shell subjected to alternating radial forces

- R=10.0, £ = 6.825x107, ¢t = 0.04, v = 0.3
- Displacement(u,) is normalized by the analytical solution

Z
18°
- 1.2 | | |
D ree C -
c 1 S
:
k- 0.8
&
g E‘Z o 06} ©—O- MITC4
g > e
T 0.4 >—% 83 -
£ ©—% TRIC
S 0.2} _
0 ] ] ]
P P 0 8 16 24 32
X A B y N
/ Free

16<16 meshes of MITC3+

Strain energy ratio (%)

Shell

. Bending Membrane Transverse shear
behavior
MITC3 + Ref. MITC3 + Ref. MITC3 + Ref.
SEliflTies 99.44 9918  0.54 0.71 0.01 0.11
dominated

* Reference solutions are obtained by the 9696 element mesh of MITC9 shell elements.



3-5. Geometric nonlinear analysis

ions)

isplacements and large rotat

ion (large d

ian formulat

X Total Lagrang

Ion

1zat

Iscret
- Collaborated with Jeon HM

- Same d

tions employed in the linear formulat

Ion assump

initial mesh

t load >

n

| shell under po

< Clamped semi-cylindrica

< Cantilever plate under end moment >
P=0.5P,,,

MITC3+

MITC3

MITC4

MITC3+

MITC3

MITC4

P=P,,

SN
SOSA

2
)

S
“

N

>

N
R

NS

A
AN
AR
NN

N

2

L
W

Y

N

2

£
«»4;
A@v
N

=

Z
14

Y

X1
V
J

7
(\

7

”7/
X))
i

)

MITC3+

MITC3

MITC4

MITC3+

MITC3

MITC4
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< Slit annular plate under end shear force >

< Hemispherical shell subjected to alternating radial forces >



3-6. Papers
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In this paper, we present an effective new 3-node triangular shell finite element, called the MITC3+ ele-
ment. The new shell element is based on the concepts earlier published for the MITC3 shell element (Lee
and Bathe, 2004) [1] but is enriched by a cubic bubble function for the rotations. A new assumed trans-
verse shear strain field is developed for the element. The shell element passes the three basic tests (the
isotropy, patch and zero energy mode tests) and shows excellent convergence behavior in basic and
encompassing convergence tests.
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1. Introduction

3-node triangular MITC3 element is useful, the element is not opti-
mal in its convergence behaviors [1,11].
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In this paper, we present the MITC3+ shell finite element for geometric nonlinear analysis and demon-
strate its performance. The MITC3+ shell element, recently proposed for linear analysis 1], represents
a further development of the MITC3 shell element. The total Lagrangian formulation is employed allow-
ing for large displacements and large rotations. Considering several analysis problems, the nonlinear
solutions using the MITC3+ shell element are compared with those obtained using the MITC3 and MITC4
shell elements. We conclude that the MITC3+ shell element shows, in the problems considered, the same
excellent performance in geometric nonlinear analysis as already observed in linear analysis.

© 2014 Elsevier Ltd. All rights reserved.

1. Introduction

due to the highly sensitive and complex behavior of shell struc-

During the last decades, the finite element method has been
widely used for the analysis of shell structures, However, although
a great effort has been expended to develop an effective 3-node

An important point is that to generate meshes for a triangular
shell element is relatively easy, even for complex shell analyses.
In addition, an effective 3-node shell element would be attractive

Due to significant efforts over the past decades, the finite ele-
ment method has become a powerful tool for the linear and non-

tures (categorized as bending dominated, membrane dominated
and mixed behaviors), in particular, when the shell thickness is
small [3,4]. Then a shell finite element discretization frequently
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4-1. Single right-angled triangular element

Shell elements

 DISP3 : 3-node displacement-based triangular element
« MITC3 : 3-node MITC triangular element
« MITC3+ : 3-node MITC triangular element enriched by bubble function on rotations

o M I .
Eigenvalues Static mode analysis

m mITC3 MITC3 +

2.8000E+01 6.6764E-07 6.6685E-07
2.8000E+01 Bl 8.1455E-07 B2 7.9621E-07 B2

7

e ™ 2.8000E+01 B2  2.4924E-06 B3  2.4921E-06 B3
[=1.0 10 2.8000E+01 B3 3.6928E+01 T  8.3107E-06 Bl+
12 83813E+02 M  83813E+02 M  1.4128E-05 B2+
t=1/10,000
13 1.1200E+03 S2  11760E+03 S2  4.6667E+02  S1
. v =203 ) 14 13440E+03 M  13440E403 M  8.3813E+02 M

15 3.0019E+03 M 3.0019E+03 M 1.1760E+03 S2
- = 1.3440E+03 M

- - 3.0019E+03 M

=
(o)}

[
~N

B: Bending modes, T: In-plane twisting mode,
S: Transverse shearing modes, M: Membrane modes,

B+: Bending modes due to the bubble function enrichment. 56



4-1. Single right-angled triangular element

« MITC3 shell element

<Bending mode B1> <Bending mode B2> <Bending mode B3>

o.7 © Bending axis 2-b
Bending axis 1 AN \
N . / % \
a : AN\ Bending axis 3
IR
|
N
>t Bending axis 2-a
zZ NN
| N
| AN
; ST S o o
‘ o X A '@ X
. Z| section,
/ AN
y4 AN

Strain fields

_ Bending mode B1 Bending mode B2 Bending mode B3

Eigenvalue 6.6764E-07 8.1455E-07 2.4924E-06
&,= 02692 &= -0.8532 &,= 09632z
Bending strains g, = 0269z g, = 0853z g, = 0963z
Vygr= =hulo V= 0.0 Vgp= =iz
Transverse shear Viz = 0.0 Viz = 0.0 Viz = 0.0
strains yyz= 0.0 yyz= 0.0 yyz= 0.0
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4-1. Single right-angled triangular element

« MITC3+ shell element

<Bending mode B1+>

y

Strain fields

- Bending mode B1+ Bending mode B2+

Eigenvalue

Bending

strains

Transverse

shear strains

8.3107E-06
Eq = [0.019 - 21.3(s - 2r5 - 9]z
g, = [-0.019 + 21.3(r- 2rs - M)z
V= 213(r-s- P +s)z

Vxz= 0.0
Y,-= 0.0

<Bending mode B2+ >

1.4128E-05

&= [-0.001 - 21.8(s - 2rs - 9]z
g, = [-0.001 - 21.8(r - 2rs - M)z

V= [-0.064 - 21.8(r + 5 - 4rs -1 5]z

Vxz= 0.0
Y-= 0.0

<In-plane twisting mode>

In-plane twisting mode
(d=1/10,000)

1.3599 E-05

Ex=[-0.514 + 149(s - 2rs - 9]z
&, = 10514 - 1.49(r - 2rs - Az
V= 149(r-s- 7 +s9)z

Vi = 1.99d (1 - 35)

Yz = 1994 (-1 + 3n
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4-2. Assemblage of two right-angled triangular elements

Eigenvalues

m
7.2000E-07 9.9556E-07 9.3805E-07
" 7.2000E-07 BL2 1.1200E-06 BC2  1.0608E-06 BC2
] 99556E-07 BC1  20800E-06 BC3  19629E-06 BC3
1.1200E-06 BC2  3.2000E-06  BL2 3.0544E-06  BL2
2.0800E-06 BC3  3.4167E+01 BLL  8.9316E-06 BQL+
5.6000E+01 TQ 5.6000E+01 TQ 1.1912E-05  BQ2+
50400E+02 BC4  84000E+02 SQL  14173E-05 TQ
‘4 84000E+02 SQL  9.1783E+02 SQ2  1.5159E-05 BL1
< 84000E+02  SQ2  13440E+03 MQ 1.6660E-05  BQ3+
8.6400E+02  MQ 13440E+03  MQ 9.33336+01  BQ4+
e 8.6400E+02  MQ 13440E+03 MQ  80267E+02  SQI
[=10 13440E+03  MQ 15120E+03 BC4  84000E+02  SQ2
£ = 17479%107 13440E+03 MQ  24960E+03 MQ  13440E+03  MQ
DI 24960E+03  MQ 3.8400E+03  MQ 13440E+03  MQ
t = 1/10,000 | 21 | - - 1.3440E+03  MQ
v =03 22 | - - 15493E+03  BC4
. 23 | : : 24960E+03  MQ
e - . 3.8400E+03  MQ

BC : Bending modes with constant bending strain fields

BL : Bending modes with linear bending strain fields

TQ : In-plane twisting mode, SQ: Transverse shearing modes
MQ : Membrane modes

BQ+ : Bending modes due to the bubble function enrichment
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4-2. Assemblage of two right-angled triangular elements

&(D)

X : Tying points

2dd

d | = In-plane twisting mode T

for one element |

Eigenvalues (MITC3+)

9.3805E-07
1.0611E-06
1.9629E-06
3.0544E-06
11 9.7882E-06
12 1.1912E-05
1.6660E-05
1.2767E-01
1.2768E-01
9.3340E+01
17 8.0267E+02
8.4001E+02

1.5493E+03

BC2
BC3
BL2
BQ1+
BQ2+
BQ3+
TQ
BL1
BQ4+
SQ1
SQ2
BC4

9.3805E-07
1.0611E-06
1.9629E-06
3.0544E-06
9.7846E-06
1.1912E-05
1.6660E-05
1.2782E-03
1.2783E-03
9.3333E+01
8.0267E+02
8.4000E+02
1.5493E+03

BC2
BC3
BL2
BQ1+
BQ2+
BQ3+
TQ
BL1
BQ4+
SQ1
SQ2
BC4

9.3805E-07
1.0545E-06
1.1303E-06
1.5394E-06
1.9629E-06
3.0544E-06
1.0320E-05
1.1912E-05
1.6660E-05
9.3333E+01
8.0267E+02
8.4000E+02
1.5493E+03

BC: Bending modes with constant bending strain fields

BL: Bending modes with linear bending strain fields

BC2
BL1
TQ
BC3
BL2
BQ1+
BQ2+
BQ3+
BQ4+
SQ1
SQ2
BC4

TQ: In-plane twisting mode, SQ: Transverse shearing modes

BQ+: Bending modes due to the bubble function enrichment

9.3805E-07
1.0099E-06
1.0522E-06
1.4140E-06
1.9629E-06
3.0544E-06
1.0312E-05
1.1912E-05
1.6660E-05
9.3333E+01
8.0267E+02
8.4000E+02
1.5493E+03

m d=1/100 d=1/1,000 d=1/100,000 “

BL1
BC2
TQ
BC3
BL2
BQ1+
BQ2+
BQ3+
BQ4+
SQ1
SQ2
BC4
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4-2. Assemblage of two right-angled triangular elements

« Bending mode BL1

y < MITC4 > y < MITC3 > < MITC3+ >

Strain fields

S o MITCS (sle.) V——————

Eigenvalue 7.2000E-07 3.4167E+01 1.0099E-06
) &, = -0.403sz £, = -0.675z £, = [-0.670 - 0.401(s - 2rs - 9]z
Bending . _ he15 12 £, = 0.675z £, = [0.670 + 0.401(r - 2rs - )]z
strains = L e '
V= (-0.403r + 09155z  y,, = 0.0 Vig= 0.401(-r + s + 17 -s)z
Transverse V= 0.0 Vo= -0.235 + 0.675s  y,, = -1.34d(1 - 35)
shear strains ), = 0.0 V,z= 0.235 - 0.675r V,z= -1.34d(-1 + 31
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4-3. Two-sided clamped plate

Z, W
A
clamped
Y,V é )
S/ T e > p L=10
((\Q // tip\ // tip 7
® \ E = 1.7472x107
// Wtip“ m
A v=_0
L | | |
x,u / \_mB\ < L ma :mﬁ :2/|_
< . W,
L
(0]

AN LT LS

Mesh A

Strain energy

Mesh A

t/L

Order of change

Mesh B

Mesh A

1/100 4.1190E-04 6.8681E-01 4.8858E-01
1/1,000 4.1209E-03 6.8681E+02 4.8840E+02
1/10,000 4.1209E-02 6.8681E+05 4.8840E+05

(t/L)3 (t/L)®

Mesh C

MITC3+(d=0)
t

Mesh B

Mesh B Mesh C
6.8681E-01 1.0989E+00
6.8681E+02 1.0989E+03
6.8681E+05 1.0989E+06

(t/L)®

(t/L)®
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4-3. Two-sided clamped plate (Mesh B)

X : Tying points

v

< ;*L 1
0" i d r

clamped
Y,V
3 - - —> >
(@)
4 r
I1

Pure bending problem

Exact transverse shear strains

€t =€y =

0 inelements-Iand II

Theoretical relationship

1 1
W, = Eaz = _Eﬂz
Analytical proof
When d=0

MITC3 + shell element



4-4. Free vibration analysis

 Free square plate problem
- [= 1.0, £= 2.07x10%, v = 0.3, p = 7.8x10°

4 Relative error
A
L
t X 1/a)ref _1/a)h [
> eh = :1—
5 1/ @, @,
Yy Yy
A A
i L L
7 7
L L
X X
- > —) >
h h

(a) (b)
64



4-4. Free vibration analysis

Mode shape t/L=1/1,000 Convergence curve

MITC4 MITC3 MITC3+ < Mode 10 >
MITC4 MITC3 MITC3+
0 ——— 0——— 0 ——
Mode 7 -0.5F 1 -0.5| R 0.5 1
“1F - 1+ - At i
loge, -1.5F 1 log e, -1.5 1 loge, -1.51 1
2F E 2f 4 2F i
Mode 8 86 tL=1100 88 tL=1100 88 tL=1100
-2.5¢ A—A tL=1/1,000 2.5 A4 tL=1/1,000 2.5+ A4 tIL=1/1,000
©-6- tiL=1/10,000 ©-© tiL=1/10,000 ©-©- tlL=1/10,000
-3 _A_A_AJ -3 _A_A_AJ -3 _A_A_AJ
15 -1 05 15 1 05 15 -1 -05
log h log h log h
Mode 9
< Mode 11 >
MITC4 MITC3 MITC3+
0 T T T [} T T T 0 T T T
-0.5} g -0.51 g -0.51 R
Mode 10 1k , ak , 1k i
loge, -1.5F 1 loge, -1.5 1 loge, -1.5 R
2f g 2f 1 2f R
=5 t/L=1/100 85 tiL=1/100 85 tiL=1/100
-2.5F A4 t/L=1/1,000 -2.5¢ A4 tiL=1/1,000 2.5 A4 tiL=1/1,000
Mode 1 1 ©-©- t/L=1/10,000 ©—©- t/L=1/10,000 ©-©- t/L=1/10,000
-3 —‘—‘—‘J -3 —‘—‘—‘J -3 —‘—‘—‘J
15 1 -05 15 -1 -05 15 -1 -05

logh log h log h




4-4. Free vibration analysis

* Free hyperboloid shell problem
-L =10, £=20x101, v = 1/3, p = 7.8x10°

7

Wy

N
N
Wy
o

2L

N
NN
0
AN
Xy

N
N
I
i
%

7

!
i
|
1

1
7
i
08

SN

>

%
i

%
1
i
/\/
K-

%
%Y
/!
VvV
i
&

/
Yé

(a) z

Ll L2 L3 L4 LS
e e

e/

TS
==
a . .

l? 5
VAVAVAN

(b)
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1/ a)ref

Relative error

,000

t/L=1/1
MITC3+

MITC3

MITC4

4-4. Free vibration analysis

Mode shape

1/10,000

1/100
1/1,000

T
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A—A L
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4-4. Free vibration analysis

Convergence curve

< Mode 7 >
MITC4 MITC3 MITC3+
0 0 ?@7 0 T T T
-0.5F -0.51 1 -0.5
At - A
log e, -1.5[ log e, -1.51 loge, -1.5r
2 2 2f
B alL=1/100 85 alL=1/100 =& alL=1/100
2.5 A—A allL=1/1,000 2.5 A—A all=1/1,000 2.5+ A—A allL=1/1,000
©—©- alL=1/10,000 ©—©- alL=1/10,000 ©—©- alL=1/10,000
-3 _A_A_AJ -3 _A_A_AJ -3
15 1 05 15 -1 -05 15 -1 -05
log h logh log h
. . < Mode 8 >
Relative error using 6030 meshes
MITC4 MITC3 MITC3+
V] ?@7 0 0 T T T
1/1,000 44.71% 1.28% 49.24% -051 1 -0.81 0-5
1/10,000 92.36% 1.16% 91.67% -r AF
log e, -1.51 loge,-1.5
2F oFf
=& a/L=1/100 8- alL=1/100 S alLl=1/100
251 A4 all=1/1,000 2.5 A—A- all=1/1,000 2.5 A4 all=1/1,000
©—©- alL=1/10,000 ©—©- alL=1/10,000 ©—©- alL =1/10,000
-3 _A_A_AJ -3 _A_A_AJ -3 _A_A_AJ
15 1 -05 15 -1 -05 15 -1 -05
logh log h log h



4-5. Paper

The paper will be submitted to “Computers and Structures “ soon.

On the modal behavior of the MITC3+ triangular shell elements+

Youngvu Lee

+

Hveong-Min Jeon ®, Phill-Seung Lee ®* and Klaus-JFirgen Bathe P+
4J

2 Division of Ocean Svstems Engineering, Korea Advanced Institute of Science and

Technologv, 291 Dachak-ro. Yuseong-gu. Daegjeon, 305-701, Republic of Korea+

b Department of Mechanical Engineering, Massachusetts Institute of Technology, Cambridge,

MA 02139, USA«

+

Abstracts

In this paper, we investigate the static and dvnamic modal behavior of the MITC3+ triangular

shell elements. First,

the static mode analysis is performed for a single right-angled shell

element and an assemblage of two right-angled shell elements The detailed strain fields are

investigated in bending modes, which provides insight into how shear locking happens on the

mode level We then analvticallv show that the MITC3+ shell element does not lock in the

two-sided clamped plate problem. Considering free plate and free hvperboloid shell problems,

we finally present the excellent performance of the MITC3+ shell elements in dvnamic mode

analysis +
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5. Conclusions

An improved MITC3 shell element is developed (MITC3-HR).
- Modified Hellinger-Reissner functional with the rotated approximated transverse shear strain field
- To improve the performance of the 3-node shell element, the stiffness of the in-plane twisting mode

must be reduced.

The 3-node MITC3+ shell element is developed for general use.
- The element is enriched by a cubic bubble function for the rotations.

- A new assumed transverse shear strain field is proposed with the new tying scheme.

Investigating the modal behavior of the MITC3+ shell element
- We understand the reason why the MITC3+ shell element is significantly improved through
static mode analyses and the two-sided plate problem.

- The MITC3+ shell element is suitable for free vibration analyses.

Future works

- Improving the membrane behavior of the MITC3+ shell element
* No treatment for the membrane part of the MITC3+ shell element = In-plane shear locking

- Developing the MITC3+ solid-shell element
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