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Finite element method (FEM)

<Aerospace engineering>

v FEM in engineering fields

<Offshore engineering> <Automotive engineering>

<Biomedical engineering> <Digital twin>
https://altairhyperworks.com/industry/
http://www.lminnomaritime.com/application‐of‐fem‐on‐ships‐structural‐design/
https://sites.google.com/site/seunghwalab/research
http://human.kaist.ac.kr/index.php?mid=page_dKMm77
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Finite element method (FEM)

v Motivations

§ Needs
• Higher accuracy and efficiency
• Applications on new technological trends
• More complicated analysis

§ Various finite elements

FEM lecture note/ME535 : Finite Element Analysis of Structures/KAIST

Improvement of self-updated
solid finite element

Development of multi-layered composite
shell finite element

<Topic 1>

<Topic 2>
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Topic 1 : Development of multi-layered composite shell finite element

Shell element for nonlinear analysis of multi-layered composite shells
with interlayer slips

Introduction

6
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Layered structures

v Layered shell structures
§ Composite laminate

(A thin-walled structure with many layers of different materials stacked on top of each other)
§ Capability to combine several components depending on specific design requirements
§ High strength-to-weight ratio, high durability, high resistance, cost-effective

<Carbon-epoxy laminate> <Composite structure content on the boeing 787>

<Composite structure in the sports industry> <Multi-layered bimodal coaxial fiber sensor>
http://mdam.kaist.ac.kr/publicants/
https://www.researchgate.net/figure/Composite-structure-content-on-the-Boeing-787-1_fig3_324436953
https://copabeachtennis.com/blogs/learn/how-beach-tennis-rackets-are-made
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Layered structures

v Form factor
§ Technology innovation of form factor in electronic device
§ Emergence and utilization of flexible displays

http://www.hidisplay.co.kr/

<Unbreakable>
Flexible display

<Mobile phone>

<Curved> <Bended>

<Foldable> <Rollable> <Strechtable>

electronic device

<Smart watch> <Rollable TV>
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Interlayer connections of layered structures

v Composition of layered structures
§ Loss of stiffness, more flexible behaviors
§ Increase in deflections, increase nonlinearities

v Interlayer connections
§ Mechanical connectors
• Bolts, nails, etc.

§ Adhesive connections
• Epoxy, wood glue, etc.

Behaviors of layered structures significantly depend on interlayer connections.
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Features of layered structures

v Three fundamental failure modes at interlayers

v Shell structures

§ Structural element that can resist loading in bending and membrane actions in the shell structure.
§ These behaviors will be related to the shear modes on the plane of shell.

Mode I
Normal mode

Mode II
Shear mode

Mode III
Shear mode

Important modes depend on

• Dominant loading conditions
• Structural member property
• Interlayer connection property

10

Dominant interlayer slips (shear modes of in-plane)

In-plane slips
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Research purpose

v Objectives
§ Develop efficient shell finite element for multi-layered composite shell structures with

interlayer slips

§ Model the complex multi-layered shell geometries as a single shell unit
• Arbitrary number of layers and interlayers
• Complex geometries and various loading/boundary conditions
• Linear and geometrical non-linear analyses
• Bi-linear load-slip relation at interlayers for mode delamination

A single
shell model

Interlayer <1>

Interlayer <2>

z

y

x

t k
sV

t k
rV

k

t k
nV

<A 4-node quadrilateral shell element>
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Related studies of layered structures
v Layered beams

§ Newmark et al. (1951)
Analytical study on two-layer beams with interlayer slip using Euler Bernoulli beam theory

§ Chui Y and Barclay D. (1998)
Analytical study on three-layer beams with interlayer slip considering the semi-rigid connections

§ Ranzi Gsousa Jr JBM and da Silva AR. (2008)
Linear analysis of multi-layered composite beams with interlayer slip

§ Nguyen QH et al. (2014)
Nonlinear analysis of two-layer beams with interlayer slip using Timoshenko beam theory

§ Kim et al. (2020)
Nonlinear analysis of multi-layered beams with interlayer slip (only longitudinal slip)

v Layered plates & shells
§ Toledano et al. (1988)

Analysis of shear deformable two-layer plates with interlayer slip
§ Di Sciuva, Marco. (1997)

Theory for nonlinear analysis of multi-layered plates with interlayer slip
§ Suresh Panda and R. Natarajan. (1981)

Linear analysis of multi-layered composite shells without interlayer slip
§ Ireneusz Kreja. (2007)

Nonlinear analysis of multi-layered composite plates and shells without interlayer slip
§ Lee and Lee. (2021)

Linear analysis of multi-layered composite shells with interlayer slip
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v Analysis model for layered shell structures including interlayer slips

§ Most researches can only consider two- and three- layers.
§ As the number of layers increases, the complexity of problem increases extremely.
§ Nonlinear behavior of multi-layered shells with interlayer slips is very rarely discussed.

§ Capability of proposed shell element

• Composite partial interaction between the layers
• Interlayer behavior with nonlinearities
• Geometrical nonlinearity
• Bi-linear load slip relation at interlayers for mode delamination
• Nonlinear convergence problem
• Simple and straightforward formulation
• Efficient analysis (fewer DOFs)

Multi-layered shell finite element

Nonlinear behavior of multi-layered shell
structures with interlayer slips

13

Challenging issue
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Multi-layered shell finite element

v Displacement fields
§ Composition of displacement fields

§ Layered shell
• 5DOFs + Interlayer slip

• Layer DOFs

Additional displacements fields
defined by additional DOFs

T[ ]k k k k k ku v w a b=U

Basic 5DOFs

(1) ( ) T (1) ( ) T
1 1 1 2 2 2[ ... ] , [ ... ] (  layers)k k m k k m mj j j j= =φ φ
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Multi-layered shell finite element

v Concept of multi-layered shell finite element

v Incremental nonlinear analysis
§ Incremental load-slip relation

• Multi-layered composite shell is simply modeled as a single shell unit 
• Arbitrary number of layers and interlayers
• Complicated layered shell geometries

0 ˆ  with ( 1,  2)

where  
ˆ ˆ ˆ             interlayers>

n n n
i i i

t t n t n n
i i i

t t n t n n
i i i

f K u i

f f f
u u u n
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= +

= + <
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Multi-layered shell finite element formulation

v Geometry interpolation
( )4 4 4

( ) ( ) ( ) ( ) ( )
1 2

1 1 1

( , ) ( , )( ) ( , )( )
2

n
t n n n t k t k n t k t k n t kk

k k k k n k r s
k k k

l
h r s h r s m t h r s j j

= = =

= + + +å å åx x V V V

Layered shell element without considering slip kinematics with considering slip kinematics

16

Layered shell geometry (3D view) Layered shell geometry (side view)
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Multi-layered shell finite element formulation

v Geometry interpolation

§ Slip displacements on interlayer n between the adjacent layers n and n+1 are interpolated from
layer DOFs:
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Layered shell element
with considering slip kinematics

Slip director vectors are defined from
the derivative of 2D natural coordinate system of shell

Layered shell geometry with interlayer slips Slip direction vectors and the corresponding layer DOFs
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Multi-layered shell finite element formulation

v Incremental displacement

v Linearized incremental displacement
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Multi-layered shell finite element formulation

v Finite element discretization
§ In 4-node shell element, the nodal DOFs vector consists of the DOFs vector at shell node k

v Total Lagrangian formulation

v Finite element formulation
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Numerical examples

20
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v Roll-up of a three-layer beam (large rotation)
§ The cantilever three-layer beam subjected to tip bending moment

§ The analytical relation between the tip bending moment and angle, interlayer slips

• The analytical relation between the tip bending moment My and roll-up angle  of Layer 2 is given by

• The corresponding interlayer slips are evaluated using the following equations

§ Material property
• E(1)=30 GPa, E(2)=50 GPa, E(3)=20 GPa
• v(1)=v(2)=v(3)=0

§ Geometry condition
• L=0.1 m, b=0.001 m
• l(1)=l(2)=l(3)=0.001 m

§ Boundary condition
• Clamped one side

§ Loading condition
• My (tip bending moment)
• Nonlinear analysis

§ Connection stiffness at interlayers
•

Numerical examples #1

21

<1> <2>
0 0 0i iK K= =

( ) ( )
(1) (2) (3) ( ) (2) (3) (2) (2) (3) (1) (2) (1) (2)

( ),  with , ,
1 1( ) ( )
2 2

n n
n

y n
E I LM M M M M R R R l l R R l l

R q
= + + = = = - + = + +

1 (2) (2) 2 (2) (2)
(2) (1) (3) (2),

1 1 1 1 1 1ˆ ˆ( ) ( )( ) ( ) ( )( )
2 2

u x R l x u x R l x
R R R R

< > < >= + - = - -

y
z

Layer (1)

Layer (2)

Layer (3)

b
Section -a a

(2)l
(1)l

(3)l

z

(3)R

(2)R

(1)R

Interlayer <1>

Interlayer <2>

q

x

a

a yM

L

A



/ 65

Numerical examples #1

v Roll-up of a three-layer beam (large rotation)
§ Deformed shapes and load-displacement curves

22
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Numerical examples #1

v Roll-up of a three-layer beam (large rotation)
§ Load-slip curves for two interlayer slips along the longitudinal direction at free end

23
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Numerical examples #2

v Two-layer cantilever plate

24

§ Material property
• E(1)=200 GPa, E(2)=50 GPa
• v(1)=v(2)=0.3

§ Geometry condition
• L=2 m, b=1 m, l(1)=l(2)=0.002 m

§ Boundary condition
• Clamped one side

§ Loading condition
• P = 50 N/m (linear analysis)

§ Three interlayer connection stiffness cases
1 3

0 1,10, and 100MN/miK < > =

10×5 shell mesh 
(462 DOFs)

100×10×5 solid mesh 
(139,293 DOFs)
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Numerical examples #2

v Two-layer cantilever plate
§ Vertical displacement and interlayer slip along AB

25

-w (m)

d
(m

)

Solid element model

Proposed shell
Interlayer Case I
Interlayer Case II
Interlayer Case III

Interlayer Case I
Interlayer Case II
Interlayer Case III

- (m)

d
(m

)

310-´

Vertical displacement Interlayer slip

10×5 shell mesh 
(462 DOFs)

100×10×5 solid mesh 
(139,293 DOFs)
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Numerical examples #3

v Five-layer cantilever plate

26

§ Material property
• E(1)=200 GPa, E(2)=150 GPa, E(3)=80 

GPa, E(4)=120 GPa, E(5)=50 GPa
• v(n)=0.3

§ Geometry condition
• L=1 m, l(n)=0.001 m

§ Boundary condition
• Fully clamped (Symmetric BC)

§ Loading condition
• qmax = -1 kN/m2 (nonlinear analysis)

§ Four interlayer connection stiffnesses
1 3 2 3

0 0
3 3 4 3

0 0

8MN/m , 20 MN/m ,
10MN/m , 100MN/m

i i

i i

K K
K K

< > < >

< > < >

= =

= =10×10 shell mesh
(1,573 DOFs)

40×40×14 solid mesh 
(570,807 DOFs)
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Numerical examples #3

v Five-layer cantilever plate
§ Load-displacement curve for vertical displacement at Point A

27

q 
/ q

m
ax

Solid element model

Proposed shell

-wA (m)

310-´
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§ Material property
• E(1)=1 GPa, E(2)=5 GPa , E(3)=2 GPa

v(n)=0.3

§ Geometry condition
• L=R=1 m, l(n)=0.002 m

§ Boundary condition
• Clamped one side

§ Loading condition
• Pmax = 4 N/m (linear analysis)

§ Two interlayer connection stiffnesses

§ Meshes
• Shell element : 2N×N elements

(N=3,5,10)
(252, 594, and 2,079 DOFs)

• Solid element : 2N×N×8 elements
(N=10,20,40)
(43,911, 169,371, and 665,091 DOFs)

Numerical examples #4

v Quarter cylinder shell

28

1 3 2 3
0 080 MN/m , 200 MN/mi iK K< > < >= =

20×10 shell mesh

160×80×8 solid mesh
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Numerical examples #4

v Quarter cylinder shell
§ Convergence test
§ Relative errors in the vertical displacement at point D

29

Proposed shell

(2N×N mesh)

N =3

(6×3 mesh)

N =5

(10×5 mesh)

N =10

(20×10 mesh)

DOFs 252 594 2,079

Relative errors 0.76 % 0.31 % 0.05 %

Solid element model

(2N×N×8 mesh)

N =10

(20×10×8 mesh)

N =20

(40×20×8 mesh)

N =40

(80×40×8 mesh)

DOFs 43,911 169,371 665,091

Relative errors 13.26 % 2.46 % 0.70 %

Reference solution = -0.105 (Solid element model, 160×80×8 fine mesh)

The proposed shell model gives more accurate solutions than the solid element model 
even with fewer DOFs.
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Numerical examples #5

v Shallow shell

30

§ Material property
• E(1)=300 MPa, E(2)=800 MPa, E(3)=1.5 

Gpa, v(n)=0.3

§ Geometry condition
• L=1 m, R=5 m, l(n)=0.002 m

§ Boundary condition
• Clamped two side

§ Loading condition
• qmax = 30 N/m2 (nonlinear analysis)

§ Two interlayer connection stiffnesses
1 3 2 3

0 02MN/m , 10 MN/mi iK K< > < >= =

30×30 shell mesh 
(8,649 DOFs)

60×60×8 solid mesh 
(746,691 DOFs)
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Numerical examples #5

v Shallow shell
§ Load-displacement curve for vertical displacement at point E

§ von-Mises stress distribution

31

Solid element model

Proposed shell

210-´

q 
/ q

m
ax

-wE (m)

<Proposed shell> <Solid element model>
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Numerical examples #6

v Hemispherical shell

32

§ Material property
• E(1)=1 GPa, E(2)=5 GPa, E(3)=2 Gpa, 

v(n)=0.3

§ Geometry condition
• R=10 m, l(n)=0.002 m,

§ Boundary condition
• Symmetric boundary conditions

§ Loading condition
• Pmax = 25 kN (nonlinear analysis)

§ Two interlayer connection stiffnesses
1 3 2 3

0 0100 MN/m , 40 MN/mi iK K< > < >= =

 
0 18f °=

40×40 shell mesh 
(15,129 DOFs)

80×80×8 solid mesh 
(1,321,971 DOFs)
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Numerical examples #6

v Hemispherical shell
§ Load-displacement curve for radial displacements at point A and B

§ Deformed shapes

33

0 1 2 3 4 5 6 7 8 9
0

0.25

0.5

0.75

1

Solid element model

Proposed shell

P 
/ P

m
ax

Displacements (m)

vB -uA

<Proposed shell> <Solid element model>
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Numerical examples #7

v Mode II delamination
§ Two-layer AS4/PEEK carbon-fiber reinforced composite connected by cohesive 

interlayer with an initial delamination

34

§ Material property
• ()=122.7 GPa, ()=10.1 GPa, ()=()=5.5 GPa, ()=3.7 GPa, ()=0.25

§ Geometry condition
• L=51 mm, b=25.4 mm
• l(n)=1.56 mm, 

§ Boundary condition
• Simply supported

§ Loading condition
• Pure mode II loading condition

§ Bi-linear load-slip relation

 
0 39.3 mma =

1 6 3
0 10  N/mm ,iK < > =

1 100 MPaSf
< > =

21.719 kJ/mIICG =

P

L L
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z
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z

y

b

b
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z
xy

L
A

B
C

1
0 iK < >

1
0 (1 )iK d< > -

11
1û< >-

1ˆ fu< >1
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1f < >

1
Sf
< >
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Numerical examples #7

v Mode II delamination
§ Load-displacement curve for vertical deflection at point C

35
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11
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1
Sf
< >

P
(N

)
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310-´

Proposed shell element

Experimental [71] 

Numerical [71] : solid element with cohesive element 

Numerical [35] : layered beam element 
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Numerical examples #8

v Mixed mode II-III delamination
§ Two-layer T300/HS 160 REM carbon-epoxy composite connected by cohesive 

interlayer with an initial delamination

36

§ Material property
• ()=130 GPa, ()=8.2 GPa, ()=()=()=4.1 GPa, ()=0.27

§ Geometry condition
• L=170 mm, b=120 mm
• l(n)=1.95 mm, 

§ Boundary condition
• Four pin supported

§ Loading condition
• Mixed mode II-III loading condition

§ Bi-linear load-slip relation

0 40 mma =

1 6 3
0 10  N/mm ,iK < > = 1 80 MPaSf

< > =
2 20.8 kJ/m , 0.9 kJ/mIIC IIICG G= =

z

yLayer (1)

Layer (2)

/ 2P

b

100 mm

0a
65 mm

(1)l

(2)l
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z

Layer (1)

Layer (2)

150 mm
/ 2P / 2P

L

z
xy

b
L

0a

A

1
0 iK < >

1
0 (1 )iK d< > -

11
1ˆiu< >

1ˆ fu< >1
0û< >

1f < >

1
Sf
< >
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Numerical examples #8

v Mixed mode II-III delamination
§ Load-displacement curve for vertical deflection at point A

37
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Closures & Future works (Topic 1)

v Closures

§ Layered shell element for multi-layered composite shells was proposed.
• Arbitrary number of layers and interlayers were modeled as a single shell.
• In-plane interlayer slips and the corresponding partial effects were properly considered.
• Geometrical nonlinear behavior and complex load-slip relation at interlayers were well predicted.
• The proposed element showed the accurate performance with efficient analysis for utilizing fewer DOFs.

v Future works

§ More general interlayer behaviors including normal mode I

§ Modal analysis and dynamic response

§ Elasto-plastic analysis

§ Thermal analysis
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Topic 2 : Improvement of self-updated solid finite element

Towards improving the 4-node solid FE solutions using SUFE & load decomposition method

Introduction

39
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Overview

v Target element
§ 2D 4-node plane stress element

v Objectives
§ Utilize the mode based formulation of the self-updated solid finite element (SUFE)

to alleviate shear locking
§ Robustly improving FEM solutions using a load decomposition algorithm

v Shear locking
§ The displacements calculated by the FEM are frequently much smaller than they should be,

and it is called “locking”.

§ Shear locking occurs when an element is subjected to bending.

Jung, J. (2021). Deep learned 2D quadrilateral finite elements, Ph.D. Dissertation, KAIST.
Bathe KJ. Finite Element Procedures, 2nd ed. Watertown, (MA): KJ Bathe; 2014.

x

y

x

y

<Exact displacement>                       <Shear locking>
0xyg = 0xyg ¹
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Related study

v Self-updated solid finite element (SUFE)
§ Mode based formulation for constructing the strain-displacement matrix (B)

Jung, J., Jun, H., & Lee, P. S. (2022). Self-updated four-node finite element using deep learning. Computational Mechanics, 69(1), 23-44.

<Kinematic modes of the 2D 4-node element>

1,1 1,2 1,8 11

2,1 2,2 2,8 22

8,1 8,2 8,8 84
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Assumed modal strains are imposed for
bending modes defined by local coordinates.

7 8
1 1
7 8
2 2
7 8
3 3

0 0 0 1 0 0
ˆ 0 0 0 0 1 0

0 0 0 0 0 1

e e
e e
e e

é ù
ê ú= ê ú
ê úë û

B

ˆ= = =BU BψQ BQe

1ˆ
m

-= =Bψ U B Ue



/ 6542

Related study

v Self-updated solid finite element (SUFE)
§ Optimal bending direction

Jung, J., Jun, H., & Lee, P. S. (2022). Self-updated four-node finite element using deep learning. Computational Mechanics, 69(1), 23-44.

Bending direction angle (    ), and assumed deformed shapes for bending modes      and      ma ' '
7 8j j

[ ]

T2 2 2 2
1 1 4 4

1 1 4 4

7 8 2 2 2 2
1 1 4 4

1 1 4 4

... ...
2 2

... ...
2 2

x y x yx y x y

x y x y x y x y

n n

n n

¢ ¢ ¢ ¢é ù+ +¢ ¢ ¢ ¢ - -ê ú
¢ ¢ ê ú=

¢ ¢ ¢ ¢+ +ê ú¢ ¢ ¢ ¢- -ê úë û

φ φ

Bending modes can be chosen differently according to the bending direction 

minimize
m

m E
a

a = where U is given 0 90ma <° £ °ma (                  ) determines the optimal bending direction of element m
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Related study

v Self-updated solid finite element (SUFE)
§ Iterative solution procedure
§ Stiffness matrix updating (bending modes updating) to the given displacement

Jung, J., Jun, H., & Lee, P. S. (2022). Self-updated four-node finite element using deep learning. Computational Mechanics, 69(1), 23-44.

Solving the optimization problem

requires high computational cost

Deep learning approach is needed

<Flowchart of the iterative solution procedure> Network input
Geometry, displacement, and Poisson’s ratio

Network output
Bending direction

eps : 0.001 (default)
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Related study

v Self-updated solid finite element (SUFE)
§ SUFE element showed promising ability in accuracy
§ Excellent bending performance in numerical benchmark problems

Jung, J., Jun, H., & Lee, P. S. (2022). Self-updated four-node finite element using deep learning. Computational Mechanics, 69(1), 23-44.

<Cantilever beam modeled using two elements with distortion parameter>

(                ,               ,  L = 10, H = 2, M = 2000, thickness = 1 )1500E = 0.25n =

<Stress distributions with distortion parameter, e = 4.9>
Reference solution : Q9 element with 4×20 regular mesh.

Standard (Q4)

Commercial 
software (QM6)

SUFE
SUFE
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Motivation

v Self-updated solid finite element (SUFE)
§ Preliminary stage of iterative solution procedure for SUFE

: Strain energy of standard four-node finite element (Q4)E
E : Strain energy of SUFE to the given displacement from Q4

E E¹ FE solution does not contain
bending mode (use Q4)

FE solution contains 
bending mode (use SUFE)

No

Yes

Constant strain modes
(Two stretching, one shearing)

Excellent Bending performance

ü The preliminary stage determines whether or not the iterative
solution procedure proceeds based on the presence of the
bending modes.

ü Standard four-node finite element (Q4)
• Accurate constant strain modes
• The solution accuracy deteriorates due to shear locking

when the displacements contain bending mode.

ü Self-updated solid finite element (SUFE)
• Excellent bending performance
• It can be face difficulty in directly representing accurate

constant strain modes.

<Iterative solution procedure of SUFE>
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Motivation

v Motivation of proposed method
§ Improvement of the preliminary stage of SUFE

: Strain energy of standard four-node finite element (Q4)E
E : Strain energy of SUFE to the given displacement from Q4

Under combined loads of bending and constant strain modes,
Another robust method for accurate solutions is needed!

<Constant strain mode : Stretching>

<Bending mode>

<Combined loads of stretching and bending>

FE solution does not contain
bending mode (use Q4) Constant strain modesE E=

E E¹ FE solution contains 
bending mode (use SUFE)

Excellent Bending 
performance

E E¹ FE solution contains both bending and constant strain 
modes

P

P

P

P
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Concept

v Concept of proposed method

Start

End

Generating ,  and ,B K B K

Decomposing the load
( )total = +R R R

Solving =KU R

totalU = U + U

Solving =KU R

Initial Solving

Load 
decomposition

Solving

Post processing

totalSolving =KU R
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Methodology

v Flowchart of proposed method

4
1' with ' ( )

with [ (i = 7 to 8) in ]
(Relatively small compared to other modes, 1e-4)

m m m QV

i i

dV
V

q qa
a

¢ = + = - -

Þ

=

òB B B B B B

Q

  or  =U ψ Q  

'
1,1 1,2 1,8 11

'
22 2,1 2,2 2,8

' 84 8,1 8,2 8,8

qu
qu

qv

f f f

f f f

f f f

é ù ì üì ü ê ú ï ïï ï ê úï ï ï ï=í ý í ýê ú
ï ï ï ïê ú
ï ï ï ïê úî þ î þë û

LL

LL
MM M M LL M

LL

<Original flowchart of SUFE> <Modified flowchart of SUFE>

x

y



/ 65

7 8
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Assumed modal strains according to local coordinates are imposed 
for bending modes
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49

Feature of proposed method

v Mode based formulation
§ Strain-displacement and stiffness matrix generation

Stiffness matrix is obtained as
T

N
m=1with = A

m m mV

m

dV= òK B CB

KU = R K K

Utilize simple geometry dependent bending modes
for first iterative solution procedure
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Feature of proposed method

v Geometry dependent bending modes
§ Bending modes (bending directions) can be chosen differently according to the geometry.
§ The local Cartesian coordinate are differently defined for ‘1st’ and ‘2nd’ bending modes.
• For the 1st bending mode, the local Cartesian coordinate system is defined by between ‘r-axis’ and the 

direction normal to ‘r-axis’.
• For the 2nd bending mode, the local Cartesian coordinate system is defined by between ‘s-axis’ and the 

direction normal to ‘s-axis’.

ü Arbitrary geometry (Natural coordinate)

[ ]7 8

T2 2 2 2
1 1 4 4

1 1 4 4

2 2 2 2
1 1 4 4

1 1 4 4

( ) ( ) ( ) ( )... ...
2 2

( ) ( ) ( ) ( )... ...
2 2

r r r r
r r r r

s s s s
s s s s

x v y x v yx y x y

x v y x v yx y x y

¢ ¢

é ù+ +
- -ê ú

ê ú=
+ +ê ú- -ê úë û

φ φ

determine the bending directions of element

ma and         (                        ,                         )mb 0 180mb° £ °<0 180ma° £ °<

mb

rs
1st bending mode

rs

r x
r y

2nd bending mode

ma
x

s x
x

s y

x

y
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Numerical tests

51
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Basic numerical tests

v Patch tests
§ The nodal point forces on the boundary corresponding to constant stress states are applied.

§ A constant stress field (stretching and shearing) should be exactly represented.
§ The proposed method passes the patch test (x- and y-axis stretching, and shearing tests).

v Zero energy mode test
§ A single unsupported 2D solid element should show only three rigid body modes.

v Isotropy test
§ The solution of finite element should not depend on the sequence of node numbering.

52

<Geometry> <x-axis stretching test> <y-axis stretching test> <Shearing test>
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Numerical examples

53
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v MacNeal’s thin cantilever beam

Elements
Load P Load M

Mesh (a) Mesh (b) Mesh (c) Mesh (a) Mesh (b) Mesh (c)
Q4 0.093 0.034 0.027 0.093 0.031 0.022 

QM6 0.993 0.632 0.051 1.000 0.727 0.045 
SUFE 0.993 0.994 0.994 1.000 1.000 1.000

Proposed 0.993 0.998 0.995 1.000 1.007 1.001
Reference 1.000 (the value: -0.1081) 1.000 (the value: -0.0054)

Table. Normalized vertical displacements at point A in the MacNeal’s thin cantilever beam using different meshes.
Reference solution : Q9 element with fine mesh.

(                    ,              ,  thickness = 0.1 )71.0 10E = ´ 0.3n =

Numerical examples #1

The ‘proposed method’ can effectively alleviate 
‘trapezoidal locking’.

M = 0.2

Symbol Description

Q4 Standard 4-node quadrilateral element 

QM6 Incompatible modes element

SUFE Self-updated finite element

Proposed Proposed method

<Elements to be compared>

Mesh (a)

Mesh (b)

Mesh (c)
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v Cantilever beam modeled using two elements with distortion parameter

55

Table. Normalized vertical displacements at point A according to distortion parameter
Reference solution : Q9 element with fine mesh.

Numerical examples #2

Elements
Distortion parameter, e

0 1 2 3 4 4.9
Q4 0.280 0.144 0.098 0.083 0.071 0.062

QM6 1.000 0.627 0.544 0.536 0.512 0.468 
SUFE 1.000 1.000 1.000 1.000 1.000 1.000

Proposed 1.000 1.000 1.000 1.000 1.000 1.000
Ref 1.000 1.000 1.000 1.000 1.000 1.000

Reference (exact) solution = 100

(                ,               ,  L = 10, H = 2, M = 2000, thickness = 1 )1500E = 0.25n =

A

B
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v Cantilever beam modeled using two elements with distortion parameter

56

Table. Normalized vertical displacements at point B according to distortion parameter

Numerical examples #2

Elements
Distortion parameter, e

0 1 2 3 4 4.9

Q4 0.280 0.144 0.098 0.083 0.071 0.062

QM6 1.000 0.673 0.624 0.657 0.669 0.648 

SUFE 1.000 1.000 1.000 1.000 1.000 1.000

Proposed 1.000 1.000 1.000 1.000 1.000 1.000

Ref 1.000 1.000 1.000 1.000 1.000 1.000
Reference (exact) solution = 100

Stress distributions with distortion parameter, e = 4.9.
Reference solution : Q9 element with 4×20 regular 
mesh.

Q4

QM6

SUFE

Proposed

Ref

(                ,               ,  L = 10, H = 2, M = 2000, thickness = 1 )1500E = 0.25n =

A

B
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v Cantilever beams modeled using five distorted elements

Table. Normalized vertical deflection at point A and normalized stress at point B for the cantilever beam modeled using five distorted elements

Numerical examples #3

(                ,               , P = 150, M = 2000, thickness = 1 )1500E = 0.25n =

Elements Load M Load P

Q4 0.457 0.587 0.494 0.604 

QM6 0.961 0.813 0.956 0.824

SUFE 1.000 1.000 0.999 1.030

Proposed 0.998 1.012 0.984 1.019

Reference 1.000
(Value:100)

1.000
(Value:-3000)

1.000
(Value:102.6)

1.000
(Value:-4050)

Av Bs Av Bs
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v Thick curving beam

Numerical examples #4

Elements Normalized deflection
Q4 0.643

QM6 0.939
SUFE 0.963

Proposed 0.974
Reference solution = 1.000 (Value : 90.1)

Table. Normalized vertical displacement at point A

(                ,          ,  R = 10,  H = 5,  P = 600, thickness = 1 )1000E = 0n =
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v Cantilever beam modeled using two distorted elements (combined loading)

59

Table. Normalized vertical displacements at point A and B
The reference solutions are obtained using Q9 elements with fine mesh.

Numerical examples #5

(                ,               ,  L = 10, H = 2, M = 2000, P = 1200, e=8)1500E = 0.25n =

A

P

P

Elements

Normalized vertical displacements at point A and B

Point A Point B
Q4 0.079 0.082

QM6 0.534 0.656

SUFE 1.373 1.371

Proposed 1.000 1.000

B

element ref/v v
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v Cantilever beam modeled using five distorted elements (combined 
loading)

Table. Normalized horizontal and vertical displacement at point A for the cantilever beam modeled using five distorted elements
The reference solutions are obtained using Q9 elements with fine mesh.

Numerical examples #6

(                ,               , P = 2000, M = 2000, thickness = 1 )1500E = 0.25n =

A

Elements

Normalized horizontal and vertical displacement at point A

Horizontal Vertical
Q4 0.652 0.457 

QM6 0.958 0.961 

SUFE 1.060 0.943

Proposed 1.000 0.999

P

P

element ref/u u element ref/v v
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v Cantilever beam modeled using four distorted elements (combined loading)

Table. Normalized horizontal and vertical displacement at point A for the cantilever beam modeled using four distorted elements
The reference solutions are obtained using Q9 elements with fine mesh.

Numerical examples #7

Elements

Normalized horizontal and vertical displacement at point A

Horizontal Vertical
Q4 0.588 0.586 

QM6 0.979 0.984 

SUFE 0.980 1.009

Proposed 0.990 1.000

element ref/u u element ref/v v

(                 ,             , thickness = 1, P = 20)30000E = 0.0n =

P

P

P

P
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Closures & Future works (Topic 2)

v Closures

§ A robust method for improving the 2D 4-node FE solutions was proposed.
• Mode based formulation of SUFE
• Load decomposition method

§ The performance of the developed method was demonstrated through representative
numerical examples.
• The proposed method showed accurate results in numerical examples.

v Future works

§ Extension to the 3D 8-node brick solid finite element

§ Geometric nonlinear analysis

§ Dynamic analysis
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