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1. Introduction to Continuum Mechanics
Based Beam Elements



Applications of Beam Finite Element Analysis

<Bridge> <Offshore platform> <Fabric bundle>

<Physical model> <Solid model> <Shell model> <Beam model>
1134 DOFs 462 DOFs 36DOFs 4



Literature of Beam Element
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Various Beam Elements

e |In commercial software

ABAQUS ANSYS ADINA
B21, B31, B22, B32, BEAM3, BEAM4, BEAM23, BEAM24, BEAM44, BEAM. ISOBEAM
B23, B33, B34 BEAMS4, BEAM161, BEAM188, BEAM189

e |n literature

J. Frischkorn, S Reese, A solid-beam finite element and nonlinear constitutive modelling, Comput. Methods Appl.
Mech. Eng. 2013.

. R Gongalves, M Ritto-Corréa, D Camotim, A new approach to the calculation of cross-section deformation modes in the
framework of generalized beam theory, Comput. Mech. 2010.

. S.R. Eugster, C. Hesch, P. Betsch, Ch. Glocker, Director-based beam finite elements relying on the geometrically
exact beam theory formulated in skew coordinates, Int. J. Numer. Meth. Engng. 2013.

. F. Mohri, N. Damil, M.P. Ferry, Large torsion finite element model for thin-walled beams, Comput. Strut. 2008.

« Degenerated beam

»  Z.X.Li, A co-rotational formulation for 3D beam element using vectorial rotational variables, Comput. Mech. 2007.
« P.S. Lee, G. McClure, A general three-dimensional L-section beam finite element for Elastoplastic large deformation
analysis, Comput. Struct. 2006.

fPros ) g Cons A
» 3D geometry » Cross-sectional shape
» Fully coupled strain states * Nonlinear performance
« Simple and Straightforward L )
\_° Modeling capability )




Problem description #1 — Twisting Action

 Warping effect
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Problem description #1 — Twisting Action

“Z AZ
——
. X y
« Mathematical theory | — >
St. Venant torsion Vlasov thin-walled Benscoter theory Jourawsky theory
theory theory
Formulation 00, (x
u, = p(y.2) u, = gly,9 2 =0 a0y =p(3,0°% P )
X OX
Uniform @) @) O @)
torsion
Non-uniform X @) O @)
torsion
Secondary X X O O
warping

* Finite element implementation

* A. Genoese, A. Genoese, A. Bilotta, G. Garcea, A mixed beam model with non-uniform warping derived from the
Saint Venant rod. Comput. Struct. 2014.

* A Genoese, A. Genoese, A. Bilotta, G. Garcea, A geometrically exact beam model with non-uniform warping
coherently derived from the Saint Venant rod, Engng. Struct 2014.

+ C.S.Jog, I.S. Mokashi, A finite element method for the Saint-Venant torsion and bending problems for prismatic
beams,. Compt. Struct. 2014.

e J. Murin, M. Aminbaghai, V. Kutis, A new Timoshenko finite beam element including non-uniform torsion of open
and closed cross-sections, Engng. Struct. 2014.



Problem description #2 — Degenerated Element

Square frame

Change Gauss point

* Degeneration « Previous approach
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Degeneration Procedure

 Geometry interpolation
of solid model

n
XM =D h(r,s,t) (™

i=1

ﬁ

degeneration
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k=1 j=1

* Kinematic assumption
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Degeneration Procedure
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Calculation of Warping Function

e St. Venant equations

R
ayz 872

afk(m)
ny 5 Ny ———=nyZ-n,

=0 in Q

y on T

* Finite element discretization ¢/ .

P _
fk(m) (s,t) = Z hj (s,1) ka(m)
j=1

 Multiply connected cross-section

. M.M.S. Nasser et. al., Boundary integral equations with the generalized Neumann
kernel for Laplace’s equation in multiply connected regions, Applied Mathematics
and Computation, 2011.

. R. Barrettam, On stress function in Saint-Venant beams, Meccanica, 2013.

. M.D. Bird, C.R. Steele, A solution procedure for laplace’s equation on multiply
connected circular domains, Journal of Applied Mechanics, 1992.




Novel Features

€ The formulation is simple and straightforward.

€ The formulation can handle all complicated 3-D geometries including curved
and twisted geometries, varying cross-sections, and arbitrary cross-sectional
shapes (including thin/thick-walled and open/closed cross-sections).

€ Warping effects fully coupled with bending, shearing, and stretching are
automatically included.

€ Seven degrees of freedom (only one additional degree of freedom for warping)
are used at each beam node to ensure inter-elemental continuity of warping
displacements.

€ The pre-calculation of cross-sectional properties (area, second moment of area,
etc.) is not required because the beam formulation is based on continuum
mechanics.

€ Analyses of short, long, and deep beams are available, and eccentricities of
loadings and displacements on beam cross-sections are naturally considered.

€ The basic formulation can be easily extended to general nonlinear analyses
that consider geometrical and material nonlinearities.



Curved Beam Problem

« Problem description * Numerical results

ffffff free warping, shell model

O o freewarping, beam model
constrained warping, shell model
e e constrained warping, bsam model
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Tapered Beam Problem

0.1

 Problem description
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Turbine Blade Problem

 Problem description  Numerical results
""" v, shell model
*  Multiply connected cross-section ° oy, beam model
* Curved, twisted and tapered geometry o © w beam model

«  Eccentricity o87

6E-7

Shell : 4680 DOFs
Beam : 56 DOFs
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Displacement
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® o 0, beammodel
8E-9 I I I I

(a) BEO- o L =

& 4E-9- -

p.= m,=1.0

1.0
D e NP
k(‘,«& “— < ol L |
l ‘(A( ». 2E-9
‘ v »F’,,,,»F*”” °
>

] 5 10 16 20 25 30 35

(b) x




Journal Paper

Structural Engineering and Mechanics, Vol. 43, No. 4 (2012) 411-437 411

A continuum mechanics based 3-D beam finite element
with warping displacements and its modeling capabilities

Kyungho Yoon, Youngyu Lee and Phill-Seung Lee*

Division of Ocean Systems Engineering, Korea Advanced Instifute of Science and Technology,
Yuseong-gu, Dagfeon 305-701, Korea

{Received February 9, 2012, Revised June 22, 2012, Accepted July 12, 2013)

Abstract. In this paper, we propose a continuum mechanics based 3-D beam finite element with cross-
sectional discretization allowing for warping displacements. The beam element is directly derived from the
assemblage of 3-D solid elements, and this approach results in inherently advanced modeling capabilities
of the beam element. In the beam formulation, warping is fully coupled with bending, shearing, and
stretching.  Consequently, the proposed beam elements can consider free and constrained warping
conditions, cccentricities, curved geometnies, varying sections, as well as arbitrary cross-sections (including
thin/thick-walled, openfclosed, and singlemulti-cell cross-sections). We then study the modeling and
predictive capabilities of the beam elements in twisting beam problems according to geometries, boundary
conditions, and cross-sectional meshes. The results are compared with reference solutions obtained by
analytical methods and solid and shell finite element models. Excellent modeling capabilities and solution
accuracy of the proposed beam clement are observed.

Keywords: beams; finite clements; torsion; twisting; warping; arbitrary cross-sections
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2. Warping Model for Discontinuously
Varying Cross-section



Motivation

e Previous models

* Free warping
* Constrained warping
* Varying & curved geometry

 Challenge

*  Twisting center
*  Warping displacement shape

7

L

constrained

19



New Warping Displacement Model

* Previous model « New warping displacement
d (m) N (m) (m) k (m) k [\/k
uﬁvm’ (I‘, S,t) = th (r) fk(m) (S,t)ak Vrk Uy (r’ S’t) = zhk (r)[fk (S’t)ak + fL (S’t)ﬁL + fR (S’t)ﬂR ]Vr
k=1 k=1 1 3

Interface warpings

cross-section (A) cross-section (B)
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Free Warping Function

« Existing method

1. Solve St. Venant equation for global coordinates
2. Calculate twisting center
3. Calculate warping function for twisting center

 Proposed new method

v' Simultaneously calculate the free warping function
and the corresponding twisting center

Coordinate transformed St. Venant equation

+ Zero bending moment condition

GK GN, -GN,[F| [GB
GH, 0 0 |4|=o0
GH, 0 0 |4/l |o0

y

N

4

l 3 step procedure

A

l one step procedure

r

v <




Interface Warping Function
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Coordinate transformed St. Venant equation with twisting center multiplier
+ Zero bending moment condition
+ Constraint condition for interconnected domain
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Discontinuously Varying Thin-walled Cross-section

 Problem description
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e Numerical results
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Partially Constrained Warping Problem

 Problem description  Numerical results
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Curved beam problem
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3. Implementation for General Nonlinear
Analysis



Implementation for nonlinear analysis

* Principle of virtual work

J‘O t+A0tSi_§t+A0t§ijd0V :t+AtER

]

with parameter OUkz[ouk Ve oW | 085 oy o6 | Oak]T

Geometric nonlinearity

Material nonlinearity

Strain-displacement relation

Finite rotation

Strain-stress relation

\
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]+
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1
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,

\
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Green-Lagrange strain

Rodrigues formulation

Implicit return mapping scheme
with beam state projection

* Incremental equilibrium equation
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Implementation for nonlinear analysis

« Geometry interpolation

q q q q
EEDINOE D NGV ARED WA AR WA O A CUR A
k=1 k=1 k=1 k=1

» Displacement interpolation

q q q q
U™ =>"h (n,u, +> h (Y™ (”AtV; - IV; )+ h (NZ™ (MVE VY Th () 1M (s, 1) (T e TUVE = ta, V)
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* Finite rotation parameterization
: k k
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Wagner Strain

* Y.L.Pi, M.A. Bradford, B. Uy, A spatially curved-beam element with »
warping and Wagner effects, Int. J. Numer. Meth. Engng 2005.

200

of finite rotations. [In the models based on ‘seometrically exact beam theory’, however, the|

[Wagner effects viz.|the Wagner term within the finite strains due to the second-order of twist
3.4] do_not appear to be considered
in a number of the finite
beam elements that are based on the weak form of the continuum equilibrium equations, and
lin some FE packages such as ABAQUS [1] and ANSYS [2]) It has been found [3-5] that the
Wagner term in the finite strains and the corresponding Wagner moment play an important part

and the corresponding Wagner _moment stress_resultant
or included.| The Wagner effects also appear to have been ignore

Addtionally introduce Wagner moment and Wagner strain

10

External torque T (kKN)

Explicitly consideration

F - — + — Results without Wagner strain and Wagner moment [4]
— — - ANSYS (2]
L

Test results of Farwell and Galambos [5]

The present curved-beam element

(with Wagner strain and Wagner moment)

- ABAQUS [1]

* F. Mohri, N. Damil, M.P. Ferry, Large torsion finite element model for

thin-walled beams, Comput. Struct. 2008.

In the above studies, nonlinear terms such as flexural
[torsional coupling or shortening effects are usually ignored)
Many other studies have been devoted to nonlinear behav-
iour of these structures in bending and torsion and proved
that in large torsion, the shortening effect is important and

Additionally introduce three Wagner’s coefficients

Explicitly consideration

v" To consider fully coupled nonlinear
strain terms is very important

QKN

S

N 6m
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(a) Abaqus results

<Abaqus>

(b) Proposed (B3Dw results)
<Consider Wagner effect>
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Wagner strain

- Geometry interpolation
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- Covariant Green-Lagrange strain
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Cross-Shaped Beam Problem

- Problem description

42 DOFs 0.01 :: _
y
S [ - [ Se— P — P E— iy 0.01] [l 34—
>|| 0.01 ..
x=0 1 x=1 W
(a) Elasto perfectly plastic material model

E =2.0x10"N/m?

111894 DO FS Rigid beam elements _<7 7( v=0
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Cross-Shaped Beam Problem

Numerical results

1.5 —
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Twisted Cantilever Beam Problem

- Problem description

0.01 (Load case-I) @/
F,
(Load ;ase-II) @\
(Load cglxse-lﬂ) @\
(a)

(b)

Elastic material model

E =2.0x10"N/m?

v=0
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Twisted Cantilever Beam Problem

- Numerical results

u=0 u=004
— = U, shell ® U, presentbeam
— = = V, shell ¥ V, presentbeam
W, shell m W, present beam shell W presentbeam
6
u=0.12 u=0.16
5 =
(a)
4 =
°
2 5
3n S
2 a2l {\\Y\‘
u=0.04
/' (Load case-I) r (Load case-II) ]
. (= g
00 o‘,z o|,4 o‘,e o‘_g ; 1.2 00 0.‘04 0.‘08 0.‘12 0.‘16 0.2 QQ\\‘(\Q 3\%\
displacement (m) stretch (m) ;‘251\/5} \l;fZﬁgv\\f?
(a) (b) =012 u=0.16
(b)
Solid ele  Shell ele Beam element models
ment mo ment mo
Beam problems del del ADIN’Q BEA  BEaM188  Present
(ADINA) (ADINA) (ADINA) (ANSYS) beam
Twisted cantilever beam problem
(Load Case I) O O X X O
Twisted til b bl
wisted cantiiever beam probiem O O X X O

(Load Case II)

u=0.08



- Problem description

Lateral post buckling problem

3
1651

Az

(a)

(c)

=0.1

l_)e
(Load case -1V)

=0.1

=
(Load case -IIT)

JPZ =01
——
(Load case - IT)

0.1

i

(Load case -1)

(b)
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Lateral post buckling problem

- Numerical results

— = = Shell model, upward load

+ =« = Anderson & Trahair, upward load — — = Shell model, downward load

- — - = Anderson & Trahair, downwardload @ ...... ADINA BEAM model, upward load
Presentbeam model, upwardload @ ----.. ADINA BEAM model, downward load
Present beam model, downward load —_— - ANSYS BEAM188
500 500
400 400
~ ~~
300 300
2 S
] ©
3 3
-1 200 =l 200
100 — - 100
0 | |

-400 -200 0 200 400 -400 -200 0 200 400

v (mm) v (mm)
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4. Improvement of Nonlinear
Performance



Problem Description

 Problems in nonlinear analysis

1. Upper bound
2. Slow convergence
3. Solution reliability

| D |

Bending moment problem Shear force problem

jov c_:ijrsoéijgogrsdov +Iov (;S_ij50ﬁijdo\/ +jov OtS_ij50’?ijd0\/:t+AtSR__[oV (;S_ijéogijd(\/

1. Upper bound means accumulated error.

2. There is no upper bound when simulating with linear stiffness matrix only.

1

The error is accumulated in nonlinear stiffness matrix term.
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Problem Description

* G. Jelenic, M.A. Crisfield, Geometrically exact 3D beam theory: implementation of a strain-invariant

finite element for statics and dynamics, Comput. Methods Appl. Mech. Engrg. 1999.

“ Under rotations including a significant rigid-body component, many elements produce over-stiff solutions due to ‘self-

straining’.”

“ 1t was shown that the finite element interpolation of all of theses rotation variables spoils the objectivity of the
adopted strain measures with respect to a rigid rotation. The formulations based on the interpolation of iterative
and incremental rotations were additionally proved to be dependent on the history of deformation. Interestingly, the co-

rotational technique does not necessarily suffer from these drawbacks. ”

‘Self-straining’ of the rigid body rotation

¢ Stiffening of rigid body rotation

4 Deficiency of shear eigenmode

Eigen
Mode

v
Ll

L3

/

\
\

—
0, P,
L] Pg
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Stiffening of rigid body rotation

* Principle of virtual work  Eigen deformation
oIl Z.LV OeijCijkI50ekldO\/ +.[°v Jsijgonijd(\/ 0, = [¢r1 ¢r2]T :%[— y X]T

éHIinear = J‘OV E091150e11 + E092250922 + 4G061250912d 0\/

AN tinear = .Lv 58115077114'(;822507722 +2(;812507712d v

e Strain values P,,

$r1

o, o, 104, 04,
o€ 2508112%20 0€2 :50622:%=0 o€ =50612:E %4‘ a¢x—2)=0

507711 — a¢r1 a5¢rl + 8¢r2 a5¢r2 —
OX OX oX OX
507722 — a¢rl 85¢rl + a¢r2 a5¢r2
o oy oy oy = P,
1 0¢, 066, 004, O¢y , Oy, 066, 00, 8¢rz) _0 Prs

o2 =7

2 0x oy oXx oy ox oy ox oy

1
8
_L
8
+

e Internal virtual work

1
énlinear|u:q,r =0 él—lnonlinear|u:q,r = gJ.OV (()tsll+(;[822)d0\/
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Deficiency of shear eigenmode

 Eigen deformation

(PA:[¢A1 ¢A2]T:g[y X]r //// (1 z Oc Y

(pB:(pA_(Pr:%[y O]T o

7

2 —
P =9, t O, :7[0 X]T $r1 P,

e Internal virtual work

él_I“neaf |u=q)A = ZG’ él_[nonlmear = _I (OtSll+ tszz)d 0\/ $r3 $r4
1

éHIinear|u . = ZG él_Inonllnear| . = E-[OV 0t822d 0\/
1

él_Ilinea\r|u . = ZG él_Inonllnear| —o¢ :EJ.OV OtSlldOV
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Study on Nonlinear Stiffness

Total Lagrangian : [, d,,C" e d + |, omoS,dV=""R~{[ o,¢S,d
| ] | J

‘/K L RS
- ?y ®3 oc ?5
X / \ : Eigen / \ —] —
& / \ oS Mode
— . B
9, 9, 0, 9, — —
Eigen
Mode L 07 (¥ o *
— ﬁ 1
// ; Eigen — \ / / /
// 092 | Mode
L L L L
9s 9 9, 9 )
(p12 (P12 (PIZ (P12
A B c D
Eigen
01S12 Mode
\4 1
8
_ T T T T T
K= 040 Ky = 0aa®h +052505 +0c.0¢ +0540p
i-1 | I—

.
(Pgio(l)l; = q’s’%‘l’l +(P6)“D(PI) +(P3/1D(PZ +(P62*D(P; 44



Eigen Recomposition

Total Lagrangian : [, d,,C" e d + |, omoS,dV=""R~{[ o,¢S,d
| J

] |
K, K

/

Eigen decomposition : Ky =2, 29¢]

Estimation of eigenvalue : 4 =¢/Ky ¢, 29K,

Eigen recomposition : Ky =D 409/

4 Assumed Eigenvector for 2D beam

' | ¢ RN )4

(@, : assumed eigenvectors)
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Straight cantilever problem

z
i (Load Case I)
F, <)
| S S S S S S S S S S J 1I
< N
100 !
Refersnce
O O Wwithrecomposition
® @ Without recompaosition
100 L Load Number of iteration
(single load : :
751 Step) Wlthout W|th
= recomposition recomposition
‘::507 single step | 2 9 7
® | 4 14 11
terminated terminated
0 1‘0 2‘0 3‘0 4‘0 50 0 1‘0 2‘0 3‘0 4‘0 50 6 1 9 1 3
F.(N) F,(N)
8 X 14
10 X 13
20 X 15
30 X 16
40 X 16
terminated
0 1‘0 2‘0 3‘0 4‘0 50 50 X 18
E,(N) E(N)
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Straight cantilever problem

100 * M,
Load Number of iteration
(single load - -
step) Wlthou't. Wlth' .
recomposition recomposition
100 25 24
200 41 37
300 59 49
400 84 66
500 109 86
600 136 103
700 167 135
800 205 165
900 245 201
1000 289 234

19% improved
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Right angle frame problem

Reference
O O with recomposition
® o Withoutrecomposition

200
< 100 5
& § 100
w single step
50— -
1 terminated terminated
L L L L L L L L
< > [1] 2 4 ] 8 10 0 2 4 6 8 10
F.(N) F.(N)

—

o 1

o

terminated
S
F.(N)
F.=10
F =5
x F;=2
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Offshore jacket problem

0.5
o
10
0.5
SX
10 : i
20 increment steps 40 increment steps
without recomposition without recomposition
le s)|
N i
16.5
40 steps X single step with recomposition
— — 20steps (O 2 steps with recomposition
------ 10steps ® 4 steps with recomposition
400 T / T T
300 = I//@\Xg
é\ 200 - 1
—
Ry
100 - i single increment step two increment steps
with recomposition with recomposition
0 é | 1




Summary & Future works



Summary

® The continuum mechanics based beam finite elements allowing
twisting behavior are proposed.

® The new modeling method to construct continuous warping
displacement fields for discontinuously varying arbitrary cross-
sections is presented.

® The nonlinear formulation of the continuum mechanics based beam
elements is presented.

® A novel numerical method to improve nonlinear performance is
proposed.



Future works

- Continuum mechanics based beam element
Composite (warping, zigzag, slip ...)
Distortional mode
Jourasky type warping
Implementation for dynamic analysis

- Warping for discontinuously varying cross-section

Implementation for nonlinear analysis
Buckling analysis

- Nonlinear implementation

Buckling analysis (Inelastic, twisted structure)
Characteristics of twisting actions (poynting and swift effect)

- Improvement of nonlinear performance

Spurious energy mode (locking treatment)
Extension of eigen recomposition method
Recursive load step, problem dependent tangent stiffness matrix
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