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Goal

: To develop the efficient and robust shell finite elements based on partition of unity concept.

Limitations :

» Linear and nonlinear static analyses
» Shell elements with the effects shear deformation (Reissner-Mindlin theory)
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Part I:

Introduction to Partition of Unity (PU) Based FEM

Brief History of the Finite Element Method
Application of the Finite Element Method
Finite Element Analysis Procedures

Ultimate Goal of the Finite Element Method
Partition of Unity Based Shell Finite Elements



Events in the Finite Element Methods

1960: FEM coined by Clough
1971: First FEAP
by Taylor

1971: Reduced integration

1956: First paper by Zienkiewicz

by Turner, Clough,

Martin and Topp 1990: EAS

by Simo

1999: XFEM

by Belytschko ¢

JOURNAL OF THE
AERONAUTICAL SCIENCES

UC Berkely 1950

1970s: Commercial software
(ABAQUS, ANSYS, ADINA)

*  Force Method by Strouboulis
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1960 1970 1980 1990 2000 2010
~1960 | 1976: Incompatible mode
« Direct Stiffness Method ~ 1962: Isoparametric element by Taig ' by Tgylor 2000: GFEM (PU FEM)

1958: UC program using IBM 704 1966: Numerical integration li)y Irons  1982: ANS by MacNeal
by Wilson 1970: Curved shell by Ahmad

. 2005: IGA
The Finite Element by Hughes
_ eoa = 1984: MITC
1967: First book EE=Ess by Bathe

by Zienkiewicz




List of finite element software packages —

FEA software list

Commercial (48)
ABAQUS
ANSYS
ADINA
NASTRAN
ALGOR
LS-DYNA
PAM-CRASH
MARC
LUSAS
COMSOL

TIME 1.000

ANSYS ADINA

VISUALFEA
FEMAP

Open source (19)
FreeFem++
OOFEM

JFEM
GetFEM++
Code Aster

........ Commercial FEA software prices start from around $1,500 to $60,000.

Figure source : google image

ALGOR NASTRAN VISUALFEA
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Applications of FEM #1 — //

Automobile Electronics

Sports Defense Ship building

Figure source : google image
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Applications of FEM #2

Science

Olivier et al., Science 2008
(Developmental patterning)

Eaevis ik (¥ ™)

EE
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Giorgio et al., Nature Communications 2012
(Microscopic magnetic simulation)

Dario et al., Nature Communications 2011
(Frequency stabilization)

Sampathkumar et al. Cell Current Biology 2014

Diederik et al. Nature Photonics 2013 McHenry et al. P

(Disordered photonics)

NAS 2007

(Predatory behavior in Smilodon)
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A Study on the Finite Element Method //

Is there nothing left to improve FEMS?

Many researchers and their contributions over 50 years

CLUE

More than 10,000,000 papers to improve performance of the FEMs

Most widely used numerical methods in engineering

Stabilized commercial software products (e.g. ABQUS, ANSYS, ADINA,...)

ANSWER ' Of course, more research is needed
despite the remarkable developments and improvements.




FE analysis procedures — //

Step 1
. Observation of the system

Column under an eccentric compressive load

This eccentric load is perpendicular to the column, but it doesn’t pass through the column’s centroid.

Figure source : google image
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FE analysis procedures — //

Step 2
. Idealization of the system

Major assumption : Linear elastic material

Appling an eccentric load

See the dissertation, p. 121

P
A4 X
A
A
z < b
Idealization =
'- q i “h
' b=h=1, I=10
y P=
E=10%v=0
—— Imposing the boundary condition
» X
NN
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FE analysis procedures — //

Step 3

. Discretization of the domain
(using ADINA founded in 1974, ADINA 9.0.5 latest released version (2014.10))
(setting the material properties, imposing the boundary condition, and applying loads)

node
(24)

element
14

node
(21)

: FE discretization

]
b /? (16)] (17) (18) .
/ < 5 | connectivity

element 14 : (20),(21), (24), (23)

Y

P
b=h=1, [=10 7| 8
) P=1 0 ATT) . 0¥
E=10%v=0 B # ofnodes : 33
# of elements ;: 20
A4 = X
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FE analysis procedures — //

Step 4
. Solving the problem and interpreting the result

initial mesh More accurate result

=BT T T T T T T 1z

S T T T [ [ T T 1&

Result : deformed shape of the column

—
S
. /B
y
S —
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See the dissertation, p. 122




The cause of this problem — //

Correct beam deformation

2D pure bending problem

e

Au

~

D TR A

a

2 2 2 2
Wrs)= fgl (1_2_2} Jgg] (1_2_2}

7/xy_5 a

_8u+8v20

u(r,s) = Aurs

Parasitic in-plane shear strain

In-plane shear locking : The element has an excess of shear strain which contributes to the
poor ability of the element to reproduce bending modes.

See the dissertation, p. 7
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Remedies —

Amazon search Commercial software : ADINA
450 results in science & math, keyword : “finite element method”  Manual book : 12 books

The
Finite Element
Method

A THSTEOURSE IN THE X Linar Static and
Dynarmic Fanite Bement Analysis

1" FINITE ELEMENT METHOD

Thomas J. R Hughes

DARYL L 1OGAN

CONCEPFTS
AN

Programming the -

ite Method APPLICATIONS Ao

Klaus-Jiirgen Bathe o 4 OF D..
FINITE ELEMENT I s

s ANALYSI i
Finite g N....
Element A First Course in A -
Procedures Finite st

Elements el
e [-—= ~=

Non-linear Finite Element
Analysis of Solids
and Structures

Petw Wirigger

Nonlinear
Finite Element
Methods

ADINA Verfication Manual
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The ultimate goal of the finite element method #1 -

Accurate solution & User conveniences

What does “user conveniences” mean?

One click

Reliable results

16



The ultimate goal of the finite element method #2 -

4 Step 1: Observation of the system
v

Step 2: Idealization of the system

v

Step 3: Discretization of the domain

|
'

General procedure

Accurate solution

2]
—
D
©
>
W
=k
=.
>
(@]
—
-y
(9>
o
=
o
=2
D
S

Estimating o Locally enrichment
g the FE errors without mesh refinements

Additional procedure
AN

See the dissertation, p. 50 Y




The ultimate goal of the finite element method #3 -

“A Finite element solution contains enough information to estimate its own error”

13

Nowadays, a booming activity in error estimation is fostered by better understanding of

Cook RD et al., Concepts and applications of finite element analysis, 4™ ed., Wiley. i
mathematical foundations” i

__________________________________________________________________________________

Two types of error estimates serve very different purpose

= Apriori error estimates
= To check the order of convergence of a given FE method

= A posteriori error estimates
= To indicate where the error is particularly high

I.  Residuals — based method
Babuska I and Rheinboldt WC, Int. J. Numer. Meth. Eng.;12:1597-615, 1978 (1371 cited)
Il. Recovery — based method
Zienkiewiz OC and Zhu JZ, Int. J. Numer. Meth. Eng.;24:337-57,1987 — ZZ method (2147 cited)

18




The ultimate goal of the finite element method #4 — //

Error estimate / Adaptive mesh refinement

Partition of unity based shell finite element
' '~ment)

*****

5-node
element

4-node
element

Hyang et al., DDMSE;78:53-74,2011

4-node

Disadvantages
element

= Mesh refinement algorithms
= Only A-refinement .
= 2D/ 3D solid problem L
= Transition elements

. refinement

If shell problem,
how can treat the locking phenomenon?

See the dissertation, p. 24 19



The ultimate goal of the finite element method #4 —

Error estimate / Adaptive mesh refinement

*****

5-node
element

4-node

' element
Hyang et al., DDMSE;78:53-74,2011

4-node

Disadvantages
element

= Mesh refinement algorithms
= Only A-refinement

= 2D /3D solid problem

= Transition elements

If shell problem,
how can treat the locking phenomenon?

See the dissertation, p. 24 20




PU based Finite Element Method — //

3
FEM u(x) = Zhiui h,  : shape function
. u.  :nodal displacement variable
R ,
PU based FEM i (x) = Z hyu (x) | u.(x) : local approximation function
i=1 e
g4
_____________________________________________________,)l ___________________________________________________________________________________________________________
Local approximation , u, (X) ‘ / \
3
""""""" 7x)=> hu
w(x)=pTa(x) P ()= [1 B ] S
3
l 200 =l o~ aiv -l = h[u,+(x—x)a, +(y - y)ay]
\\‘ =1

u; (X) =ay; +Xa,; + yay,

3 3
_Zhu + Y h(x—x)a, +h(y—y)a,
u;(X;, ;) = ay + X0, + y,ay;, =, - =1

—u+u

ay =U; —X;dy; — Vd; \ /

—————————————————————————————————————————————————————————————————————

= Use of the high order interpolation
= Local use

_____________________________________________________________________

See the dissertation, p. 26 =



PU based MITC3 shell element — //

The linear terms of the enriched covariant strain components

. ~
AL N . e, ==(g-u,+g u,
§ g - o(x + _Ox _ g § ’ 2( S ) >PU based MITC3 shell element
i i or or o4 _ 1 1 . (also called enriched MITC3)
i____________________i_____________i _____________ : [/ E(gz 'u,j + gj ’ u,i ) + E(gl u J + g/ u I)

Convergence study

MITC4 MITC6 Enriched MITC3
| I 1
S S 0.0 0.0 - .
A A
0.5 F 0.5 |
[%2]
p -
| © | = o -1.0F = -1.0|
S o (=] o
[<3] = e &
feh) o O .15 U .15+
< | @ o ©
— e Ko ot
“w— | = 5 20 5 20|
2 3 = = ]
e X €y ° e E E -'
o | = = =
n =) = -2.5 T 2.5 1
c | & & 3
o | =2 L/ = /
o 3.0 F 3.0 f,f B
(D)
N > »
> T Ll | D /
0 h : v 3.5 |- - 3.5 0 35 -
rt 2 I."I
-4.0 L -4.0 4.0 b
~ ~ -1.8  -1.0 03 -8 -1.0  -0.3 -1.8  -1.0  -0.3
er=a, +cs en=a,+br+cs
B - log(2h) log(h) log(1.2h)
Cot =ty —CT e =dy + by +¢p8 -8—8 YL=1/100 —-—4 tL=1/1000 -—e- t/L=1/10000

%
# of elements
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PU based MITC3 shell element -

(b)

Fine mesh

MITC4 MITC3
(DOFs =46,080, Ref. strain energy) (DOFs =46,080, Error =45.66%)

Coarse mesh

Fully enriched MTTC3 ™~ Locally enriched MITC3™~,

MITC3 o e N \
(DOFs=5,120Error="75.81 00))‘ (DOFs = 15,360,‘\5':’1'r0r =3.11%),; (DOFs=9,120, €rror=6.49%),

/
‘4
- ~

- ~
__________ el T g S——————

Jeon HM, Lee PS, Bathe KJ. The MITC3 shell finite element enriched by interpolation covers. Comput Struct 2014,134.:128-42.
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Journa

| paper —

Computers and Structures 134 (2014) 128-142

Contents lists available at ScienceDirect
Computers

Computers and Structures

journal homepage: www.elsevier.com/locate/compstruc

The MITC3 shell finite element enriched by interpolation covers

1

i
a
i
L
]

Hyeong-Min Jeon?,:Phill-Seung Lee **, Klaus-Jiirgen Bathe®

@ CrossMark

2 Department of Ocean Systems Engineering, Korea Advanced Institute of Science and Technology, 291 Daehak-ro, Yuseong-gu, Daejeon 305-701, Republic of Korea
bDE‘pﬂl’tHlE‘n{‘ of Mechanical Engineering, Massachusetts Institute of Technology, Cambridge, MA 02139, USA

ARTICLE INFO ABSTRACT
Article history: In this paper, we develop a scheme to enrich the 3-node triangular MITC shell finite element by interpo-
Received 1 August 2013 lation cover functions. The MITC method is used for the standard and enriched displacement interpola-

Accepted 9 December 2013

- : tions. The enriched 3-node shell finite element not only captures higher gradients but also decreases
Available online 28 January 2014

inter-elemental stress jumps. In particular, the enrichment scheme increases the solution accuracy with-
out any traditional local mesh refinement. Convergence studies considering a fully clamped square plate
Keywards; problem, cylindrical shell problems, and hyperboloid shell problems demonstrate the good predictive
Sl st ures capability of the enriched MITC3 shell finite element, even when distorted meshes are used. We evaluate

Enriched finite el t i i & 7
sf:ss :Ccu?;:ye A the effectiveness of the method, and also illustrate the use of the enrichment scheme applied only locally

MITC shell elements through the solution of two additional shell problems: a shaft-shaft interaction problem and a monster
Interpolation cover shell problem.
Triangular elements © 2013 Elsevier Ltd. All rights reserved.
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The ultimate goal of the FEMs —

Biologist
Engineer
Chemistry

2

Black box

Conventional FEM processes

i

Error estimation

i

Locally enriched
by the PU based shell elements

/Controllable Finite Element Metho?\

i

Reliable results  ¢———

Analysis of nan
Biological pher
Engineering str
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Part |I:

PU based Shell Element with Improved Membrane Response)

= Introduction to Nonlinear Finite Element Analysis

= |ntroduction and Scope of Research

= MITC3+ Shell Element in the Nonlinear Analysis
= Key Concepts / Nonlinear Formulation
= Benchmark Problems

* The Method with Improved Membrane Behaviors
=  Comparison with Other Methods
= Key Concepts / Nonlinear Formulation
= Benchmark Problems
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Introduction to nonlinear FEA #1 — //

o Geometric nonlinear analysis
Classification « Material nonlinear analysis
« Changing in boundary condition

: . : Linear analysis Nonlinear analysis
Cantilever beam subjected to end shear force y y :
y : T =
Y P l | = ;Q I } - ] { - —
1 o B Wy b H
1 .\“‘(_}\\ \/ h T .
: NSy N
———> X b 4 + l >\ N AN
l b N
| : \\_.\.\<><f-\\\‘ ! 'JE
< >| : \\\\/'. > . i
! : 50— . - 50— - —
V i 40k Horizontal disp. | 40k |
A | 3 A8
| 5 30+ 74 § 30 .
" b=h=1, =10, | < |
_maa 1 < " i - L 4
i b E=1.2x10% v=023 | 2% e 2%
K P=45 Rl 7 4 1or :
/; 1 //
! : oV | 0+ A
| 0 2 4 6 0 2 4 6
Displacement Displacement
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Introduction to nonlinear FEA #2 —

/-

LINEAR ANALYSIS

NONLINEAR ANALYSIS

1. Strain

2. Rotation
(curved beam/shell)

3. Framework

4. Iterative scheme

Infinitesimal strain
1{ Ou, 5uj

e, =—| —+

To2(ox, o

Infinitesimal rotation
t+AtV’;‘ — t+A;Qi [V,i
t+AIQi :I3 + t+AI®i
0 e
t+A;®i _ t+Att9; 0 _t+Att91i
e e 0

» -Via. + VB

Green-Lagrange strain

B 1(8%. ou, +8uk @u,(]

e. == +
o2\ ox; ox,  Ox Ox,

Finite rotation
t+AtVrzl‘ — H—A;Qi tV};‘

. 1 .
t+At i t+At i t+At (i) 2
tQ _Is+ t® +_( t®)
2!
t+At nyi t+At n)i
0 B z03 t92
A i At ni At ni
t+ ;®1 — t+ tteé O _t+ lte]f
t+At n)i t+At i
- zgz 191 0

. 1 ,
> o, Vit BV (e )Y,

o Total Lagrangian formulation
o Update Lagrangian formulation
o Corotational formulation

o Full Newton-Raphson method
o Modified Newton-Raphson method
o BFGS matrix update method

28



Introduction to nonlinear FEA #3 —

Three types of approaches
: to improve the nonlinear finite element solution

_____________________________________________________________________________________________________________________________
- ~.,

1. Using the high performance computing
2. Obtaining the Equilibrium path

3. Development and improvement of the finite elements (present research)

‘‘‘‘‘

29



Three types of approaches #1 — //

Geometric nonlinear FE procedure

B s T

Read geometric / material information

Incremental load step procedure

» Assemble loads

| Assemble tangential stiffness matrix |

B,,d°V

Update position vector

t+AtU(i) — t+AtU(i—1) + U(i)

Calculation of stresses

End program

Newton Raphson procedure

High performance computing

Xeon® 5500 I
Two quad core Intel Xeon X5560
Core : 8 running at 3.2 GHz 8
RAM : 48 GB of DDR31333MHz "32
Parallel library : OpenMP &h
£
E

NVIDIA GeForce GTX480
Core : 480 CUDA, 1401 MHz
RAM : 1.5 GB of video memory
Parallel library : CUDA

30 12
25 4 10 4
20 4 8 4
| |
15 - 6 oRU
W1 Core
W 2 Cores
10 4 41 W 4 Cores
M 8 Cores
5 1 2 1
0 4 0 4
Double Double

Dick et al., Simul Model Pract Th 2011;19:801-16.
Karatarakis et al., Comput Methods Appl Mech Engrg 2014;269:334-55.
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Three types of approaches #2 — //

—— e mm o Em o Em e Em o Em Em Em o Em Em Em o Em o,
~

-

-~

o T e

N

AN
G

Geometric nonlinear FE procedure

Read geometric / material information

Assemble tangential stiffness matrix

K, = [, B],C"'B,dV (K, = N,V
v
Solving the linear equation
(;K(i—l)U(i) — t+AtR _ éF(i—l)
v
Update position vector
r+ArU(i) — t+AtU(ifl) + U(i)
v

Assemble internal force vector
oF =, B iS"dV

cdure

[ncremental load st

Calculation of stresses

End program

N e o e e e e e e e e e = P

Obtaining the equilibrium path

A

/v Auto load step

Equilibrium path
/

AP

Arc-length method
\

Load (P)

v

Displacement (u)

= Load control / Displacement control (Batoz and Dhatt, 1979)
= Limit point analysis — Arc length method

(Riks(1972), Crisfiled(1980))

= Others — Automatic load step(Ramm, 1982), Line search(Box 1969)
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Three types of approaches #3 — A48

Geometric nonlinear FE procedure

Read geometric / material information

Different types of shell elements in commercial software

| mpnes e o | .| WABAQUS
v » Assemble loads
I e B \ S3, S3R, S4, S4R, SAX1, SAX2, SAX2T, SAXA1n, SAXA2n,
‘ Assemble tangential stiffness matrix N STRI3, S4R5, STRIG5, S8R, S8RT, S8R5, SOR5
"B, dV |

NANSYS

SHELL28, SHELLA41, SHELL43, SHELLS51, SHELL57, SHELL61
SHELL63, SHELL91, SHELL93, SHELL99, SHELL143, SHELL150
SHELL157, SHELL163, SHELL181, SHELL185

ADINA

Axisymmetric shell, DISP10 Collapsed
MITC3, MITC4, MITC4i, MITC6, MITC8, MITC9, MITC16

MSC Nastran

QUAD4, QUADS, QUADR, TRIAS3, TRIA6, TRIAR, TRIA,
CONEAX, RTRPLT

Solving the linear equation
(;K(i—l)U(i) — t+AtR _ éF(i—l)
v
Update position vector

r+ArU(i) — t+AtU(ifl) + U(i)

v

Assemble internal force vector
oF =, B iS"dV

Incremental load step procedure
Newton Raphson procedure

Calculation of stresses

End program

32




Validation of the nonlinear FE code —

Deformed shapes
« CODE (C++)
« TECPLOT/PARAVIEW

® MITC4 shell element
® Full Newton-Raphson method
® 100 load step

Commercial software (ADINA)

1PROGRAM ADINA - VERSION B.5.0 (build 01.26.2012) +++ NO HEADING DEFINED +++ [Problen_Finched Cylinder Octant]

[FNFEM_she11_MITC41

PRINT OUT FOR TIME (LOALD) STEP { TIME STEP= 0.10C
DIAG ELEMENT (WITH Ma¥ 485 YALUE) OF THE FACTORIZED MATAIX = NODE =
DI 4G ELEMENT (WITH WIN ABS YALUE) OF THE FACTORIZED MATRIY = HODE = F -
3.08BE+84. Fo
INTERMEDIATE PRINTOUT DURING EQUILIBRIUM ITERAT i : 1.PAE+80
# total elements = 1688, # total nodes = 1681
# total DOFs = 8485, # free DOFs = 8872, # fix DOFs :
OUT-0F = NORM OF CONYERGENCE RATIOS  COM # of load step : 168
BALANCE OUT-0F-BALANCE NORM OF |NCREMENT AL FOR OUT-OF-BALANCE — F o T el (i s 4.CHEE
ENERGY FOACE  MOMENT DISP, AOTN, CFORCE ENERGY FOFACE EHIEULISEn HEEETen EOIEEES -
NODE-DOF ~ MODE-DOF  WODE-DOF  MODE-DOF  CFNORM HOMENT el oy = 3SR
Wik WALUE MAX VALUE HiX WALUE MAX VaLUE —
COMPARE WITH
ETOL RTON 1/ Mewton-Rhapson iteration
1. 00E-03 (HOT LISED){
Te= ol 5. 956+00 | 3. 00E+01 5.18E-08 5. 31E+00 2 A0E-01 0.00E+00 1.00E+00 |1 D0E+00 step iter 00B{energy> norm(O0OB{R-F>> norm{disp> normirot?> criteria
L3, 00E+0] -4 TEE—UE 2 EBEﬂD]Z -7 SBE%S 0. 00E-+00 2. 7305 929 -76E+PA@ -76E+83 5._43E+88 -B2E-A1 1._@9E+80
' ' ' ' .54E+88 .81E+@3 1.82E-61 .35E-83 3.24E-01
ITE= 1| 3.23E+00 |2.80E+02 3.026+01  2.20E-01 1.236-02 0.00E+00 | 6.04E-01 |1.00E+00 .58E-83 .81E+83 2.23E-01 -39E-03 1.38E-83
T3 117-Y 35— 36-Y 0.00E+00 5. 2BE+00 . 70E-B6 -81E+83 2 .B4E-83 -83E-B5 2 .B4E-B6
HLOZE+02  1.1BE+01 —1,73E-02  -5.49E-03
ITe= 2|2.946-02 |1.28E:00 4.84E-0) 5.37E-01 2.2%-07 0.00E-00 | 5.506-03 |4 55E-03 o R ape Lnne oty +pana
67 77 34— 36-¥ 0.00F+00 8, 47E-02 - - - - -
L5 7EE-01 -2.70E-01 -2.EEE-02 —8.00E-03 188 -94E-82 -88E+83 -37E-B1 -29E-B2 S .58E-B3
188 -47E-84 .88E+83 .32E-B2 .1BE-84 6 .48 E-B5
ITE= 3| 3.476-04 |2.84E+00 3.046-01 1.396-02 6.10E-04 0.00E+00 | 6.485-05 | 1.01E-02
TE-% i 34-2 36-Y 0.00E+00 5 3E-0Z 2/ Printing Output Files
112600 —1.19E-01 -7.24F-04 -2.34F-04 3/ Completed *
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Introduction to locking phenomenon —

el
A
4 N

Shell element = membrane element + plate element

Transverse shear locking

* In-plane shear locking
» Trapezoidal locking
. I ook

\

_/

/-

> Locking problems
in 3-node shell elements

Transverse shear locking In-plane shear locking Trapezoidal locking

- Beam section

1
j/




Newly developed shell elements —

Two types of newly developed triangular shell elements

P e e T e e e e e e e T e T,

- Transverse shear locking |
' MITC3+ ;
PU based MITC3+ _) 4 Membranelocking i
(Enriched MITC3+) e
u In-plane shear / Trapezoidal / \elumetric-locking
MITC3+ Enriched MITC3+
1. BASIS Original MITC3 shell element MITC3+ shell element
2. METHODS  Cubic bubble function Cubic bubble function

Partition of unity approximation

4. FEATURE Improved bending behaviors Improved bending / membrane behaviors

35



MITC3+ shell element — //

Original 3-node shell element

. 4
I‘\‘ bubble node

u(r,s,&) = ihi (r,5)u, +§iaihi (r,s)(-V,a, +V, B.)

midsurface

~
\\\\\

3-node shell element with the bubble function

% W 3 R e
N | v ;
e, ) u(r,s,&) :;hi(r,s)ul. +§Zai:‘ﬁ(r's)i( V,a, +V,f)
€, ’ S S
X, U £

» Suggested new assumed strain fields » MITC3+ shell element

= LeeYetal, The MITC3+ shell element and its performance, Comput Struct 2014;138:12-23
= Excellent convergence behavior

= Only linear analysis conditions have been considered
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Kinematics

Incremental Green-Lagrange strain tensor components :

1(t+At .t+At 1 P ¢ Ir--———————-;
Ogij 2 gi

gj—’gf’g,-):E(u,,-- g, +'g u +u,u )

Displacement interpolation with finite rotations :

3 4 _ 1 . E
u=> h(rs)u, +%Z a.f, {—aitVZ’ +,Bl.tVf:—§(ai2 +ﬂ,-2)tV,§}l
i—1 i=1 : :

3 4
cf. linear analysis u = Zh,-u,- + Z%a,fi (—Vzla,- + Vfﬂ,-)
i=1 i=1

Iterative solution procedures

With the full Newtorn-Raphson iteration scheme, the equation for the i-th iteration in a

finite element model are » . A -
éK(l_ )AU(l) — A (;F(l— )

for the displacement, — N (i1 ,
t+ IU(Z) — t+ tU(l— ) +AU(Z)
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Nonlinear performances of the MITC3+ element #1 —

Slit annular plate problem —_—— —_———
LOF . Linear analysis 1 LOF  ——— Lincaranalysis 1
Reference Reference
-5 MITC4 -O- MITC4
? 0.8} —-B mires 4 ’&‘ 0.8F = mirc3 -
9; A MITC3+ «Q'f A MITC3+
& <
P § 0.6 - § 0.6F B
v £ £
g 04t 1 8§ oar .
R f clamped o ! 1 B ool ]
z / R,
0.0F ! 0.0F E
g ; : : ' ' : 3 6 9 12
h Vertical displacement at point B, w,
X
R =6, R, =10, h=0.03, P=3.2
E: 21><106’ VZO Nesp
Element Description MITC3+
4-node quadrilateral shell element
MITC4 a
(Bathe, 1986)
MITC3 3-node triangular shell element
(Lee, 2004)
3-node triangular shell element
MITC3+ _ ng .
with a cubic bubble function (present) -
Reference 9-node quadrilateral shell element &

MITC3+

KAIST
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Nonlinear performances of the MITC3+ element #2

Hemisphere shell problem ——— —————
LOF . Lincar analysis : 1 LOF  __ . Lincar analysis
Reference Reference
-©- MITC4 - MITC4
_ 08 B wmie 0.8 B mircs
| A MITC3+ 2 A MITC3
& <
= o6r & o6r
P o
= 04t = oaf e
= E]
b=} k=
0.2+ 23 -==7T 02f
0.0r 0.0F
0 1 2 3 4 0 2 4 6 8
Radial displacement at point 4, u, Radial displacement at point B, —v,

R =10, h=0.04, P =400
E =6.825x10", v=0.3

Element Description

MITCA ?E-Sr:;?; ?Lt.éa8%r)|lateral shell element

MITC3 ?I:r;(;dezz(;gj;gular shell element

MITCS: e bubbe uncton (reent) |

Reference 9-node quadrilateral shell element MITES

KAIST
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Nonlinear performances of the MITC3+ element #3 —

Other benchmark problems solved

M=0.5M,,,

g vp__
M=0.2M,, initial mesh £ SP““‘

M=0.1M,,,

1.0 1.0 Lot Lof Lob 10
—~ 08 — 08 ~ 08 ~ D8 08E %]
£ e g g - —
< L = = i
g q = = = &
06 <06 = 06 = 06 & o6 g 0o
2 2 = H k=) =
& £ 2 g ] g
504 5 04 S DA 5 04f = 04f = 04
o @ = E = =]
= = - - z S
w G =) =
- o = g —— Linea - =
=202 S 02 Mooz o2 Analy 0.2 0.2
[ i : |
- wr S wned A O wcs O wmes
& e e g -5 e e
00 Ao L] 0ot oor o A T 1 0ot B e 0.0 A WITCH
0.0 16 32 48 6.4 0.0 0.8 L6 24 3.2 0.0 22 44 6.6 85 0.0 35 7.0 105 140 0.00 045 0.90 133 180 000 005 030 045 060
Vertical displacement at the free end, w,, Horizontal displacement at the free end, —u,,, Vertical displacement at the free end, w,, Horizontal displacement at the free end, —w,, Vertical displacement at point 4, —w,

Horizontal displacement at point A, v,
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Newly developed shell elements —

Two types of newly developed triangular shell elements

- Transverse shear locking
MITC3+
(Enriched MITC3+)
u " In-plane shear / Trapezoidal /Vel&me%n&leekmg
! ,
MITC3+ Enriched MITC3+
1. BASIS Original MITC3 shell element MITC3+ shell element
2. METHODS  Cubic bubble function Cubic bubble function

Partition of unity approximation

4. FEATURE Improved bending behaviors Improved bending / membrane behaviors
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In plane shear locking — //

Correct beam deformation
Au Au

~

Pure bending 2D problem <

(2 e D

Finite element deformation

2a Au
_»{ }‘_ As _>|

I
I
1
1
1

A

—

u(r,s)=—rs
2 2 2 2
v(r,s):Ma l_r_z +Mb 1_5_2
2E1 a 2EI b

Y0y Ox

u(r,s) = Aurs

Parasitic in-plane shear strain

In-plane shear locking : The element has an excess of shear strain which contribute to the

poor ability of the element to reproduce bending modes.
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Comparison with other methods #1 —

The methods to improve membrane behaviors

P il

» Reduced Integration method

= |ncompatible mode

= Additional bubble node

= Assumed Natural Strain(ANS) method

= Drilling degrees of freedom

. = Enhanced Assumed Strain(EAS) method
= Discrete Shear Gap (DSG) method

= Partition of unity approximations

N e e e e e e e e e e e = = = = = = = = = —— =
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Comparison with other methods #2 —

M M
Gauss quadrature [ = I_llj_llf(r,s) dsdt =Y > W, f(r,s,)

i=1 j=1
A

S

Au A

2 o — = 1’

»l
"l

—

v

A

l¢ »l
[ il

Full integration

Hourglass control (Flanagan & Belytschko, 1981)

le
@
@
~N
<
T
Bt
~

u(r,s) = Aurs

v=_0

Yy =Aur

¢ i - i ” ‘\ i T
N ® ® /) / \
\ / / \
\ / y \
L [ / ® A ®
/ \
i \
/s A S / \
N
1 o o T ! L
N v \ -
S @ = L = .

2 hour—glass modes

.ILS

v

- ) :

h 4

l¢ »!
I~ "l

Reduced integration
(Zienkiewicz OC et al., 1971)

Geometric-invariant
Quadrilateral element

/]
/
1
/
L

Propagation of hour-glass modes through a mesh
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Comparison with other methods #3 —

Incompatible modes

Au Au

= Only 4-node quadrilateral element

= Spurious energy in nonlinear analysis
(Sussman T and Bathe KJ, Comput Struct, 2014)
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Comparison with other methods #4 — //

Partition of unity approximation

u(x)=u(x)+u(x)

RN
u(x) :izhiui i_i_izhi(x_xi)aZi +hi(y_yi)a3i 3
= P =l i u(x) = Zhl.ul.
Standard term Additional term - :
l/l(X) - th (x—x,.)azl. + hi (y _yi)a3i
i=1
Distortion sensitivity test
- ' ‘ ' ' ' ' ] Analytic solution Advantages
—#— 3-node triangular element / \
~ —©—4-node quadrilateral element = 3-node triangUIar element
é 75 - —®— 4-node (incompatible modes)
§ —®— 9-node quadrilateral element . G tric | iant
.’é‘ ol | A— PU based MITC3+ eometric Invarian
5
= e e .
2 ‘ ais = Pass basic tests
> M | I% i )
B % M
7 — = Accurate results than other methods
| | N Y,
0o 1 2 3 4 s ‘
Distortion parameter 2L L
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Proposed remedy to improved membrane response —

a midsurface _exx_
eyy
2. W
exy
€,
E e2 eyz
& 3 e
X, u | “zx |
Original 3-node displacement interpolation
3 3
u=> hu, +éZa,.h,. (-Vie, +V; ), withu=[u v w]'
i=1 =
— 3 i 4 :
W= hu + CVa +Vﬂ)+ﬂru
i=1 2 i=1 i ! “l
PUbased MITC3+ | = &t :"
: < v= a.f, Va+V,B)+v,'
(Enriched MITC3+) Zl Zl (
3 (i :
w=2 hw +~Zaf( Ve, + Vi)
\_ i=1

8V . av . High order interpolation

dy Oy . (enhanced membrane)
1}, 0u 0
—|% _|__/,
2|y oy

| —+ |
| & Oy | MITC method
| Ow Ou | (transverse shear locking)

MITC3+ shell element

PU approximation

PU based MITC3+ shell element
(Enriched MITC3+)

47



Proposed remedy to improved membrane response —

Incremental Green-Lagrange strain tensor components :

_ l (t+At

ogy'_z

t+At

1, _ B R
g gj—tgi'tgj)zf(u”"tgfr g U, U, U )

Finite rotations - nonlinear part in the GL strain

3 4
Linear E:Zhl.ui+Z%aiﬁ(—V§ai+Vfﬁi)+ﬁ
i=1 i=1

Iterative solution procedures

With the full Newtorn-Raphson iteration scheme, the equation for the i-th iteration in a

finite element model are » . A -
éK(l— )AU(l) — A (;F(l— )

for the displacement, — N (i1 ,
t+ IU(Z) — t+ tU(l— ) +AU(Z)
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Performances of the PU based MITC3+ element #1

Cantilever beam subjected a tip moment

.V
A " /=20, b=h=1 M =10x
’ E =1200, v=0.2

A M
—— T 4T

v

initial mesh initial mesh

| | }‘T" e e e s = REERE REERRN
5 . S o

M=M R
T T T T T T -\ V4
i . M=025M,,
1.0} g b
~ - M=0.25 Vi A=
_ Ee=s | M=0.25M. . V=M, M=0.5M,,,
g He i ME0.T5Mw & g s 7 M=0.75M,,
= 6l ) MITC4 MITC3
=
]
g 0.4+ .
= M=M,,, initial mesh M=M,,, initial mesh
= = R e S SSS
= 02 g
0.0 f
| : . . . . M=0.75M,, & [ M=0.7
0 3 6 9 12 15 5 1)
Vertical displacement at tip =0 5M M=0.25M,,, M=0 SM.__ M=0.25M,,,
== Reference —o— MITC4 . . .
—5— MITC3 —@— MITC4 (incompatible modes) MITC4 (incompatible modes) Enriched MITC3+

—A— Collapsed Plane 42 —&— Enriched MITC3+
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Performances of the PU based MITC3+ element #2

Curved cantilever beam ; : : : . . :
L0 7 10h ]
2 0.8+ B
Bi 08 F - -
= %
5 g
8 &£ 06 .
= -~
7 06 3
= 7 &
“ Reference 0 04F A
_ —— MITC3 (mesh I) E
g - B - MITC3 (mesh IT) 2
g —— MITC3+ (mesh 1)
Z 04 — A MITC3+ (mesh II) = 0.2+ -
—8— MITC4
- © - MITC4 (incompatible modes)
—&— Enriched MITC3+ (mesh 1)
=& - Enriched MITC3+ (mesh 1) 0.0F 7
02 B . . \ A
. . ! ) . 0.3 0.0 0.3 0.6

2 2 s 5
4 8 2 I 20 Displacement at point 4, v,

Elements per vertical side

clamped end
R =412, R,=4.32, h=0.1
E =1x10", v=0.25

o Px = P
Element Description
4-node quadrilateral shell element
MITCA (Bathe, 1986)
3-node triangular shell element
MITC3 (Lee, 2004)
MITC3+ 3-node triangular shell element

with a cubic bubble function (Jeon, 2014)
Enriched MITC3+ PU based MITC3+ (present)

Reference 9-node quadrilateral shell element

MITC3 Enriched MITC3+
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Hemisphere shell problem

Performances of the PU based MITC3+ element #3

T T T T
Rigid diaphragm
1.0} E
-
=
Q
=
(5]
8 o8¢t .
&
kS|
=] d — Reference
Rigid 8 § ~8— MITC3 (mesh 1)
= 06} i - B - MITC3 (mesh I1) .
g ,J —&— MITC3+ (mesh I)
= / - A - MITC3+ (mesh 1I)
o / —&— MITC4
Z .'l - © - MITC4 (incompatible modes)
04| p’ * Enriched MITC3+ (mesh I)
' u -& - Enriched MITC3+ (mesh IT)
1 1 1 1
L =50, R=25,t=0.25, f.=90 N 12 o %
Number of elements per side
E=432x10°, v=0
Element Description
MITCA 4-node quadrilateral shell element initial et Fr=0.7 Fitmex

(Bathe, 1986)

3-node triangular shell element

(Lee, 2004)

3-node triangular shell element

with a cubic bubble function (Jeon, 2014)

Enriched MITC3+ PU based MITC3+ (present)

MITC3

MITC3+

Reference 9-node quadrilateral shell element

Force per unit surface (fnz / fnz max)

=}

e
o

o
o

=
=

e
]

e
(=)

— Reference
—— MITC3 (mesh I)

- B - MITC3 (mesh II)

—&— MITC3+ (mesh I)

- A - MITC3+ (mesh II)

—— MITC4

- @ - MITC4 (incompatible modes)
—&— Enriched MITC3+ (mesh I)
-<& - Enriched MITC3+ (mesh 1)

0.0

0.5 1.0
Displacement at point 4, v,

Fn = FNmax
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Papers —

Nonlinear analysis of the MITC3+ shell element
published in Computers and Structures, Jan 2015

ers and Strucrures 146 (2015) 91-104

Contents lists available at ScienceDirect
Computers and Structures

journal homepage: www.elsevier.com/locate/compstrjuc

The MITC3+ shell element in geometric nonlinear analysis

CrossMark
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1 Hyeong-Min Jeon® Youngyu Lee ?, Phill-Seung Lee*”, Klaus-Jiirgen Bathe b

'DNEM'E]UEMHMM?HH]_; Korea Advanced Institute of Science and Technology, 291 Daehak-ro, Yuseong-gu, Daejeon 305-701, Republic of Korea
" Department of Mechanical Engineering, Massachusetts Institute of Technology, Cambridge, MA 02139, USA

ARTICLE INFO

ABSTRACT

Article history:
Received 17 June 2014
Accepted 15 September 2014

In this paper, we present the MITC3+ shell finite element for geometric nonlinear analysis and demon-
strate its performance. The MITC3+ shell element, recently proposed for linear analysis [1], represents
a further development of the MITC3 shell element. The total Lagrangian formulation is employed allow-
ing for large displacements and large rotations. Considering several analysis problems, the nonlinear

Keywords:

Shell element

3-node triangular element

Mixed finite element method
MITC method

Geometric nonlinear analysis
Large displacements and rotations

solutions using the MITC3+ shell element are compared with those obtained using the MITC3 and MITC4
shell elements. We conclude that the MITC3+ shell element shows, in the problems considered, the same
excellent performance in geometric nonlinear analysis as already observed in linear analysis.

© 2014 Elsevier Ltd. All rights reserved.

The Enriched MITC3+ shell element
will be submitted in CMAME

The enriched MITC3+ shell element with improved membrane responses

: Hyeong-Min Jeon 2, :Ixyungho Yoon 2, Phill-Seung Tee **
1

* Division of Ocean Systems Engineering. Korea Advanced Institute of Science and

Technology. 291 Daehak-ro. Yuseong-gu. Dagjeon, 305-701, Republic of Korea

Abstract
In this paper. we develop a partition of unity based triangular shell finite element with
improved membrane behaviors. The proposed shell element is based on the MITC3+ shell
element which uses a cubic bubble function for the rotations and assumed shear strain fields
to alleviate the transverse shear locking. In order to membrane behavior. the partition of unity
approximation are applied only membrane part of the MITC3+ shell element. For geometric
nonlinear analysis, the total Lagrangian formulation is employed allowing for large
displacements and rotations. The present shell element passes the basic tests (the isotropy.
patch and zero mode tests) and shows excellent convergence behavior in several benchmark

problems.
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PROGRAMMING &8 UCIRvINE | Some.,
Bl A Posteriori Error Finite e
Estlmatll]ﬂ in FlmtB Elerrlents IFEM is a MATLAB software package containing robust, efficient, and easy-following

codes for the main building blocks of ElsElaERITIER= EhE i snEblsEon

unstructured simplicial grids in both two and three dimensions. Besides the
simplicity and readability, sparse matrixlization, an innovative programming style for

Element Analysis

FlNITE ELEMENT MATLAB, is introduced to improve the efficiency. In this novel coding style, the
ANALYSIS sparse matrix and its operations are used extensively in the data structure and
WITH ERROR ESTIMATORS algorithms.
| “ndl
v '% « A brief Introduction.
, ! » My lecture notes Programming of Finite Element Methods in Matlab
: : 10 BRBUSKA, JOHN R. WHITEMAN, * Dowload the latest version from ifem repository on bitbucket.
THEOFANIS STROUBOULIS « If you have installed Mercurial, you can

hg clone hrtps://bitbucket.org/ifem/ifem

Integrating the PU based FEM with the error estimator

= Mesh generation

= Adaptive mesh refinement algorithm
= Error estimates

= Coupling method or indicator
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4-node partition of unity based finite shell element : £

2D solid element :
No locking treatments due to the high order interpolation

Shell element :
Absolutely needs to reduce the transverse shear locking even using the high order interpolation
e MITC4-MITC9-MITC16 — Too much computational cost
* MITC4-Reduced Integration — Effectively decrease in computational time
* Reduced Integration — Reduced Integration — Much faster than others

Hourglass mode

-

e e ,\) € _:ei-l_:ei
N Vs | I Lo

® \] ( ® ,J T
¢ B |

= & MITCA MITC9 / MITC16
e e Reduced Integration Reduced Integration
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“Parallel programming is not a trivial task in most programming languages, and demands a great
theoretical knowledge about the hardware architecture and good programming skills” - Neto DP-

Tesla Cluster

e 4-Tesla T10 Graphics Processing Units (GPUs)
e 960-cores (240 processor cores for each GPU)
¢ 16GB high speed memory (4GB for each GPU)
e Host CPU: Intel Xeon x64 QC Dual Processor
e Host RAM: 2G * 12ea = 24GB

Tesla Workstation (2 sets)

4-Tesla C1060 Graphics Processing Units (GPU:
960-cores (240 processor cores for each GPU)
16GB high speed memory (4GB for each GPU)
Host CPU: Intel Xeon x64 QC Dual Processor
Host RAM: 4G * 8ea = 32GB

e & @ e @

Cluster Cluster Cluster  Cluster

Partition of unity based shell finite element

u(x)=u-+u ; “The computing of each local matrix is totally independent and
u=> hu, so parallelization of these computations is straightforward and
= can be naturally explored”
3
U= Zhi (x— xi)aZi +h, (y— yi)aSi
i=1
KAIST CMSS 55



= \We proposed two possibilities of using the partition of unity approximation

v" Increase solution accuracy without local mesh refinements (Part 1)
v' Improvement membrane behaviors (part 1)

I. PU based MITCS3 shell finite element (Enriched MITC3) is reviewed.

=  This element is obtained by applying linear displacement interpolation covers to
the standard 3-node shell element and MITC procedures are used.

=  The method increases the solution accuracy without any local mesh refinement.

= \We can provide convenience for user by combining PU shell element and FE error
estimates.

[1. PU based MITC3+ shell finite element (Enriched MITC3+) is proposed.
=  This shell element is based on the MITC3+ shell element and partition of unity
approximations to improve membrane response.
=  Membrane behaviors of the triangular shell element efficiently is improved by
partition of unity approximation.
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Civil-Comp Press
Computational, Engineering & Technology

Conferences and Publications
Past Conferences | CC2013 | C5C2013

Railways2014 | CST2014 | ECT2014 | PARENG2015

Front Page CST2014
Conferences
CsT2014 The Twelfth International Conference
Introduction on Computational Structures Technology
Themes
Competition Maples, Italy
Sessions 2-5 September 2014

Editorial Board
Proceedings
Important Dates
Venue

Introduction

This is the Twelfth Conference in the Computational Structures
Technology series that commenced in 1991, Previous venues for
the conference have included: Budapest, Edinburgh, Prague,

LT Lauven, Lisbon, Gran Canaria, Athens, Valencia and Dubrovnik. The

= conference is concerned with the application of the latest

For Authors computational technology to structural mechanics and engineering.
Abstract Computational Technology encompasses both the latest hardware
Submission and software developments as well as algorithmic and theoretical

Paper Submission  tachniques.

Opening Lecture

The C5T2014 Conference will be opened jointly with the ECT2014
Conference with a lecture presented by Professor K.J. Bathe of
Massachusetts Institute of Technology, Cambridge MA, USA.

Frontiers in Finite Element Procedures & Applications ®

by

Klaus-Jiirgen Bathe
Massachusetts Institute of Technology
Cambridge, MA 02139, USA

2 Frontiers in the analysis of shells

The analysis of shells has been pursued for decades and yet there are still important
improvements needed in the effectiveness of shell elements. In practice. low-order
elements are much preferred because of their ease of use in meshing. their
robustmess and computational efficiency. but a significant drawback is the rather low
accuracy in the calculated stresses. The stress predictions can be improved by the
‘stress improvement scheme’ published by Payen and Bathe [5] and by the
‘“interpolation cover scheme’ presented by Kim and Bathe [6, 7]. Both schemes
were originally developed for the analysis of solids. In the following, we present the
development of the interpolation cover scheme for a 3-node shell element. to obtain
an enriched formulation [8]. and we present a new more powerful 3-node shell
element. the MITC3+ element [9]. Since this element formulation is based on the
MITC technique. the extension to nonlinear analyses is directly achieved [10].

The geometry of the 3-node confimmum mechanics based triangular shell finite
element is interpolated using [4.11]

3 3
X(r.s.t)= Zh,(r..s)xf +Z%(J,fl;(?‘.5) Howith y=r. lh=s. ly=1-r—-s (1)
i1

-1 =
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