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1. Introduction
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Finite element method

* FEM in various engineering fields

Aerospace engineering Offshore engineering Automotive engineering

Digital twin
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Research purpose

Goal v Improvement of the performance on distorted mesh
v Simplification of the formulation

% Topic 1. new 2D-MITC4 solid element

Simplification of the previous formulation

Adjustment of Gauss points considering element distortion

4‘ Geometry
' , information
Yy L

X

N
<> \/5 H

o-————-0
Ny

Geometry dependent
Gauss integration

% Topic 2. new MITC4+ shell element

New assumed membrane strain field

Extension of the concept of “geometry dependent Gauss integration”
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Topic 1

New 2D-MITC4 solid element

4-node quadrilateral 2D solid element
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Research motivations

* Development of a new finite element

P

__V A

N
/
10 1
y L A A
V. > X /\ _____________________ . V§ __________________ _ )
Error: 41.1% T Error: 5.3%

FE model Standard element 2D-MITC4

(Regular mesh)

“ Major considerations

- Basic tests (patch, zero energy mode, and isotropy tests)
- Treatment of locking phenomena

- Reliable and accurate solution
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Related studies

*+ Reduced integration

Zienkiewicz et al. (1971)
- Reduced integration technique
- Spurious zero energy modes problem

Malkus and Huges (1978)
- Selective integration technique
- Spatially isotropy problem

% Incompatible modes (EAS)

Wilson et al. (1973) / Taylor et al. (1976)
- Modified incompatible modes element which passes the patch test
- One of the most-widely used elements in commercial software

Sussman and Bathe (2014)
- Numerical instabilities of incompatible modes element

+» Assumed strain method

Dvorkin and Bathe (1984)
- Mixed interpolation of tensorial components(MITC) method
- Improved performance by alleviating locking phenomena

Ko et al. (2017) -> 2D-MITC4

- Alleviation of in-plane shear locking using MITC method
- Superior convergence behavior in regular meshes

- No spurious zero energy modes in nonlinear analysis

S

N—

S

N
4

Standard

>

Reduced

Tyingl point
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Research motivations

<+ Performance deterioration in distorted mesh

P
A\ 4 A
T
<)
10| !
| A 4
—Y 4>x - - ——————— e ———————— —
T Error: 5.3% Error: 28.7%
FE model 2D-MITC4 2D-MITC4
(Distorted mesh) (Regular) (Distorted)

v" To use in engineering practice,
we need to improve the performance of the 2D-MITC4 element in 'distorted mesh’.
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Related studies

% Investigation of accuracy loss in distorted mesh J i
= Harder and MacNeal (1985) / MacNeal (1989) ]|
- Accuracy of finite elements with nonstandard shape ) L]
. Lee and Bathe (1993) e
- Effects of element distortion on the performance L Regular mesh Distorted mesh
s Improvement of performance in distorted mesh J/
= Celia and Gray (1984) / Wisniewski and Turska (2018) ’ 777777777 )

- Corrected shape functions (high-order element)

= Sze (2000) ,
- Alleviation of trapezoidal locking Unevenly-spaced-nodes distortion

(high-order element)

I S

* Meshing techniques

= Kendhe et al. (2005) / Peto et al. (2020)
- Structured mesh generation
- Employing background imaginary grid

ST

Conformal decomposition Conventional Unfitted mesh with fictitious domain

Structured mesh with Cartesian grid
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Previous 2D-MITCA4 solid element

% Geometry and displacement interpolations

4
- x=Xheriox with x =[x 3]
i=1
4 T
- u= Zhi(r,s)ul. Wlth lll- = [ui vi] :
i=1

1
- Shape functions: h,-=z(1+§,-7’)(1+77i5)

& & & &]=[1 -1 -1 1]

with
[771 n, 1 774] [1 1 -1 _1]

% Strain components

1 . . .
- eijzz(gfu,j—i'gj'u,i) with i, j=1,2

OX ou _
where §&; e u, =3, with rn=r,rn=s

i i

A 4-node quadrilateral 2D solid element

Global Cartesian coordinate Natural coordinate

2D-MITC4 element has constant base vectors.

éfj=€k1g,-kgj~ with gij:gi.gj and gi:gi(()’())
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Previous 2D-MITCA4 solid element

«» Assumed strain field for the 2D-MITC4 element

Tying points

- e,=e, + ?(Q&A) —e" N A(r,s)s s 4
L Y\ NN
- 5 — ~(E) ﬁ ~(C) _ ~(D) _ _i_ ______ )( /i
S8 ess + 7 (ess ess )i(l",S)r 1 i A i
B | | r
- e =eP with  A(r,s)= det(J(0,0)) XD g X >
det(J(r,s)) L
3
N Xz
To reduce the computational cost

p Procedure

()

. . . , 0]
~ ~lin e
- e, =e,| +é, Ar,s)s 1. Sampling at tying point: ¢;
_— nlin - L0 50
- e =e | +é A7, s)r 2. Coordinate transformation: e;” — e;
- e .=e. 3. Representation using strain coefficients: e
b 2 lcon

.

Yl coefficients

J
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Previous 2D-MITCA4 solid element

+ Characteristic geometry and displacement vectors

Characteristic geometry vectors
1< 1< 1<

- X, :_Zéixﬂ X, :_Zﬂixi’ Xy :_Zéﬂixi
45 43 43

4

- u zlzg.u. u :lin.u. u :lién.u.
r 4i:1119 s 4i:111’ d 4i:1111

«+ Strain coefficients

7" | con :Xr.ur ’ err lin :Xr.ud +Xd .ur

s |con = Xs .us o ess = Xs .ud + Xd 'us

lin

=1 . .
€rs Con_Z(Xr us+xs ur) > €

pir — Xa Uy
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Proposed 2D-MITC4 solid element

s Simplified formulation

_ ~lin
- err _err con +err /,L(I",S)S
~ Alin
- e =e| e Ar,s)r
- €, =€ con

Previous formulation

Proposed formulation

Ain 1y ‘ ‘
e, = —\/g €, T \/gnl i +\/§n2 €l T €, THEl +2\/§n5 €l )
Alin
m err _3_a2 (_axr'ur_ﬂxr.us-'_xr'ud)
Alin __ 1
e, = —\/5 €l T \/§m1 €l T \/gmz e, +meg| +me,| + 2\/§m5 €l . 3
e, = s (=fx, -u, —ax, -u +x -u,)
with

with X, =ax, + fx,

Calculated directly
from the characteristic vectors

« Simple implementation
* Almost same performance

* Promising feature in the shell
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Proposed 2D-MITC4 solid element

L)

/_/\

= —— 1
~ ~lin
= |
€rr = Enr con —iJIeW ﬂ“(r’S)S| Bending
| asi | related t
~ ~lin related term
€ = Eisln HEs l(r,s)r:
eI"S - el"S con

Bending behavior

Alin
rr°

> Investigation of the assumed strain field e=[e. 2, 7]

- K= _[V B'CBdV,, B(r,s): assumed strain - displacement matrix (e =Bu)

u:[ul cee ug V] cee VS]T

Bending performance of the element
depends on the bending related term.
The € and ¢ are determined

by the element geometry only.

When evaluating
the stiffness matrix

The element geometry should be considered
when choose the r and s.

Depending on which » and s are employed,
we can selectively adjust the bending stiffness.
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Proposed 2D-MITC4 solid element

*» How to adjust Gauss point

L)

- Although there are infinitely many ways to modify Gauss point,
only a few cases can pass the patch tests

S st S
2 1 2 1 2 1
2
:ll / Y ®
‘ / r r: r
\ ”’," ”‘," ® °
~ - - ‘:;"v,”, V
3 4 3 _ 3 4
e : Gauss points e : Gauss points e : Gauss points
Rotation Scaling Rotation and scaling
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Proposed 2D-MITC4 solid element

Rotation vs scaling?

Sy

4
o : Gauss points

*» How to adjust Gauss point

SA

Strain energy for Cook’s skew beam with 4 x4 mesh

o : Gauss points

Sy

: standard quadrilateral element
: incompatible modes element
: previous 2D-MITC4 element

: 9-node quadrilateral element

Element Gauss integration Strain energy Normalization
Q4 Standard 5.899 0.491
2D-MITC4 Standard 8.676 0.722
2D-MITC4 Rotation(optimal) 8.719 0.726
2D-MITC4 Scaling(optimal) 11.177 0.930
Reference - 12.017 1
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Proposed 2D-MITC4 solid element

* How to adjust Gauss points

2
J=1

- K=1) > wwF(&,&) with F(r,s)=tB"(r,s)CB(r,s)det(J(r,s))

1

S A

A 91

I [

I RE I P
i i > 7 §1 \/g’ 52 \/g’
S 3

Standard Gauss points

S A

O———T-—0—

L =13 H

e R

| | A
omnoned é = pé

Adjusted Gauss points

w=w,=1 with 2 x 2 Gauss integration (standard)

Adjusting
parameter

with 2 x 2 Gauss integration (adjusted)
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Proposed 2D-MITC4 solid element

\/

.0

*

(~0.85, 0.85)

(-1.3,-1)

(1.15, 1.15)

(0.85, —1.15)

Geometry of a single element

S A
———t-—o—
Y3

I I

| |
o—————— 4

\J
~

Adjusted Gauss points

Effect of adjusting parameter,

i 3 &

(standard)

1.5F

u=05

(adjusted) (adjusted) (reduced)
Gauss points according to adjusting parameter,
1. ﬁggz 5 Constant

1.2}

Eigenvalue / E

0.9 r

03r

0.6 [

strain modes

——— Mode 6

Mode 5 Bending
Mode 4  modes

0.4
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Proposed 2D-MITC4 solid element

L)

% Practical requirements for the adjusting parameter, u

For undistorted element geometries ‘ #=1 (equivalent to standard Gauss points)

u<1 (u>1 causes stiff behavior)
For distorted element geometries ~ m——)p

u>0 (toavoid spurious zero energy mode)

For the geometries in similarity ‘ e een = Mo when OABCD ~OEFGH

u=f(x,x,,X;,X,) should be uniquely and adaptively determined according to geometry distortion

s Distortion measures

Skewness Taper Overall

S A ZﬁHa XFBH

7(‘4BC): 2 2 2
lcAl + (48[ +[BC]
C

D {70:72:73574) = {y(A_BC)ky(ACD).}/(ABD)_}/(BCD)} and y,2y,2y, 2y,

r=27%
nr.

{60° /) 60° ‘
r=1 r=1 =036 ['=0.4746 r=0
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Proposed 2D-MITC4 solid element

\/

** Numerical investigation

Normalized displacement at point 4

2F %;standard
18+ —— 120/~
’ cos(f)
1.6 r *cosz(e)
M =2000 14} *cosS(Q)
N ’ 1-|af-( 6]
1.2 — I-(la[+|B)2
, E=1500 Y :
\%
v=0.25 a
. A
- O
f 5 5 =
e
\J

* Proposed function for adjusting parameter

s AS

S S _ 2
J Geometry — 5" H = COS (9)

|
I . .
. . | I g
' . information | | r
- S )
Y
v' meets the requirements
v’ generally provides the best solution
X Geometry dependent among the candidates

Gauss points
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Basic numerical tests

\/
0’0

\/
0’0

\/
0’0

Patch tests

The minimum number of constraints are given to prevent rigid body motions.
Proper loadings are applied to produce a constant stress field.
In this tests, a constant stress field should be represented exactly.

q
(010) (10.10) A 6 e, Y
) | !
(4.7) 7). W : !
| ) | !
—» g q q
) (8.3) — l T
= | T
o ) } T
0.0)  x (10.0) <—<—q<—<—
Geometry Stretching test Stretching test Shearing test

Zero energy mode test

A single unsupported 2D 4-node quadrilateral element should have only three zero energy modes.

Isotropy test

The behavior of finite elements should not be affected by the node numbering sequence.
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Numerical examples

\/

< Finite elements considered

- Q4 : standard quadrilateral element
- ICM-Q4 : incompatible modes element (EAS element, QM6)
- 2D-MITC4 . previous 2D-MITC4 element

- New 2D-MITC4 : proposed 2D-MITC4 element

+ Evaluation method
E_—E,
- Convergence of the relative error in strain energy E. Z‘“’;—‘
ref
- Displacements and stresses

- Reference solutions are obtained by using 9-node solid element with 64 x64 mesh

\/

* Mesh patterns

Regular mesh Distorted mesh
- Regular and distorted meshes I
- h=1/N for the element size £
IL,
L:L:...L,=1:2:...N U
- Arbitrary distorted meshes h, f__
ek
h, L L L L,
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Numerical examples (Plane stress)

2D-MITCA4/1 : 2D-MITC4 with treatment of volumetric locking

s+ Cook’s skew beam

- Convergence curves

Regular mesh Distorted mesh I Distorted mesh II
0 T T T T 0 T T T T 0 T T T T
—5— Q4
—%— ICM-Q4
— /- — 2D-MITC4
04 F - 04} . 04} .
/A —A— 2D-MITC4/1
s — -G — New 2D-MITC4
08 | - 08k i 08k | |—©&— New 2D-MITC4/1
-12+ - 12+ . 12+ -
-16 - -6 - -16F .
2 2 2
9, 4 ) o 2 -
More accurate 24 24 24
28+ - 28} , - 28+ .
/
!/
/
32 F - 32F / - 32+ i
/ 2x2 4x4
L 7 L ] L 222 i
36 -3.6 d)/ -3.6 Eg;é;g/
;Eg? 8x8
4 1 1 1 I 4 1 ! 1 1 -4 ! 1 I I
.12 -09 -06 -03 .12 09 -06 -03 -12 09 -06 -03
logh logh logh

More elements
h=1/N
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48

f.=1/16

Numerical examples (Plane stress)

S>> —>
|
d

s+ Cook’s skew beam

44 44

- Normalized horizontal and vertical displacements at point 4.

Regular mesh Distorted mesh I Distorted mesh II

0.8

—8—Q4
—%— ICM-Q4

— /A — 2D-MITC4
—A— 2D-MITC4/1

— -3 — New 2D-MITC4
o2t —6— New 2D-MITC4/1| |

16

(9]
g
o]

16

(3]
SO
(o]
(8]
SO
o

16

More accurate

More elements =)
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Numerical examples (Plane stress)

Computations are performed in a PC with Intel Core i7-8700, 3.20GHz CPU and 32GB RAM.
The CSR format is used for storing matrices and MATLAB is used.

% Cook’s skew beam
- Computational efficiency curves

Regular mesh Distorted mesh I

0 ; ; 0
—B—Q4
0.5t - 0.5t - ICM-Q4
—A— 2D-MITC4/1
o | —O— New 2D-MITC4/1
1.5 -1.5
S a2l )
2 2
2.5 2.5
More accurate
3 3
3.5 3.5
4 4

4 35 -3 25 -2 -15 -1 4 35 -3 25 -2 -15 -1
log(Computation time) log(Computation time)

- More computation time

- For the ICM-Q4 element, the additional DOFs are condensed out in an element level.
- The number and positions of non-zeros in the total matrix are identical to each other.

- Thus, computation times during the construction of the total stiffness matrix are measured.
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Numerical examples (Plane stress)

7

s+ Cook’s skew beam

- Shear stress distribution for the distorted mesh (N=8)

Q4 2D-MITC4/1
//
P
' /
/
New 2D-MITC4/1 Reference

7 7,

0.05

0

-0.05
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Numerical examples (Plane strain)

Force

- Body force f, =-4(y+1)’x’ (force per volume)
Boundary condition

- Clamed bottom side

Dimensions and properties

- Plane strain condition with £ =2.0x10", v =0.3

Regular and two distorted meshes (NxN)

\2 -N=2,4,8,16
: 5 : * Volumetric locking study
- Nearly incompressible material
2x2 4x4
8x8
Regular Distorted | Distorted Il
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Numerical examples (Plane strain)

\/
0’0

Block under body force

Convergence curves in plane strain problem with v = 0.3

log £

-0.4

-0.8

-1.6

1
(3]

-3.6

Regular mesh

-1.2

-09 -06 -03

logh

log

-0.4

-0.8

-1.6

[
(3]

-3.6

Distorted mesh 1

log#

-04

-0.8

-1.6

{
(3]

-3.6

Distorted mesh II

—8—Q4

—%— ICM-Q4

—A— 2D-MITC4/1
—O— New 2D-MITC4/1

-12

-09 -06

logh

-03
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Numerical examples (Plane strain)

Block under body force (Distort mesh I)

Convergence curves with nearly incompressible material (volumetric locking)

logE

-04r

-0.8

-1.2 ¢

-1.6 1

-2.4

-2.8

ICM-Q4

—H—v =047
—A—py=0.49
—— 1 =0.499

-1.2

-09 -0.6 -0.3
logh

logE

-04r

-0.8

-1.2F

-l6r

-2.4

-2.8

2D-MITC4/1

-1.2 -09 -0.6 -03

logh

logE

-04r

-0.8 1

-1.2 ¢

-1.6 -

-2.4

-2.8

New 2D-MITC4/1

-1.2 -09 -0.6 -03
logh
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Numerical examples (Nonlinear)

p = Force

54 - - Compressive load P =5x10:

T * Boundary condition
mp | Bottom edge is clamped.
10 T
N = Material property
Y| T Plane stress condition with £ =1x10°, v=0.
o o o = Geometrically nonlinear analysis
Example Regular Distorted

= Regular and distorted meshes (Nx5N)
N=2.
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Numerical examples (Nonlinear)

s Column under a compressive load with reqgular mesh

-  Load-displacement curves

1 L
0.8
g5 06
X
S
04
Reference
0.2 —HE—Q4
—A— 2D-MITC4
—O— New 2D-MITC4
0 -
0 12 24 36 48 6 7.2 0 2 4 6 8 10
IIA —v_4
- Deformed configurations
o o Initial mesh
i L P=0.5P,
17 Error: 5.3% 7 Error: 5.3%
%% %% P:Pmax
2D-MITC4 T New 2D-MITC4 T Reference solution
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Numerical examples (Nonlinear)

% Column under a compressive load with distorted mesh

-  Load-displacement curves

1 -
0.8
g 0.6
x,
Ry
04+
Reference
0.2 —H8—Q4
—A— 2D-MITC4
. —O6— New 2D-MITC4
0 12 24 36 48 6 72 0 2 4 6 8 10
u, vy
- Deformed configurations
- - Initial mesh
P=05P
Error: 28.7%
Error: 10.9%
I % P = Pmax
2D-MITC4 New 2D-MITC4 Reference solution
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Topic 2

New MITC4+ shell element

4-node quadrilateral shell element
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Research motivations

» MITCA4 shell element

Free Z 4

Cylindrical shell with free ends
(bending dominated)

: Pressure distribution
05 Free ends
p(O)/p, ot 1t AN L=R=1
E=20x105v=1/3
- 1/8 model only

1w e s Reference : MITC9

A A
B B
D D
C C
Regular mesh Distorted mesh
0 T T 0 T =
-0.6 a -0.6
12t . -12f
S st S -18
2 S
24+ 8 24+
3 3 ——t/L=1/100
—&—t/1L=1/1000
—o6—t/L=1/10000
3.6 1 L 3.6 L L |
-2.1 -1.5 -0.9 -0.3 -2.1 -1.5 -0.9 -0.3
logh logh

MITC4: 4-node shell element with the MITC method
- treatment for transverse shear locking.
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Related studies

*+ Reduced integration

Zienkiewicz et al. (1971) / Belytshcko et al. (1982)

- The reduced integration technique
- Spurious zero energy modes problem

Tsay et al. (1983) / Leviathan et al. (1994)
- Reduced integration with stabilization techniques

Rankin and Nour-Omid. (1988)
- Reduced integration with displacement projection

s Assumed membrane strain

Park and Stanley. (1986) / Roh and Cho. (2004)
- Assumed natural strain(ANS) method
- Patch test problem

Kulikov et al. (2010)
- Assumed natural strain(ANS) method
- Exact geometry shell element

Ko et al. (2017) > MITC4+

- Mixed interpolated of tensorial component(MITC) method

- Successfully alleviated the membrane locking

jon
od d\s\Qf‘g 3 X :integration point
plane warPZ— T

s

Reduced integration

X : tying points

Tying points for assumed membrane strain
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Research motivations

» MITC4+ shell element

Free Z4

Cylindrical shell with free ends
(bending dominated)

: Pressure distribution
05 Free ends
p(O)/p, ot 1t AN L=R=1
E=20x105v=1/3
- 1/8 model only

1w e s Reference : MITC9

A A
B B
D D
C C
Regular mesh Distorted mesh
0 T T O T T
06 F -0.6
1.2 1.2
S 18 T 18
S 2
24+ 24t
3b 3t —8—t/L=1/100
—&—t/1L=1/1000
—o6—t/L=1/10000
-3.6 ' . 3.6 |
-2.1 -1.5 -0.9 -0.3 -2.1 -1.5 -0.9 -0.3
logh logh

MITC4+: 4-node shell element with the MITC method
- treatment for transverse shear locking.
- treatment for membrane locking.
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Research motivations

50

50

*» Improved MITC4+ shell element

logE

» X

: Clamped
|/ /
[/

[/

77741

ozl ] 4
p > ///
50 50

L-shaped structure
(2D plane stress problem)

-0.6 [

-1.2F

-1.8

2.4

-  The 2D-MITC4 solid element has been embedded into the MITC4+ shell element.

- The membrane performance was improved.

—8— Q4 (standard 2D solid element)
MITC4, MITC4+
—A— Improved MITC4+

-1.2 -09 -0.6 -0.3
logh

The membrane performance of

the MITC4 and MITC4+ shell elements
are identical to the Q4 element.

40/62




Related studies

MITC4

(Dvorkin and
Bathe, 1984)

MITC4+

(Ko et al, 2017)

Improved
MITC4+

(Ko et al, 2017)

MITCA4+

(Proposed)

*» Previous 4-node quadrilateral MITC shell elements

Tfement | veapion

= A continuum mechanics based 4-node shell element.
= The transverse shear locking is alleviated by constructing the assumed transverse shear
strain field based on the MITC approach.

=  The MITC4 shell element with alleviating membrane locking.
= The membrane locking is alleviated by assuming the locking-causing term as the linear
combination of the strain coefficients.

=  The MITC4+ shell element with improved membrane behavior.
= The membrane behavior is improved by embedding the previous 2D-MITC4 solid
element.

Problems : complicated formulation & sensitivity to the mesh distortion

=  The MITC4+ shell element with improved membrane behavior.

= The formulation is simplified by introducing the new assumed membrane strain field.

= To further improve its performance, the geometry dependent Gauss integration scheme
is extended.
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Previous MITC4+ shell element

% Geometry and displacement interpolations
4 ¢ 4 ) T
B XZZhi(r,S)Xi+§Zaihi(r’,s)v,; with Xi:[xi Vi Wi]
i=1 i=1

4 4
- u= Zlhi(rjs)ui +%Zlaihi(ras)(_aiv2i +ﬂV1i)

with  w,=[u, v, w ¢ ﬂl]T
1
- Shape functions: hi:Z(Hfﬂ”)(lH?l-S)

[51 52 53 ‘):4]2[1 -1 -1 1]

with
[m n, ny om]=[1 1 -1 -]

s Covariant strain components

1
- og=—(goutgu)  with 4, =123 T

2

h g ox u a2 ith t
where =, U, =— Wi r=r,r=s,1,=t.
or. o or ! 2 3

i i

A 4-node quadrilateral shell element

Out-of-plane: ¢, e,

In-plane:

rr2 Tss? rs

€ =€,,6p T€;,6, =€,,63=¢€,,63 =€,
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Previous MITC4+ shell element

*» Separation of covariant strain components

- Out-of-plane )

. |
Transverse shear strain: i

(€)

1 1
L =—(+s e(A)+ 1- Se(B) (D)
2( ) 2( ) e

1 1
=—(+r e(c)+ 1- re(D)
2( ) 2( )

(B)
%

Tying points for assumed transverse shear strain
- In-plane

e; —e +te +tzeb2 i,j=12

S
S
N

1 . 1& ) .
with  x, =Y h(r,s)x,, bZEZaihi(r,S)V;, u, => h(r.s)u, ub:EZaihi(r,s)(—aV2’+ BV
i=1

i=1 i=1 i=1

l1{ ox, ou, o0x, oOu, O0Ox, Ou, 8x ou,, l1{ ox, ou, 0Ox, Ou

Bendi train: bl _ m 8 O T O b . b2 _ 2 b Z% OO0

SNang siel- - & 2( o, Or, Or, oOr, 0On or arj or, J % or, or, or, or,
., lfox, ou, o0x, Ou, .

Membrane strain: ¢; —E( or - or + o : o J Need to be modified
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Previous MITC4+ shell element

s+ Assumed membrane strain field

1 1

- Amo__ m(A) m(B) m(A) m(B) _ m m m

€, = E(err + €, ) + E(err —€, ) = (err con + € bil) + €, lin )

Amo__ 1 m(C) + m(D) + 1 m(D) _ m(D)y .. _ m + m + m .
= € = E(ess € ) E(ess € ) r= (ess con €, bil) € lin r

n 1 1 1 1
- e"=e"P 1 —¢" r+=e"| -s =e'| +—=e| r+—ce’

rs rs 2 7 1in 2 58 {1 7S | con 2 7 1in 2 sS {1in

*» Additional assumed for locking-causing term

m ~Am 2 m
— — — 2 2
Sl Cl L o =S(en] e y+s(er] +el] )
S \pil d " con S il d " con S \pit
em_ém _(r2_1)em 2CrCS m _C_r m _& m
= Ss Ss rs . s . rr;. SS|q-
bil d bil d lin d lin
e"—e"=e"| -rs r s 7
- L c.=x, m, ¢ =x,-m, d=c, +c¢;, -1, m' X, =

S A

m (4)

err

r
em (Dx xem (E) em (C;
S8 rs K
K

m (B)

err

Tying points for assumed membrane strain
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Proposed MITC4+ shell element

* Generalization of the assumed membrane strain field
~m ~m(0,0) e ) — émw’_k) m 1 m m m
- e .=e  + /I(I",S) v , rr s=e, o + m[ﬂ(r,s)(—2a €, con - Zﬁers con te, lin)S]
~m ~m(0,0) ém(k’()) —enth0 m 1 m m m
- e . =e. A l(F,S) s§ ” 55 r=e . + 1_k2ﬂ2 [l(r,s)(—2ﬂess o — Zaers o + €, lin)r]
- =g =a
A
When [ = 1/ /3, the strain field becomes identical T
to the previous 2D-MITC4 solid element )L
e:g(o,k)
L] L] : r
< New assumed membrane strain field (k->0) B RRATLS O B
ol | ese
e,’;’ (0.-%)
- e’ =e'| +Ars)2ae.l -2pe. +e. ] )s T
~m _ _m m m m Generalization of the tying point
- = + A -2 -2 +
ess ess con (F’S)( ﬂess con aers con ess lin)r Wlth a Variable ‘k’
- e =ey
To compare the complexity of the previous and the new formulations,
it is rewritten in the matrix form.
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Proposed MITC4+ shell element

s Comparison of formulation s
e
e
- |ef |=MD[ef ) e @ e ] e n
eVS e::(E)
_ _ m(B)
L g oesh o _alax) o PB-D BB 208 e
2d 2d 2d 2d d T

Improved MITC4+ (previous) New MITC4+ (proposed)

— _T ~
1//1+x/§n1s \/gmzr 0 1/A-2as 0 0
\/gnzs 1//1+\/§m1r 0 0 1/A=2pr 0
Al 2pBs —2ar 1
Membrane y) 2V3nss 23mr 1 E 0 0
behavior M nys mgr 0 0 ) 0
improvement n,s myr 0 L ]
nls/x/g mlr/\/g 0]
n, ~ ns and m, ~ ms are calculated
from the equations in 15p
[1/2-a, 1/2-a, -a, -a, —a, | [1/2-a, 1/2-a, -a, -a, —a, |
Membrane -a, —ay 1/2-a. 1/2-a, -a, —-a, —ay, 1/2-a. 1/2-a, -a,
locki D 0 0 0 0 1 0 0 0 0 1
OCKIn
. g 1/2 -1/2 0 0 0 1/2 -1/2 0 0 0
alleviation
0 0 1/2 -1/2 0 . 0 0 1/2 -1/2 0
L 4 ag dc dp ag
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Proposed MITC4+ shell element

F(r,s,t) =B" (r,5,t)CB(r,s,t)det(J(r,s,t))

* Integration of stiffness matrix

] 2 2 2 1 1
- Standard K= ZZZVV[WJ-W]-F(@;&]':&]{) with él ==, 52 =—-——= and W =W, =1
i=1 =1 k=1 J3 V3
XS

\‘\\ Plane P

= MOdIerd KZZZZWWJWJF(éﬁé]agk) with él =ﬂé and ,LIZCOSZ(H)

v' The skew angle is measured in the plane P
v' Geometry dependent Gauss integration in r-s plane

v’ Standard Gauss integration in thickness direction t
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Basic numerical tests

«» Patch tests

- The minimum number of constraints are given to prevent rigid body motions.
- Proper loadings are applied to produce a constant stress field.
- In this tests, a constant stress field should be represented exactly.

1:.\
(0.10) (10.10) z, F, t

(8.7)
(4.7) f

(83)

(2.2) F

' F,
(0.0) 'y (10.0)

* N M, F,

Membrane Membrane Bending Shearing

Geometry patch test | patch test Il patch test patch test

s Zero energy mode test

- Asingle unsupported 4-node quadrilateral shell element should have only six zero energy modes.

» Isotropy test

- The behavior of finite elements should not be affected by the node numbering sequence.
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Numerical examples (Shell)

s+ Finite elements considered

Transverse shear Membrane Membrane Nonlinear
locking locking behavior formulation

MITC4
(Dvorkin and Bathe, 1984) Standard Q4

MITC4+
Improved MITC4+ _ _ _
O 0 Previous 2D-MITC4

New MITC4+ 0 0 New 2D-MITC4 0
(proposed)

< Evaluation in linear analysis

2
ref ~ Wl

2
u |

- Convergence of the relative error in s-norm £, =|u =jQAsTArdQ
- According to decreasing in shell thickness (¢/L=1/100, 1/1000, 1/10000)

- Reference solutions are calculated using a 96 x96 regular mesh of the MITC9 shell elements.

< Evaluation in nonlinear analysis

- Displacements at specific locations and deformed configurations
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Numerical examples (Shell / Linear analysis)

s+ Scordelis-Lo roof

: Rigid diaphragm

= Force
- Self weight  f, =90 (force per area)
= Boundary condition
- Diaphragm
= Dimensions and properties
-R=L=250, E=432x10°, v=0.0
=  Two distorted meshes (NxN)
A A -N=4,8, 16,32, 64

Distorted | Distorted Il
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Numerical examples (Shell / Linear analysis)

s+ Scordelis-Lo roof

Convergence behavior (mixed behavior)

MITC4 MITC4+ Improved MITC4+ New MITC4+
0 : — : . 0 : , 0 . K
06 06 06 06}
=1 -12 -12
% 18t % 18 % 18} 18}
24+ 24 24r 24
Distorted |
) —8—t/L=1/100 . .
" —A&—t/1=1/1000 | "
C —e—t/L=1/10000
36 : " J 36 . . 36 . : 36 . .
2.1 -15 -09 -03 21 -0.9 -03 2.1 -15 -0.9 -0.3 2.1 -15 -09 03
logh logh logh logh
MITC4 MITC4+ Improved MITC4+ New MITC4+
0 0 ; . 0 . : 0 ‘ —e
A 06 06+ 06+ 06
<17 1 515 17
™ 181 B 18} B -18f o -18f
B 24+ 241 24} 24}
; —e—t/L=1/100 . . .
Distorted Il 3 o vi~iri660 HE 3 3
—e—t/L=1/10000
36 : . J 36 . : 36 . - : 36

2.1 -1.5 0.9 -03 2.1 -15 -09 -03 2.1 -15 0.9 -03

logh logh
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Numerical examples (Shell / Linear analysis)

*» Hyperbolic cylinder

: Clamped

Regular mesh

Distorted mesh

Force

- Tip distributed load p, =-z (force per length)
Boundary condition

- Clamed one side

Dimensions and properties

-z=4y", y€[0,0.5]
-L=20,E=20x10",v=1/3

Regular and distorted meshes (NxN)
-N=4,8, 16,32, 64
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Numerical examples (Shell / Linear analysis)

’ - -
*» Hyperbolic cylinder
- Convergence behavior
MITC4 MITC4+ Improved MITC4+ New MITC4+
0 T T T T 0 T T T T T 0 T T T T T 0 T T T T T
: Clamped
0.6 0.6 -0.6 0.6
1.2 -1.2F 12 1.2
181 18 18 -1.8
3f 3t 3t 3t
3.6 3.6 3.6 3.6
100
—A—/L=1/1000
42 —oe—t/L=1/10000| -42f 1 42 42
Regular mesh . P P sl
T -18-15-12-09-06 T -18-15-12-09-0.6 T -18-15-12-09-0.6 T -18-15-12-09-06
logh logh logh logh
MITC4 MITC4+ Improved MITC4+ New MITC4+
0 T T T T 0 T T T T T 0 T T T T T 0 T T T T T
-0.6 1 -0.6F 1 06 E -0.6+
D
A -12f 1 -12} . -2} 1 121
1.8 18+ 18 1.8
D 24 D 241 ‘5; 4 ‘5:: 2.4
3 3 3 3
-3.6 T1=1/100 -3.6 1 -3.6 1 -3.6
& —A—/L=1/1000
B a2l —o—t/L=1/10000| 42| ] a2l ] a2t
Distorted mesh - S—re———— e — e — -
-1.8-15-1.2-09 -0.6 -1.8 -15-1.2-0.9 -0.6 -18-15-12-09 -06
logh logh logh logh
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Numerical examples (Shell / Nonlinear analysis)

¢ Thin curved beam
= Loading condition
- Tip forces P= B, = P, =100 at free tip
* Boundary condition
: Clamped - Clamped bottom side
= Dimensions and properties
“R =4.12, R, =4.32,t=0.1
-E=1.0x10", v=0.25
= Regular mesh (Nx6N)

- N=1 for finite element solution

x - N =2 for reference solution (regular)

- Load-displacement curves at point 4

Reference
--0-- MITC4
08} - - - MITC4+ | 08+
= -0 - New MITC4+ I

067

P/Pmax
P/Pmax

047
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Numerical examples (Shell / Nonlinear analysis)

s Thin curved beam

Initial and deformed configurations at several load steps

MITC4+

P/P
0.25
0.5
0.75
1.0

max
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Numerical examples (Shell / Nonlinear analysis)

s Slit annular plate

- Problem description

Distorted mesh

Loading condition

- Distributed forces p =0.8 (force per length)
Boundary condition

- Clamped one side

Dimensions and properties

-R =6.0, R, =10.0, t = 0.03
-E=2.1x10",v=0.0

Regular and distorted meshes (Nx8N)

- N=3 for finite element solution

- N =12 for reference solution (regular)
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Numerical examples (Shell / Nonlinear analysis)

s Slit annular plate

: Clamped

Distorted mesh

P/Pmax

P/Pmax

- Load-displacement curves at points 4 and C

//[
! 2
08 [ /E{/Ay 70
F/,/X // O/ s
0.6 /)/?1& ) ,Gi//
/7 7/
e/
04t go/
2
,ﬁjwc Reference
0.2 e -3 -MITC4
\ - A — MITC4+
- - -0- = New MITC4+
0 E—— ‘
-15 -1 -0.5 0 0.5 1 15 2
Displacements
1 =
Ny »
p g
/
I 7 ’
I s
08 e
7, 1 /
0.6}
04+t
Reference
0. - - MITC4
- - - MITC4+
- -0-— New MITC4+

|
1 {55 D
Displacements

P/Pmax

P/Pmax

Displacements
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Numerical examples (Shell / Nonlinear analysis)

s Slit annular plate

- Final deformed configurations with the distorted mesh

MITC4 MITC4+
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4. Conclusions & Future works
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Conclusions

% Topic 1 — New 2D-MITC4 solid element

-
» Simplified formulation is presented to investigate the behavior of the element.

= A geometry dependent Gauss integration scheme for the 2D-MITC4 solid
element has been proposed.
» The proposed element provides more accurate solutions than the previous

2D-MITC4 solid element especially in distorted meshes.

% Topic 2 — New MITC4+ shell element

-
= A new assumed membrane strain field for the MITC4+ element has been

proposed to simplify its formulation.
= The geometry dependent Gauss integration scheme is extended into the
membrane strain field of the MITC4+ shell element.

= The membrane behavior of the proposed MITC4+ shell element has been

successfully improved in both linear and nonlinear analysis.
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1. Improve the performance of the 3D solid finite element

Solid
- I, '-: |
‘ AR v’ Distortion measure
I ay=/ Y W' L
Sy | AT, R v Adjusting parameter
! 0/ Hatsietry Kob i o
B St E e ; v Assumed strain field

2. Mass matrix for dynamic and modal analyses

)\1 = 0.00040295 )\2 =0.011908 )\3 =0.024825 )\4 =0.069024 )\5 =0.19538
Regular et
RS S Rne
=0.024826 )\4 =0.069292
. A3 L1y £ T H\

Distorted WA I

M =j oH'HAV MU +KU=R

e Ve e
2
K,=| B'CB&, K¢ =o"M¢

61/62




ArghL Ct.

I

!

62/62




