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Motivations

Problems

1. Accuracy and
efficiency.

2. Instability.

3. New applications.

=

Needs

. Larger model size.
. More complex
analysis.

. Higher accuracy
and efficiency.

. Realtime analysis.
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Powerful computer
components.
Parallelization,
optimization, faster
algorithms.

. Development of

finite element
technologies.
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Finite Elements

A Fundamentally
affecting the
accuracy and

efficiency of FEA.
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2D solid
elements

3D solid
elements

Shell & beam
elements
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Motivations Example)

Relative errors (%) in vertical *

x Finite element development ? displacements at poir. N\
2310 N
mesh

N 10 L. 4 b \i\\\ >
—
8 8 1
‘ Error: 96.6% ‘ Error: 6.1%
= 4 VS = 4
0 0
0 4 6 3 2 4 6 8
Standard ahode element Proposed3-node element
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Finite Elements

x Stiff behaviors of finite elements

A Mesh refinement lg refinement, p refinement andr refinement) is tried first.

SSESSSSSEEEESS=sEssoET)
[ESSS SRR I RREEESESS SN
IS SSSSESEEESEEEESESE EET)

Cipiia-
§SS5555s:
1 IZZSZEES

x Variousattempts for improving FEsolutions
1. Reducedntegrations& assumedstrainmethods
V URI(UniformReducedntegration)and SR[(SelectiveReducedntegration).
V ANS§AssumedNaturalStrain)and MITC(Mixed Integrationof TensorialComponents
2. Enrichmentmethods
V EnrichedFEM XFEMeXtended=EM)and GFEMGeneralizedrEMN).
3. Strainsmoothingmethods
V Node,Edge FaceandCeltbasedSFEM(Smoothed~EM.
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2. Research background
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Linear elasticity problem

X Linearelasticboundaryvalueproblem

Let QcR* be abounded and polygonal domain. The boundary 8Q of Q consists of two
parts [, =< and I',, =0Q\ T7,.

dive +b=0 in Q, (equilibrium equations)
¢'n=t on I',, u=0 on I, (boundary conditions)

¢6=De In O, (constitutive equations)

= %(‘Fu +Vu') in Q, (strain-displacement equations)

where D isa 3x3 matrix of material constants that is symmetric and positive definite.
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Linear elasticity problem

x Weakformulation

Find weV such that space of displacement fields:
am,v)=f(v), ¥Yvel, V :{u e(H'(Q)*:u=0on I‘D}.
where

a(u,v) = LDE[U] e[v]dQ, space of strain and stress fields:
f(v):jﬂb-vdﬂ+jr_t-vdr. W =(F(Q).

x Finite elementformulation

KU=F=F, +F,,

where
— g (s I (1) . £ (m)T 3 e T
K _;jﬁ B"”"DB" dQ, F, —; [, H"bdQ, F, = Z=1 [ H""tdr.
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Strain smoothing

X Smoothingoperation

L » U

:_s'_[rain defined for @ LO(X)F ()d W : smootheo_l strain de_fined
finite elements. “ for smoothing domain.

V valid for strains with
constant values.

X Smoothingdomain
A Theareawhere strain smoothingis performed

) _ _ o W - kth smoothingdomain
A Thisdomaincrosseghe finite elements

X Smoothingfunction

F . (x) _E/AY, xI WP AY - areaof the smoothingdomain WY,
—I ~ .
“ {0, x1 WP F . (X) : smoothingfunction for domain W*,
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Strain smoothing

x Smoothingdomain (continued) Nod
o odaces

A Mid-edge points
x Center points

0= oy g (0 00

: smoothed strain defined _
for smoothing domain. FEM domain

Edgebased Nodebased
smoothing domain smoothing domain
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1. Developmentof smoothingmethodsfor 2D & 3D linear solid elements

i

Chen et al. (2001)
- The strain smoothing method was first proposed for Galerkinmeshfree method.

Liu et al. (2007)

- A celtbased S~EMwas proposed for 2D solid mechanics problems

- An element is subdivided into finite number of smoothing cells (SCs).

- Depending on the number of SCs, it possesses spurious zero energy mode.

Liu et al. (2009)

- A nodebased S-EMwas proposed for 2D solid mechanics problems.
- It is effective for solving volumetric locking.

- It gives overly soft solutions.

Liu et al. (2009)
- An edgebased S-EMwas proposed for-8iode triangular 2D solid element.
- It shows the best performance among the previous strain smootimathods

NguyenThoiet al. (2009)
- A facebased S-EMwas proposed for 4ode tetrahedral 3D solid element.
- The improvement of performance is not significant.
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2. Extensionto Polygonal& PolyhedralSolidElements Plate & ShellElements

i

Dai et al. (2007) 2007

- An nsided polygonal cebased S~EM was proposed for solid mechanics problems.

NguyenrThanhet al. (2008)
- A celtbased S-EM for shell analysis was proposed

Cui et al. (2009)
- Anedgebased S-EM for shell analysis was proposed

NguyenThoiet al. (2011)
- An nsided polygonal edgbased SFEM was proposed for solid mechanics problems

Sohnandim (2013)
- Variablenode plate and shell elements with smoothed integration was proposed

Shin and Lee (2015)
- A strainrsmoothed 3node triangular flat shell element with drilling DO&&s proposed.

NguyenHoang et al. (2016)
- A combined scheme of edge and nedaesed S-EMs for shell analysis was proposed

Leeet al. (2017)
- An nsided polyhedral edge/nodbased SSFEMs was proposed for sofitechanics problems.
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3. Extensionto Other Physics% Analysis

i

He et al. (2009) 2009

- An edgebased S-EM was proposed for 3D acoustic problems

Bordaset al. (2010)
- Strain smoothing in XFEM was proposed.

Sohnet al. (2013)
- A new carving technique combined with smoothed integration was proposed.

Wang et al. (2015)
- A stable nodébased smoothed finite element method for acoustic problems.

Jinet al. (2016)
- Polyhedral type variablaode elements was proposed for 3D contact analysis.

Eric et al. (2016)
- An SFEM for analysis of muliayered systems in biomaterials was proposed.

Onishiet al. (2017)
- An Fbar aided edgéased S-EM was proposed.

Hamraniet al. (2017)
- A celtbasedisogeometricanalysis for 2D mechanics problems was proposed

He (2019)
- A CS-EM for the numerical simulation of viscoelastic fluid flow pragosed.
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Research topics

3. Research topics

V

< < < <

Topic 1. Strawsmoothed linear 2D & 3D solid elements

Topic 2: Strawsmoothed 4node quadrilateral 2D solid element

Topic 3: Improving the membrane behavior of the MITC3+ shell element
Topic 4: Acoustic radiation analysis using the stsanoothed triangular element.

Topic 5: Variational formulation for the strasmoothed element (SSE) method.
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3. Research Topics
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Topicl

Strainsmoothed linear 2D & 3D solid elements

o

3-node triangular 4-node tetrahedral
2D solid element 3D solid element
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The3-nodetriangular element

X Geometry and displacemennterpolations

3
Ax=ah(rs)x with x =[x y].
i=1

3
Auzgh(r,s)ui with u =[u v] . s

3-node triangular

A Shape functions: h =1 - = =
g h=1-rs h=r 3 2D solid element

x Strain field X " R

o f// \\ e
A U9 =B%u with u®=[u, u, u], SN N VN
W, u, uj NN
B®=[B, B, B, N\ \ / \/ X |
A The 3node triangular element has constant S I N F X % “
strain field e X \/ e
T ® o

A LeeC,LeePS A new strain smoothingmethod for triangularand tetrahedralfinite elements ComputMethods Appl Mech

Eng2018341:939¢955. 21/89



The3-node elementwith the SSEnethod

X The strainsmoothed element (SSE) method for then®de element

U® : Strain of the target element.

% : Strain of thek™ neighboring element.

A® : Area of the target element.

A Area of thek neighboring element.

Step 1 of 2 Strainsmoothing between the target element and each neighboring element.

U If neighboring element exists throud edge,

1 oo o
B9 = (A0 AM0Y)

U If there is no neighboring element,

@9 =09,
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The3-node elementwith the SSEnethod

Step 2 of 2 Constructionof the smoothed strain field through Gaugmints.

U 1ststrain smoothingi( previous page

k) — 1
A©® + A®

(AOG9 +A50Y).

U 2"dstrain smoothing within elements

O =2(@ &),
2
o _ 1 1) 2)
Lj) _E(g -é )1
°¢ __ 1 2) 3)
O ==(&> €&).
2
p=1/6 U Smoothed strain field
q=4/6
X c(p,q) o : - ° = °
\pl Ue):gl r s 2p) @E‘ TPy S Per
e g-p u 9-p q P
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TheStrainSmoothedElement(SSEMethod

> Previous strain > StrainrSmoothed
smoothing methods Element (SSE) method

x Special smoothing domains. x Finite elements.

x Constant strain fields. x (B#) linear strain fields.

X Some improvement in accuracy x Very high accuracy.

Edgebased smoothing domain FEM domain (w/ SSE method)
24/89



The4-nodetetrahedral element

X Geometry and displacemennterpolations
4
A x=ah(rstx with x =[x y z].
i=1
4
A u=gn(.sty with u=[u v w].

i=1

A Shape functions: h =1 -r s t, h,=r, hy=s h, =t

x Strain field

4-node tetrahedral
A 02 =BOu¢ with u®=[u, u, u, u]", 3D solid element

@d®=[B, B, B, B,

A The 4node tetrahedral element has constant strain field

A LeeC,LeePS A new strain smoothingmethod for triangularand tetrahedralfinite elements ComputMethods Appl Mech

Eng2018341:939¢955. 25/89



The4-node elementwith the SSEnethod

X The strainsmoothed element (SSE) method for thenbde element

Step 1 of 2 Strainsmoothing between the target element and each neighboring element.

U® : Strain of the target element.

¥ : Strain of thet" element neighboring

Targetelemer the kih edge of the target element.

U If neighboring element exists throud# edge,

g = 1nk VOTe 43 VOh).
VICIP-RVIC i=1

i=1

U If there is no neighboring element,

@9 =09,
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The4-node elementwith the SSEnethod

Step 2 of 2 Constructionof the smoothed strain field through Gaugmints.

U Strain smoothing within elements

p=(5-/5)/20
q=(5+35)/20

e

o-l@ € @ @0,

0y = 1 E €0 @ G0y,

(2 9 @ G0y,

E € 6 60y,

U Smoothed strain field

& =

XD/

¢ s t+3p) f Ry SRy L Py
u

q-p q-p q P q P
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Basicnumericaltests

X Zero energy mode test

A The number of zero eigenvalues of the stiffness matrix of unsupported elements is counted.

A The 2D and 3D solid elements should have three and six zero eigenvalues, respectively.

X |sotropic element test

A The finite elements should give the same results regardless of the node numbering sequences u:

x Patch tests

A The minimum number of DOFs is constrained to prevent rigid body motions.

A Proper loadings are applied to produce a constant stress field.

A To satisfy the patch testa,constant stress value should be obtained at every point on elements.

Membrane
patch test |

F}’

F,

Membrane

patch test I

F,

Bending

patch test

\F,

NF,

Shearing Mesh for

patch test 3D patch test
28/89



Numericalexamples(2D)

x Finite elementsconsidered

A Standard FEM
A ESFEM

: 3-nodetriangularelement

: 3-nodetriangularelementwith the edgebasedSFEM

A SSE (proposed) : 3-nodetriangularelementwith the SSEnethod

x Evaluation method

A Convergence curves obtained using the energy n@n= ‘

A Displacements and stresses.

x Reference solution

2 2
2 sl

2

u

ref

||u||Zw:itﬂ Jdq.

ref e

x Reference solutions are calculated usingga 64 regular mesh 09-node 2D solid elements

A meshof
N3N elements
(N=4)

Testelements
18 50

50 162
162 578 Degrees of
578 2,178
freedom
8,450 33,282 (DOFs) peN

29/89



Numericalexamples(2D)

1) 2Dblock problem

Y A

Force

Distributed compression forck =1
Boundary condition

Bottomedge isclamped.

Material property (plane stress condition)

E=330, n=0.3, r=1230.

1
2
EEAWIWVAALAAIRARRAAAARARARAR
le »l
[ 5 |
Regular Distorted
mesh mesh

Regulameshes(N 3 N elements)
N =248, 16.

Distorted meshes( N, elements)
N, = 6, 32, 128, 500.

The distorted meshes are acquired throug

the commercial software ANSYS.

h
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Numericalexamples(2D)

1) 2Dblockproblem

Ve

A Convergence curves.

Regular mesh Distortedmesh
0 T T T T 0 T T T T P*]
x A
-0.3+ - -0.3¢ . 1
-0.6 . -0.6t .
2
-0.9+ . -0.9¢ .
-1.2¢ . -1.2} . )
ZAVIIIIAII
« o -15F - « o L5} - D E—
L 2
8 -18} . 8 .18} .
2.1} . -2.1f .
More accurate
-2.4 . -2.4 i
2.7t ] 2.7F ]
—&— Standard~EM (linear)
3r —A— ESFEM -3r T
—S— SSE(proposed
-3.3 i 1 1 1 —l(p. p ) -3.3 i 1 1 1 1 ]
-1.2 -0.9 -0.6 -0.3 -1.2 -0.9 -0.6 -0.3
logh logh

More elements

h=1/N —
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Numericalexamples(2D)

2) Column under a compressiuead problem

10

gl
Y
\

\
\
\
\\
\

A

Force

Compressive load®, =5 310,

Boundary condition

Bottomedge isclamped.

Material property (plane stress condition)
E=10", n=0.

Regulacmmeshes(N 2 5N elementy

N = 8§, 16.
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Numericalexamples(2D)

2) Column under a compressiuead problem

A von Mises stress distributions for the regular megh =8).

4t 4

3 L

o 1 2 3 4+ 5 6 71 8
Standard FEM SSE (proposed)

%107
25
2
15

1

0.5

Reference
x 33/89



Numericalexamples(3D)

x Finite elementsconsidered

A

A
A
A

Standard FEM
FSFEM
ESFEM
SSE (proposed) :

x Evaluation method

A Convergence curves obtained using the energy n@n= ‘

A Displacements and stresses.

x Reference solution

: 4-nodetetrahedralelement
: 4-nodetetrahedralelementwith the facebasedSFEM

: 4-nodetetrahedralelementwith the edgebasedSFEM

4-nodetetrahedralelementwith the SSEnethod

2 2
2 full;

; Jul ity O tda

e

u ref

u ref

A Reference solutions are calculated usintsa 16316 regular mesh o27-node 3D solid elements

5

Testelements
81 37

A meshof 375 2187 Degrees of
NIN3N elements 8 | 5187 14.739 freedom
(N=4) 14,739 107,811  (DOFs) peN
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Numericalexamples(3D)

1) Lame problem

A Force

Internal pressurep =1

A Boundary condition
Symmetric boundary conditions are imposeg.

A Material property
E=13C, n=0.3.

A Regulameshes(N3 N 3N elementg
N =2,4,8.

35/89



Numericalexamples(3D)

1) Lameproblem

A Convergence curves.

0

-03

-0.6

-09r

-1.2 1

log E?

-1.8

211

24}

2.7F

3F

33+

-1.5F

—&— Standard FEM
—&— FS-FEM
—A— ES-FEM
—&— SSE (proposed)

-0.9 -0.6 -0.3
logh

A von Mises stress at poinG.

Standard SSE

N 106.2858
(38.00)

| 1327286

(22.58)
149.4181

(12.84)
159.4205

e

A Referencesolution;:171.4286
A

125.3865
(26.86)

143.6493
(16.20)

155.2355
(9.45)

162.5707
(5.17)

150.2877
(12.33)

157.3288
(8.22)

162.2212
(5.37)

167.5228
(2.28)

166.7563
(2.73)

166.3370
(2.97)

166.6823
(2.77)

169.5621
(1.09)

The values in () indicate relative errors (%).
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Topic2

Strainsmoothed 4node quadrilateral 2D solid element

O

O

4-node quadrilateral
2D solid element
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The4-node quadrilateral element A Smoothingoperation
8 =, ) ReOd v

x Standard 4node quadrilateral element

V valid for strains with constant valu€s.

V Geometry and displacement interpolations V Standard bilinear shape functions:
4 o - -
A x=gakrsx with x =[x y]. =@ N s)r4, K= N s)/4
i=1

. = QL 9)/4, =@ 1 9)/4
A u=g fK(rsu with u =[u v]".

S A
V Strain field 4 3
®  J
AU = @™  with u™=[u, u, u, uj]"
AU™ =B™u™ with B™=[B, B, B, B, !
A The 4node 2D element has nonconstant
strain fielddue tors term in shape functions .
[ L
1 2

The strain smoothing method cannot be applied to standarghdde element.
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The4-node element

x Comparison of theiecewise lineai& standard bilinearshape functions

— Piecewise linear shape function 4,

h, (and h,) — Standard bilinear shape function /,
1

0.8

0.6

0.4

0.2

A The two shape functions corresponding to node 3 along element edges and a diagegaare depicted.

A The two shape functions shas¥fferent variations along the diagonal

39/89



The4-node element

x Modified 4-node quadrilateral element

A Smoothingoperation
0 = o Ux) R()d v

V valid for strains with constant valu€s.

A The element domain is subdivide into four roverlappingriangulardomains (from T1 to T4

V Geometry and displacement interpolations

,5\x:_al'1h(r,s)xi with x =[x y] .

4
Au=3ah(rs)uy with u=[u v].
i=1

V Strain field
A O™ =BMu™  with k=1, 2, 3, 4,
kB(m) :ngl sz k83 kB4 {

u™=[u, u, u, u]"

A The 4node 2D element hasiecewise

constant strain fieldslefined for suktriangles.

V Piecewise lineashape functions (on T1):

h=@Q -2r s)/4, h,=@Q ®r s)/4,
h,=(1 +)/4, h,=(1 /4.
S 4 T: Sub-triangles
4 3
.- »
I3
T4 5 T2 >
T1
® "o
1 2
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The4-node elementwith the SSEnethod

x The SSE method for therdbde element

Step 1 of 2 Strainsmoothing between the target element and each neighboring element.

“g™ : Strain of thekth subtriangle of the

the target element.

U9 : Strain of the sultriangle (belonging to

neighboring element) through thé&" edge

of the target element.

U If neighboring element exists throud# edge,

1 e .
) = g (A7 107 000,

U If there is no neighboring element,

@9 = “g".
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The4-node elementwith the SSEnethod

Step 2 of 2 Constructionof the smoothed strain field through Gaugmints.

T: Sub-triangles, G: Gauss points

U Strain smoothing within elements

A S
° - g = W(Aj"” g9+ 4™ &My forGl,
S Py +
G4 G3 ! !
% T3 X |
g = Yo A EV+ 4 8P for G2,
AN v 1
T4 P T2 >
// \\ r 1 A A
g, = T (A £P+ A 82)  for G3,
\\ % —ﬂl + m 3
/X Tl \x\ 3
A=l G2 1 X -
& o g, = (A 8D+ 4™ Y)Y for G4,

(m) (m)
A Ay

U Smoothed strain field

gm éﬁrs)U with  h(r,s)= 3a1 _@

A, B p ]h:[l 1 1 [z 2z .,z Jz1 1 1 1
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Numericalexamples(2D)

x Finite elementsconsidered

A Q4
A ESQ4

: 4-node quadrilateralelement

: 4-node quadrilateralelementwith the edgebasedSFEM

: incompatiblemodes4-node quadrilateralelement

A SSEQ4 (proposed) :

x Evaluation method

A Convergence curves obtained using the energy NaEM= ‘

A Displacements and stresses.

x Reference solution

strainrrsmoothed4-node quadrilateralelement(SSEnethod)

2 2
- ful;

2

u

ref

Julwitpy O .

u

ref

e

A Reference solutions are calculated usinggd64 regular mesh o09-node 2D solid elements

(N=4)

A meshof
N3N elements

Testelements
18 50

=0 162 Degrees of

162 578

578 2,178 ~ freedom
8,450 33,282 (DOFs) peN
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Numericalexamples(2D)

1)

b4

.
K

AEEELLAEEEEALAEEL LA LL A

skew beam probl em

Cook'’ s
le 48 Y|
+
] $7v
A

44

Force

Distributed shearing forcd, =1/16

Boundary condition

Leftedge isclamped.

Material property (plane stress condition)
E=330, n=0.3.

Regularand distorted meshes(N 3 N elementg
N =2, 4,8, 16.

\
\
W

\\\\‘l\‘\
RN

ANY
W
A\

AN
AN

NN
N

T\
AN

e
NN\

NN
NN
\\

7
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Numericalexamples(2D)

HNCook’s skew beam probl em
A Normalized horizontal displacementsu( / u, ) at pAint 44 “
. » X
Regular mesh Distorted mesh
P 1F ' A ‘rl\- 1-' ’G\fl\ Jij-
More
accurate
0.8
I u,/u,, T -
0.6 —8—Q4
—A—ES-Q4
ICM-Q4
—6—SSE- .
0.4l SSE-Q4 (proposed) | 0.4l
2 4 8 16 2 4 8 16
N N

—

More elements
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Numericalexamples(2D)

)Cook’s skew beam problem ,
A Computational efficiency curves. » )
5;)
—-E—Q4 e .
-2.5¢ —A—ES-Q4

ICM-Q4
—&— SSE-Q4 (proposed)

3

Aol O
. a5
RS

More accurate -4+

-4.5¢

-1 0.8 0.6 -0.4 0.2 0 )

log (Computation time) More computation time

A Computation times taken from obtaining stiffness matrices to solving linear equations are measured
A Computations are performed in a PC with Intel Cor6700, 3.40GHz CPU and 64GB RAM.
A The CSR format is used for storing matrices and Intel MKL PARDISO is used for solving linear equa
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Numericalexamples(2D)

2) Block under complex forces problem

< S| fi=3.2 ,
x=-1 = 1 - A Force
ﬂ R
+* Compressive body forcd, =(y 4)* and
eccentric tensile tractionf, =3.2.
A ~
g A Boundary condition
2 > . :
% The block is supported along its bottom.
v f=0H1) A Material property (plane stress condition)
E=3 30, n=0.25
A . . :
b e e e e A Regularand distorted meshes(N 3 N elementg
< ; < N =2, 4,8, 16

Iy

h J
i mg%ag_/

g i

2x2 4x4 8x8 16x16

7
7%
TS

A B
U
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Numericalexamples(2D)

2) Block under complex forces problem

2 L
A von Mises stress distributionfor the regularmesh(N = 16). Vs f(yﬂ)z
Q4 ESQ4 )]
9 ) .
2

SSEQ4 (proposed) Reference B

2.5 05l |
) -
1"’ 0 L ! ! L L 1 ! ! L

A L5 -1 -0.8 -06 -04 -02 0 02 04 06 08 1

. Y
1
‘ — Q4
0:3 ---- ES-Q4
—— SSE-Q4 (proposed)
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Topic3

Strainsmoothed MITC3+ shell elemefdr geometric
nonlinear analysis

3-node triangular
shell element

49/89



Shellelements

x Shellbehaviors

V=

___l___

Bending Membrane Transverse shear

X Asymptotic behaviors
A The behaviors of shell converges to a specific limit state as the thickness becomes small.
A Threedifferent asymptoticcategories:

V Bendingdominated, nembranedominated mixedbehaviors.

x Locking
A The accuracy of the solution deteriorates rapidly as the thickness becomes small.
A It happens when the finite elements discretization cannot accurately represent pure bending
displacement fields.

A Membrane locking, shear locking.
50/89



TheMITC3+ shellelement

x The MITC3+ shell finite element.
A The shell element has an internal bubblede atelementcenter.

Ve

A The bubble node onllgas two rotationaDOFswith a cubic bubble function.

Ve

A Assumed covariant transverse shear strain fields are employed to alleviate shear locking.

A Its excellent bending behavior is demonstrated through various linear and nonlinear analyses.

1 X Tying points

2/3 f---

- 1/6
@ Nodes

X tVIZ r O Bubble node 0

Geometry Tying points for the assumed shear strain fields

A LeeY,LeePSBatheKJ TheMITG+ shellelementandits performance ComputStruct201413812¢23. 51/89



TheMITC3+ shellelement

X |[n membrane problem
A DISP3 = MITC3+

i Initial mesh

M=025M,,
W M=05M_,
4
7
M = Mmu\ M = 0-75 Mmes\
DISP3
M=M_, & ¢ £ Initial mesh
i RN :
D
E AN
|-|+H N
it T ) ‘
M=075M,
= THH
M= O'SMnmx ";":-‘v = i M= 0'25Mmux

Reference

M=M,, T M=0.75M

max

MITC3+

DISP3
displacementbased 3node shell element
(no treatment for alleviating shear locking).

MITC3+
3-node shell element with the MITC method.

Reference is obtained using thMdTCSOshell
elements.
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TheMITC3+ shellelement

x Geometry & displacement interpolations

Ve 3 4 .
A 'x(r,s,x)="x, +ix, with 'x_ =3 h(r,9)'x, 'X, :%é a f.(r,9)'V,.
i=1

i=1

A Shapéfunctions h=1-r s, h=r, h=s

1
f=h -%fm f,=h, -%fm f=h, < f, f,=27s@r s)
A u(r,s,x)=u, +fu, UW,) ‘X : positionvectorin the configurationat time t.
3 u : incrementaldisplacementectorfrom the configuration
with u_ =8 h(r,s)u,, attime t to that attime t +at.
i=1

t

1, tyyi i
U ZEa 2 fi(ris)( 4, Vz 'l{?‘Vl),
i=1

o Nodés

A - — X i r O Bubble node
A U =u, wWuy, U,=XUup,. \4

m

Geometry of the MITC3+ shell elemelggmg



TheMITC3+ shellelement

x Greenlagrange strain components
(‘¢ @ °g °g¢ with i,j=1,2,3.
A In-planestraincomponents(i,j =1,2): je =5 & + " e¥ ;. %

j 0 i

ce 1y, . o o s o L o o s
where & ‘_( Xni & "X XnQ)’ o€ —5( X S "%, Xb(,P)’

1, . . .
t ol t t t 0 0 0,
0 ij _Eg Xmi 6(b,j *m,j ng ( X Xb,j dxm,j 'Xb,i) {
t t t
and ‘'x .= K X ', = H X ‘g, =KX covariantbasevectorsat time t.
B B ¢ M
u N : :
: u, = B derivativesof incrementaldisplacementector
X |ncremental strain components vie

t

A o=0e-t, e%(ui, tg® ‘g @ y¥ with i,j=1,2,3.

A — : _1 ty W _1éuul 44 01 ot t o, Mg
A a==e + f e ==—(—'g +g-), A == fa R . FRELaC
o = of Hofi with 0§ 2(wi % 79 H) . 2(;‘1 H §2 9% 4 r u
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TheMITC3+ shellelement

X [ncremental strain componentgécontinued)

A In-plane strain component§, j =1, 2: 06 =0 + O){jm e+ ijB?_
m _— m — 2 _ b2
A oefj - oqj +o iﬁ’ Oeijbl - ijbl +o iﬁl' oeijb - OQj +o iﬁz-

: m_1 .
A o€ = o 'B(oéﬂ ";(ouéz with g ZE(tXm,i Q. tXm,j um,iC))’

b1_1 ¢ . t o .

oqj' _5( Xm,i Ql,j Xm,j ub1|o Xbi+um,j o(b,j u'r'ﬁj
b2 _ 1

o =

E(txbj Ql,j tXb,j ubu()-

A Ohij ~o ﬁ + OYijblh +201}é)2 with

m_ 1 ..
Ohij _Eum,i @n,j'
1 .. .. .
Ohijplzi(um,i Ql,j U ; u,,0 tij"'ubz,j C5Xm,j u"th)’
1 . .
ohi?zza(ubli Ql,j t’lfbi, szp tij'"ub z,)-

)
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TheMITC3+ shellelement

x Assumed transverse shear strain fields

A Oe|'\§ITCS+ — thngC3+ +0 i)gITC3 W|th |,_| :1, 2’ 3

. _ 28 1 01 1 -

where €5 zgéﬁ) 50 249943’( 0 13 edkAz) 55 #3s 1),
. _ 24 1 01 1 -

0‘92”3ITC3 zgga) 'E 0 (1:3993( 0 /'i\s 6'6"2) % ﬁl 3r),

=_  F F
and o‘E_ 0613 "o % o 2€ ot s

1 X Tying points

2/3 p--->

1/6

Tying points for the assumed
shear strain fields
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TheMITG+ shellelementwith the SSEnethod

Decomposition of strain components.

Steplof4

U The covariant irplane strain component§, j =1, 2) can be decomposed as follows

08 o ij@ + o){jbl e+20ijsg with o€ = 08" H ff

a1 . T
where 05 :E(txm,i @n,j t*m,j u., ¥ Ohij _Eum,i Q, ;-

Step20f4 Matching the coordinate systems of strains of the target and neighboring elements.

U Strain transformation
O : Element centers —m .. ..
] W=, 8%" g @95(”’9 Qg

0

®

with i,jln= 1,2

U Elementcenters f=s 4/3 and0

U Effect of outof-plane strains is neglected.

reference points of the coordinate transformation

L4

) are the

A LeeC,LeePS Thestrain-smoothedMITG+ shellfinite element ComputStruct2019223.
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TheMITG+ shellelementwith the SSEnethod

Step 30f4 Strain smoothing between the target element and each neighboring element.

U Projected area

AK :(n(e) @k))A(k) with n®© = (e)gslH(&)g3H’ n® = (k)QS/H(k) gSH

U Smoothed strain

= 1
(K) —
o =

2@ 5 o BUOAC 4T BPAY with i) =1, 2.

U If there is no neighboring element,
OE”n,(k) =, ij@(e_
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TheMITG+ shellelementwith the SSEnethod

Step 4 of 4 Construction of the smoothed strain field through Gauss points.

i Strain smoothing within elements

\ 2B

. ”m(A) __ g(s) + ll‘]f_mg,)), Oeij(n.(B) — %(0 %@(1) + E”g))’

o = (0;[@(2) LE'E)  with i,j =1,2.

Smoothed covariant membrane strain field

ersse=g 1 (¢ g 2p) §atr P e SR
e g-p u q p q -p

with i,j =1,2.

The smoothed covariant membrane strain replaces the original
covariant membrane strain.
For the covariant transverse shear strains, we adopt the assumed strain

of the MITC3+ shell element.
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Numericalexamples(Shell/ Linearanalysig

x Finite elementsconsidered (flat shell elements)

Allman

A

A

A flat shellelementthat combinesa triangularmembraneelementwith ! f f YdrilinQ a
DOFsandthe discreteKirchhoffMindlin triangular(DKMT plate elementare combined
It requires18 DOFdor anelement

A flat shell element that combines the assumednatural deviatoric strain (ANDES)
triangularmembraneelementwith 3 drilling DOFsand optimal parametersandthe DKMT
plate element

It has18 DOFdor anelement

Asa flat shellelement,the edgebasedstrain smoothingmethod is appliedto the ANDES
formulation-basedmembraneelementwith 3 drilling DOFsandthe DKMTplate element
Iscombined

Newvaluesof the free parametersin the ANDESormulationareintroduced

It requires18 DOFdor anelement
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Numericalexamples(Shell/ Linearanalysi9

x Finite elementsconsidered (curved shell elements)

A Acontinuummechanicdbased3-node shellelementwith abubblenode.
Visfeets A Thebubblenodehas?2 rotational DOFsvhich canbe condensedut on the elementlevel
A It has15DOFdor anelement

=il A TheMITG+ shellelementenrichedin membranedisplacementdy interpolationcovers
Vhgecss A 4 DOFger nodeare addedandthusthe elementhas27 DOFdor anelementin total.

x Evaluation method X
Ugr - Uy

u S M

2
ref

2

‘4 ® D .

thef - Uy

A Convergence curves obtained using theosm E, =

S

A Displacements and stresses.

x Reference solution

A Referencesolutionsare calculatedusinga 64364 regularmeshof the MIT® shellelements
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Numericalexamples(Shell/ Linearanalysi9

1) Cook’s skew beam probl em

- A Force
A )
’ /' I p=1/16 Distributed shearing forcgp=1/16
¥ A Boundary condition

Leftedge isclamped.

Clamped A Material property

i 44 E=1 n=1/3.

A Two patterns of meshes( N3 N elementg
N =2, 4,8, 16, 32

vV =
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Numericalexamples(Shell/ Linearanalysi9

1)Cook’ s skew beam probl Mesht
L, i : Clamped
A Normalizedvertical displacements (v, / V., ) A ’ »
at point Afor Mesh | %
L2 v

A The totalnumber of DOB when

0.8] increasing thel.

v/v,,

0.6}
" |—m— Allman, ANDES (OPT), Shin and Lee 1 10000
04 --8--Allman | —A— Enriched MITC3+
' --A-- ANDES (OPT)
--O--Shinand Lee ~@— MITC3+, MITC4+, Smoothed MITC3+
—m— MITC3+
0.2} —A— Enriched MITC3+ | 1 & 17500
—&— Smoothed MITC3+ o
A
0 L L 1 = G
2 4 8 16 °
N b5)
= 15000
=
=
=
o
=
1 2500
0
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Numericalexamples(Shell/ Linearanalysi9

2) Hyperbolic paraboloid shefiroblem A Normalized verticadisplacements
A Problem description (w,/w,)atpoint D.

Clamped .

w/w,,,
(=]
[=)

0.4+ & --B-- Allman
s --A-- ANDES (OPT)
» - --O--Shinand Lee
0.2} ///// —a— MITC3+ -
B, T —@— Smoothed MITC3+
- §
0L a== : : ' ‘
2 4 8 16 24
N
A Force A Material property & Thickness
Selfweight loading f, =8. E=2 30", n=0.3, t=0.001
A Boundary condition A Regulameshes( N3 2N elementg
One end is clamped. N =2,4,8, 16, 24.
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Numericalexamples(Shell/ Linearanalysi9

3) ScordelisLo roof shell problem

Rigid diaphragm

Force
Selfweight loading f, =90.

Boundary condition

The shell is supported by rigid diaphragms.

Material property & Thickness
E=4.32310 n=0, t=0.25, 0.025, 0.002
Two patterns of meshes(N3 N elements)

N = 4,8, 16, 32
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Numericalexamples(Shell/ Linearanalysig

3) Scordelid_o roof shell problem

Ve

A von Mises stress distributions for Mesh | whérr 0.25.

MITC3+
N=32
x10° Mesh I
MITC9 (Reference) 3
N=32 5 N=64
10° i
354
3
30 o :__ 30
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Numericalexamples(Shell/ Linearanalysig

3) Scordelid_o roof shell problem

A Computational efficiency curves for Mesh Il wheérs 0.025.

0

—— MITC3+

—&— Enriched MITC3+

W3 —@— Smoothed MITC3+ | | Mesh “A

logEh

295 1 1 1 I
255 -2 -1.5 -1 -0.5 0

log (Computation time)

A Computation times taken from obtaining stiffness matrices to solving linear equations are measured
A Computations are performed in a PC with Intel Cor8700, 3.40GHz CPU and 64GB RAM.

A A symmetric skyline solver is used for solving linear equations.
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Numericalexamples(Shell/ Nonlinearanalysig

1) Cantilever beam subjected to a timoment problem

20
y
Zﬂ—éIl
<

Regular mesh

I N DN D N N N N N
SIS IS IS IS IS IS SIS SIS SIS IS SIS

Distorted mesh

ESNEVA RSN S SA SN S RS SYES AV

Force

Tip moment M =10p.
Boundary condition

Leftedge isclamped.

Material property & Thickness
E=12310,6 n=0.2, t=1.

20 load steps

Regular and distorte@03 2
triangular elements.
Regular403 4

for reference.

meshes of

meshes of MITC9 elements
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Numericalexamples(Shell/ Nonlinearanalysig

1) Cantilever beam subjected to a timoment problem
A Deformed configurations at the load level /M __ =0.25, 0.5, 0.75, 1.@or regular mesh.

[T ] ]

NN i Initial mesh M=M,. Initial mesh

, M=0BM.. M=0.75M,,,

".!‘:'I“"

A =(.

'IL—/“;jl M 0 5M|nz\\ ) A

'JZ[! /w = ()‘SMmax %‘.{; = M= 025 AMm“X

M = 0'75Mmzt\
MITC3+ Smoothed MITC3+ (proposed)
M= meﬁi H Initial mesh
i
M=075M,,
M=05M,,

Reference
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Numericalexamples(Shell/ Nonlinearanalysig

2) Slitannular plate subjected to a lifting linéorce problem

A Force
Shearing forcep,., =0.8.
A Boundary condition

One ends clamped.

A Material property & Thickness
E=2.13%0,n=0, t=0.03
A 10load steps

A 63 30 mesh of triangular elements.

A 123 60 mesh of MITC9 elements for reference.
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Numericalexamples(Shell/ Nonlinearanalysig

2) Slit annular plate subjected to a lifting
line force problem

A Loaddisplacement curves

(w; andw. ).

—O— MITC3+

Enriched MITC3+
08l —&— Smoothed MITC3+
Reference

0.6

p49 max

0.4r

0.2r

-1.5 -1 -0.5 0 0.5 1 | % 2
w
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Topic4

Acoustic radiation analysis using the strasmoothed

triangular element

o,

3-node triangular
2D solid element
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Acoustic radiation problem

x Formulation

A Helmholtz equation (reduced wave equation): Ap+k*p=0.

a-1 ¢ =
A The Sommerfeld radiation condition for exterior acoustic problem: lim7z ? {g + jkp] =0.
=

A Galerkin weak form of this problem:

—Iﬂ?n*-‘?pdﬂ + k- Ln'-pdﬂ—jpru‘[ﬁ_u'-vﬂdﬂ —L;t'-M- pdl’ =0.
A Finite element formulation:

[K—k—’m +K5]p =—jpoF,

where

K :ZF: Im B B™dQ - M :éjgﬁ.-n:- N'-NdQ ¥ :éjrgﬁ:-Nr vl

7

B is the differential operator matrix of an element.
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Numericalexamples(Acousticradiation analysi9

1) Circumferentially harmonic radiation from a cylinder

i AV .,
Cylinder A Force
R oy T Pressurep(q) =cos(4qg r ar;

% Dirichletto Neumann DtN) condition alongG,

z " x A Boundary condition
! N L
J—v y ’

: \\ o) A Material property

TTTTTQ, Density: 7 =1.225 kg/m
Wave speed: c =340 m/s
Wave numbers: q =10, 16, 2=

A Regulameshes( N3 12N elementg
N =2, 3,4,10.
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Numericalexamples(Acousticradiation analysi9

1) Circumferentially harmonic radiation from a cylinder

Ny,
\Way A%
Yy

A Pressure distributions for the mesi\(= 3).

A

NJ
N/
N

<N
<N
N

(b) SSE-T3

A Analytical solution:

H® (kr)
HZ” (kr,)

g (wave number) 40, 16, 22

p(r.g) = cos(49)
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Numericalexamples(Acousticradiation analysi9

1) Circumferentially harmonic radiation from a cylinder

A Pressure distributions for the mesiN(= 2, 3).

- 1 1 1 1 1 -0. Il 1 1 1 1
0 60 120 180 240 300 360 0 60 120 180 240 300 360

4 0
—— Referente A Analytical solution:
A T3 g (wave number) 40, 16, 22 H® (kr)
S p(r.q) =7~ COS(49)

H,” (kr)
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Numericalexamples(Acousticradiation analysi9

1) Circumferentially harmonic radiation from a cylinder

A Pressure distributions for the mesiN(= 3, 4).

I I 1 -0.8 L ! ! 1
0 60 120 180 240 300 360 0 60 120 180 240 300 360

—— Referente A Analytical solution:

A T3 g (wave number) = 10,6, 22 (1)

-6~ SSE-T3 o(r,q) = H?l)(kr)
H,” (kr)

cos(4 g
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Numericalexamples(Acousticradiation analysi9

1) Circumferentially harmonic radiation from a cylinder
A Pressure distributions for the mesi\(= 4, 10).

0.8 T T T T T 0.8 T T T T T

08 1 1 1 1 1 0‘8 1 1 1 1 1
0 60 120 180 240 300 360 0 60 120 180 240 300 360
0 0
A Analytical solution:
— Reference
A T3 g (wave number) = 10, 182 H® (kr)
-©- SSE-T3 p(r,q) = ?1)—COS(4 o)
H,” (kr,)

78/89



Topich5

Variational formulation for the strainsmoothed element

method

In collaboration with
Ph.D.JonghoPark,

Department of Mathematical Sciences, KAIST.
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Variational formulation

x Abstractform

A The standard FEM for linear elasticity: A The SSE method for linear elasticity:
find u, €V, such that find u, €V, such that
a(u,,v)=f(v), vwel, a(m,.v)=f(v), vwel,
with a(u,v) = j _Defu]:¢[v]dQ. with @(u,v) = j _Defu]:g[v]dQ

x Setting(mesh,functional space)

P (K) : the collection of all polynomials of degree less than or equal to » (nonnegative
integer) on a subregion K of €.
A 7T,: a geometrically conforming and quasi-uniform triangulation of € with the maximum

element diameter /7 =0.

A Discrete displacement space: V, = {u elV: u|r e (R (1)) forall T e I}

A Discrete strain/stress space: W,

f

{EEW gl (B () forall TET}
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Variational formulation

x Qriginalapproachof the SSEnethod
A SSE smoothing operator S,: W, —>W,.

A Discrete strain/stress space: W, = {E eW :E|T e(R (T)) forallT e TH}

1

Take any element T e 7, .

There exist three elements 7;, 7, and 7, in 7,

'

adjacent to T .

A Intermediate smoothed strains (i =1, 2, 3); & = #J' edQ.
[TUT | mor

A The smoothed strains at three Gauss integration points (i =1, 2, 3):
2(Gi) = %(ﬁfﬂ +&™) with {,j.k}={1.2.3}.

A The smoothed strain field € is uniquely determined on 7 by linear interpolation.

A Bilinear form: @(u, E’JZIQDS;?E[H]:S;?E[E’] dQ, w,vel,.
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Variational formulation

x QOriginalapproach

A The smoothed strains at three Gauss integration points (i =1, 2, 3):

£(Gi) :%(ﬁm +&") with {i,j.k}={1.2.3}.

A The smoothed strain field € is uniquely determined on T by linear interpolation.

L ¢ = 2p) floy PGz S Poes)
p i q-p q P

x Alternative view: twice-projected strain
A 1t doesnot imply modificationof the method.
A Thealternative view is usedonly in the processof establishing

variationalformulation and convergenceheory:.
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Variational formulation |

x Alternative view: twice-projected strain
A SSE smoothing operator P, ,: W —>W,, @7, —» O, —» O,

Fo

eT.

.-T-'i" X

A (ﬁ,:hs](x):ﬁvfrsdﬂ_ ecW, TeTl,,

A Discrete strain/stress space: W.,

.-T-'i'

{EEW:E|T e (B, (7))’ forall TE’IW}

A Bilinear form: ﬁ(u,wrjzjﬂDR, eul: P R g[v]dQ, uveVl,.

20 LA

A Lemma 1. Let A be a 3x3 matrix. For k=1, 2, the piecewise smoothing operator P.,

.-'i.'-'i'

commutes with A, i.e., (Ae)=AP. e, ecW.

.-T i _.E'.'i' 2

A Lemma 2. For k=1, 2, the piecewise smoothing operator P., is the (L*(Q))’-orthogonal

ol

projection onto W,

k2 k.h Foll

ie, P.=P. and I B, ,&: 6dQ = I adQ, eocl.

A Theorem 3. Tivo bilinear forms are identical, i.e., it satisfies that

gv]dQ, u,vel,.

2.0 1,;.

I DS e[u]: S,e[v]dQ —I DP, R eu]: P

A Proposition 4. The SSE method has a unique solution.
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Variational formulation

x Variationalformulation

A Constrained minimization problem:

min {%Lﬁ: :D'e, dﬂ—f(u)} subjectto 6, =DBu, 6, =0,.

usl" g =l 6,20,
A Saddle point problem (using the method of Lagrange multipliers):
. 1 _
min max {—Iﬂﬁ: Do, dQ—f(u)+L(DBu —6,):g,dQ +Iﬂ(ﬁl —G,):¢g, dﬂ} :

usl’ g e .0, 1eW) 8220, | 2
A Variational problem: find (u,6,,6,.2,.8,) €V xW, xW, xW, xW, such that

:ﬂDB‘v:E1 dQ+LT1 (-, +£:)dQ+LT: (D76, —&,)dQ=f(v),

velV, 1,eW,, 1,eW,,

| (DBu-6,):8,dQ+| (6,-6,):8,dQ=0, 8 cW,. 8, cW,.

A Proposition 5. The wvariational problem has a wunique solution (u,¢,,6,.g.¢,)
EV W, xW, xW xW,.

A Remark 6. From Proposition 5, we observe that the Lagrange multipliers g and &, in fact
play a role of the strain field.
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Variational formulation

x Variationalformulation

A Galerkin approximation: find (,.6,,.6,,.5,,.5,,) €V, xW,, xW, , xW, , xW, , such that

LDBV g, dQ+L1:1 : (—El__h+Ez__h)a"!.’l+L1:2 (D70, , —&,,)dQ=f(v),
vel,, TeW,, T,eW,,,

| (DB, —6,,):8,dQ+| (s,,~6,,):8,dQ2=0. 8 W,;. 8,eW,;.

1) v=0 and 1,=0 — ¢g,=E,,,.
2) v=0 and 1,=0 — azrh:D_lﬁM.
3) 7,=0 and 7,=0 — [ DP,,R B, :B R BvdQ=/(v), vel,.

Theretfore, the SSE method can be derived from the proposed variational principle.

A convergence theory for the SSE method will be studied

based on the proposed variational formulation.
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4. Conclusions & Future works
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Conclusions

1. TheSSHEnethod hasbeendevelopedfor the linear2D & 3D solid elements

A The methods requir@o additional DOFandno special smoothing domains
A The elements providelore accurate solutionsspecially more continuous strain/stress fields.

2. The SSE has been extendeddtoode 2D solid elementand 3-node shell elements

A Thepiecewise linear shape functioase used for the extension to therbde elements.
A For the extension to the shell elements, the strain components are decomposed and transformed
in a proper way, and then the SSE method is applied.

3. Thestrain-smoothed elements are still effective ipeometric nonlinear analysis

4. The elements are also effective acoustic radiation analysis

5. Thevariational formulationof the SSE method has been established.
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1. Convergenceanalysisusingthe proposedvariational principle.

2. Incompressibleand nearlyincompressiblematerials.

3. Material nonlinearanalyses

4. Acousticradiation/scatteringanalyses

5. Dynamicanalysis
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