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1. Introduction



FEM in engineering fields
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Motivation of PU based FEM

¢ The solution accuracy depends on the meshes used.

Force condition

Boundary condition

FE model

Coarse mesh

Fine mesh

¢ To obtain reliable solution, mesh refinement is frequently required.

Original mesh

= High stress gradient region

Adaptively refined mesh

= Crack propagation




PU based FEM concepts

¢ Enriched FE interpolation

u, (x)

= ihﬁl + ihiiLj(x)ﬁij
i=1 i=1 =1

= Zn:hi’“_‘i T Zn:i%’;‘y
i=1

i=1 j=1

R/_/R/_/

Standard Enrichment
FE interpolation

LTZ. . standard DOFs

L?l.j - enriched DOFs

h. : Partition of unity function (shape function)

1

L i (x) : cover function (enrichment function)

v" Crack problem : Singular and discontinuous functions
v" Wave propagation problem : Harmonic function

v Element performance improvement : Polynomial

Duarte. (2012), Lecture note of Delft University

* Enriched FEM
* GFEM (Generalized Finite Element Method)

 XFEM (eXteneded Finite Element Method)

Polynomial Discontinuous
function function

Crack propagation simulation
without mesh refinement




PU based FEM advantages

» Various functions suitable for each problem can be applied as the cover function.

»> Higher order solution can be obtained by applying polynomial cover functions to existing
linear element meshes.

= Order of interpolation can be chosen arbitrary

» The enrichment functions can be applied to local area adaptively.

* Improve the solution accuracy without local mesh refinement

= Can be combined with mesh refinement

=)

No mesh refinement
Adaptively enriched

MITC3 shell FE Adaptively enriched MITC3 Reference

Jeon HM, Lee PS, Bathe KJ. (2014), The MITC3 shell finite element enriched by interpolation covers. 7




2. LD problem & History



Linear dependence problem

Functions in the enriched FE interpolation become linearly dependent.
= When partition of unity and cover function consist of polynomial.

&

= Singular stiffness matrix.

The Linear Dependence(LLD) problem occurs.

¢ 1D bar example

uh(x):i i, + Zh ZL (x)u

11 j=1
—~

Standard Enrichment
FE interpolation

Cover function : L;(x) =¢, (linear polynomial)

Total DOFs =2 (u, , u, ) + 2 (ii° [ﬁ)=4

1> %2

Linearly dependent DOFs : #; and #

Rank deficiency(RD) = 1(rigid body) + 1(LD)

< X < &= (x+1)
r |_> r S =(x-1)
Nodel Node 2
x, =+1
’\_hf%(l x)
° u, h :l(l+x)
2
4 1 )
il | hé, |:5(1—x2)
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Linear dependence problem

Functions in the enriched FE interpolation become linearly dependent.
= When partition of unity and cover function consist of polynomial.

&

The Linear Dependence(LLD) problem occurs.
= Singular stiffness matrix.

¢ 2D cantilever beam — free vibration analysis

= Cantilever beam problem = Free vibration modes
A W=0.Im Mode Reference Enriched element
¢ number

.
B 1

L=1.0
" Finite element model 2 T SESEEEEESEEENSEEREEE
~  (Inaccurate results due to LD problem)
-* (TS )

. & T v

\HW_LH’I“WHW% 1 10




Brief history of LD problem

>

>

Modification of PU function

Babuska and Melenk (1997) e ~
- A pioneer of PU based FEM W
- First report of LD problem in 1D

- Design PU function to avoid LD problem (1D) @

Oden et al. (1998) \W/

- Elimination linear polynomial term in cover function

{{IZ, iy &, én o'y ]

Strouboulis et al. (2000)
- Report that Oden’s work is not enough to avoid LD problem 3-node & 4-node elements

- Adapt special equation solver

Tian et al. (2006) A ‘
- Suppressing enriched DOFs at essential boundary
- Effective for 2D 3-node triangular and 3D 4-node tetrahedral elements

- Modeling method g )

(a), (b) : LD problem occurs
LW (b) © ) (c), (d) : LD problem removed

J 11




Brief history of LD problem

>

>

Oh et al. (2008)

- Flat top PU function (2D)

- Expansion of earlier work (1D, 1997)

- Hong and Lee (2013), An et al. (2014)

- Not easy to construct, artificial constant

An et al. (2011, 2012)

- Prediction of RD in regular mesh

- 2D 3-node triangular and 4-node quadrilateral elements
- 3D 4-node tetrahedral and 8-node hexahedral elements

Ham and Bathe (2012)
- Harmonic enrichment function
- Modification of mass matrix to avoid LD problem

M=(1-a)M +aM

consistent lumped

Kim and Bathe (2014)

2D Flat-top PU function
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- A scheme to improve finite element solution by use of cover functions
- Enriched 2D 3-node triangular and 3D 4-node tetrahedral elements
- Suppressing enriched DOFs at essential boundary (Tian’s work, 2006)

Jeon et al. (2014, 2018)

- Enriched 3-node triangular shell elements (cover function : linear polynomial)
- Suppressing enriched DOFs at essential boundary (Tian’s work, 2006)



Research purpose

** 2D solid finite elements > Tian’s approach
(suppressing enriched DOFs at essential boundary)
3-node 4-node
triangular quadrilateral * 2D 3-node triangular  element Resolved

» o e 3D 4-node tetrahedral element
* 2D 4-node quadrilateral element

* 3D 5-node pyramidal  element Still remain
* 3D 6-node prismatic element
) ’ ’ * 3D 8-node hexahedral element

¢ 3D solid finite elements

4-node 6-node S5-node 8-node
tetrahedral prismatic pyramidal hexahedral




Research purpose

¢ Resolution the linear dependence problem

= Topic 1-1. Development of the enriched 4-node 2D solid finite element

= Topic 1-2. Development of the enriched 3D solid finite elements
v" Suppression of the enriched DOFs at essential boundary
v" Application of new shape function to FE interpolations

v" Investigation on the performance of the new enriched elements

. 4-node 6-node
Requlrements quadrilateral prismatic
* Resolving the LD problem (in a simple and effective way) ‘
 Spatially 1sotropic behavior
8-node 5-node
* Pass the patch test and zero energy mode test hexahedral pyramidal

e

Good convergence behavior

Adaptive use of the cover function

14



Research purpose

¢ Resolution the linear dependence problem

= Topic 1-1. Development of the enriched 4-node 2D solid finite element

= Topic 1-2. Development of the enriched 3D solid finite elements
v" Suppression of the enriched DOFs at essential boundary
v" Application of new shape function to FE interpolations

v" Investigation on the performance of the new enriched elements

“* Adaptive use of cover functions

= Topic 2. Automatic procedure to improve FE solutions
v Error indicator that selects the order of cover functions for each node

v Feasibility of automatically improving FE solutions

¢ Enrichment scheme for smoothed finite element

» Topic 3. Enriching strain-smoothed 3-node solid element
v" Polynomial enrichment for strain-smoothed element

v Investigation on the performance of the enriched strain-smoothed element

15



3. Research topics



Topic 1-1. Enriched 4-node 2D solid element




Enriched 2D solid finite elements

4-node quadrilateral element (n=4)
A S

T2 1 3

Ay

[

2.0
1.0

= The enriched finite element interpolation of displacement u

> U= Zn:hiﬁi +Zn:ihiLj12{
i=l

i=1 j=1

Applying polynomial as the cover function

i =

Ai Ai

(x—x) =»)
1]

L=¢,L=n, L=, with &=

> u ZZh.ﬁ. +Zhiﬁ? where ﬁi = h, [(fl 1, fl.z ], u, =[ui u;
u : Standard finite element interpolation

# : Additional higher order interpolation

3-node triangular element (n=23)

18



Investigation of the LD problem

¢ A 4-node quadrilateral element and a 3-node triangular element

= Linear cover function (h, =4 [¢, #.], a* =[a5 a']")

]

= Enriched DOFs are suppressed at essential boundary (Tian’s approach)

= PU function (%;) : 4-node quadrilateral(bilinear shape function), 3-node triangular(linear shape function)

> u=(ru,
+ ()it + ()(r)is + (s)(s = Dt}

> Functions are linear independent

Az Uh
T 2%, e »u=a(l+r)1+s)u, —pA-r ) 1+s); — pA+r)1-s")i!
I s +a(l-r)1+s)u, — BA—r>)1+s)i; — A —-r)1-s)i!
+a(l+7r)(1-s)u,
st “Th ‘T]4 o o A A
[ Lghn 4 . > Linearly dependent functions (#; , 5 )
X, U | g | (a, f: constants)

19



Development of new enriched 4-node 2D element

¢ LD problem in 2D solid elements

When the enriched DOFs are suppressed at essential boundary (simple and effective)

3-node triangular element (linear shape function) : LD problem is resolved.

4-node quadrilateral element (bilinear shape function) : LD problem still exists.

The key idea is to resolve the LD problem

I:> Employ piecewise linear shape function for 4-node quadrilateral element

¢ Shape function requirements

Kronecker delta property: };l.(rj,s ;)=0; with i,j=1,2,3,4

Partition of unity: Z; i;l. =1

Compatibility: linear variation along edges of the element.

Completeness: displacement interpolations able to represent rigid body modes and constant strain states.

20



Piecewise linear shape functions

> The linear shape function on each sub-domain

|\ h(r,s)=a +br+é s

» Requirements of the linear shape function (};) on the T1

. le(l, 1) =1, hA1 (1,1) = 0 : Kronecker delta property at nodes

center point A . ) )
: * 1(0,0)=1/4 : Partition of unity at center point

» The linear shape ﬁmction(};) on the T1

Triangular subdivision of . I _
the 4-node quadrilateral element h=(+2res)i4

Bilinear shape function Piecewise linear shape function




New enriched 4-node 2D element

¢ Geometry and displacement interpolations

0.0
2.0 (.9
Y &

2.0
Natural coordinate system

> Xx(r,s)= Zh(r $)X; with X, Ei’}

i=1

e u(r,s)=ﬁ+ﬁzz4: h(r,s)u, +ZH (r,s)u,

S R
with w, = _ |, u,=|
Vv u;

PU function (/;I_ ) : the piecewise linear shape function

linear cover . quadratic cover

N A 2 2
hi = hi[éi 771] l - h [6 77, é,’ éiﬂi 771' ]
& — é_.: A 2 2
0 = u] & =[uf ol u u? ul)
Ay ¢ A 2 2
u =[v; v/] u; = [vf v! vf vf” vl ]

22



New enriched 4-node 2D element

¢ Force and boundary condition

= Force vector : Ry = ) _[ H" 547

fis

m=1 S(fm)

= Applying boundary condition : Suppressing enriched DOFs (u, )

Requirements

¢ Resolving the LD problem

» Spatially isotropic behavior

** Pass the patch test and zero energy mode test

*¢ Good convergence behavior

* Adaptive use of the cover function

L. }
x (a) (b)

Finite element models for basic tests
(a) Isotropy and zero energy mode tests
(b) Patch tests

23



Investigation of the LD problem

PU function
K K X K * Previous: Bilinear
(a) * New: Piecewise linear
T HA B Mesh
/ // / HHH (a) : square mesh
\ / E LA (b) : trapezoidal mesh
) S— 1177711 .
& i A & (c) : distorted mesh.
5 RD : # of zero eigenvalues
/’/ X
¥ \\\ d : order of cover function
. \ A A

(c)

Element # of element layer = RD / Total DOFs

Square mesh Trapezoidal mesh Distorted mesh
d=1 d=2 d=1 d=2 d=1 d=2
Previous ' O; 13 Oj 25
2 . _ 0/43 0/85
A LD problem exists. (RD is observed) ;34 0277
8 0/475 0/949
New ;
A LD problem is resolved. (RD is NOT observed)
8




Numerical examples

“* Ad-hoc problem

Y,V

1. ) li (L D = Body force (m=5)

&
(-1,-1) ( L-1)

0 0 0
. Ot Ty R =- Ty P
ox Oy oy ox

u=>1-x")*(1-y*)*e" cos mx

v=(_1-x)"1-y*)*e" sin mx

= Boundary condition

u=v=0 at y=-1

= Material property
E=1.0x10", v=0.3

Regular meshes

Distorted meshes

Quadrilateral (N=4) Triangular (N=4)

(N : the number of element layers along an edge)

Quadrilateral (N=8) Triangular (N=8)

Distortion type
S
/A

Type 1 (6=0.25)
Type 2 (6§=0.50)
Type 3 (6=0.75)

25



Numerical examples

log(relative error)

Standard

QUADY

Quadratic elements
Enriched

log(relative error)

TRI3-d1

log(relative error)

1r

new QUAD4-d1

log(relative error)

Cubic elements

Enriched
new QUAD4-d2

Standard
QUADI16

L L ] i p— ' ' i
15 -1 05 0 15 -1 05 0 156 -1 05 0 15 -1 05 0
log(h) log(h) log(h) log(h)
—=—=a— Regular &= Typel ——=e— Type 2 ¥— Type3 —=—&— Regular

log(relative error)

TRI3-d2

16 1 08 0

log(h)

—A—— Type |

——6— Type 2

1

0r

-1r

log(relative error)

16 -1 <056

log(h)

» Quadratic elements
* QUADY9 : standard 9-node quadrilateral element
* TRI3-d1 :3-node triangular element enriched by linear covers
* QUAD4-d1 : new 4-node quadrilateral element enriched by linear covers

» Cubic elements
* QUADI16 :standard 16-node quadrilateral element
 TRI3-d2 :3-node triangular element enriched by linear covers
* QUAD4-d2 : new 4-node quadrilateral element enriched by linear covers

More accurate

og(relative error)

o Optimal
Convergence
rate

ST [
1.5 -1 -05 0
log(h)

More elements

0

—+— Type 3

26



Numerical examples

“* Wheel problem

(TRI3: 546 elements)
(QUAD4: 360 elements)

Material properties : £ =72x10°, v=0.3

Case 1 : Standard QUAD4, TRI3 (coarse mesh) [1,532 DOFs]
Case 2 : Standard QUAD4, TRI3 (fine mesh) [5,268 DOFs]

Case 3 : Adaptively enriched (coarse mesh) [5,148 DOFs]

(TRI3: 198 elements)
(QUAD4: 2289 elements)

r ;.__L-’- Ahe
-':If X ,77._w...
o Prreaat 5
-__v(' it y.ﬁy_‘_ -L--d'“/: ‘tf:,‘-‘:‘! '
'!I % L ¥ v ‘-‘. L
a0, ¥ L  abava
Pavas aved PL 1 L rama®s]
.:‘—:;.?:' -t .(.;;*E.
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g 915 S A
d = > " s Vi AL 7
B f‘,‘-“‘?;. T T p sl K Ay w50 :,‘-(t")‘j:- o=
oS0/ 00gg B0; S NI AN\ B
i d ‘g;. ' ﬁ:ﬁ;‘i“ 1 =0
o v.e L] Q“ﬁ ‘1 B O
jois el AR, LT
B9 L6 e & 3 NN A-f" e
n L5 o'e S
e £ 2% #.,.«lf'_:.;'."
* ._..“_f‘_-j{». O
= ’ ” o
e ¥ > a0 Al aie
R £ TR N
0 B R
K SO

1 ;
> | £
- o et PVl
% A
. :-,»:_é{*' —s.f x*f«.}r:@g?'f. %
=y H v _ri.
= Hid.u**‘

(TRI3: 546 elements)
(QUADA4: 360 elements)

* Nocover
= Linear covers

s Quadratic covers

27



Numerical examples

Reference solution Standard linear elements Adaptively enriched
Case 1 Case 2 Case 3

(coarse) (fine) (coarse)

}
/

1.4E7

1.0E7

‘\
“point P

Reference Error =19.59% Error = 3.75% Error = 0.66%
DOFs = 74,444 DOFs =1,532 DOFs = 5,268 DOFs = 5,148

6.0E6

2.0E6

* The solution accuracy is improved by using finer mesh or by applying the cover functions.

 The adaptive use of the cover function is very effective in accurately predicting stress.

28



Computational cost

** Quadratic elements

» QUADS? : the standard 9-node element

» QUADA4-d1 : the enriched 4-node element with linear covers
¢ Cubic elements

» QUADIG6 : the standard 16-node element

» QUADA4-dI : the enriched 4-node element with quadratic covers
¢ Consideration

» Numerical integration points (new enriched elements require approximately 1.3 and 1.5 times)

> Stiffness matrix information

» Actual computational time of the Ad-hoc problem (assembling stiffness matrix, solving equations)

<10%

357 ——
QUAD9 QUAD4-d1 Ad-hoc problem Standard elements ‘
1 1 Lrif_ 3 ---4 9-node ,. (3N+1) xp
; 5 » ' X 8 o5 --@---16-node ;
05 osf % 5 New enriched elements ’,
i B ) —&— linear covers 4 p ®(N+1) x6p
- _ ]
o S ” o s » E . quadratic covers
d = 18 ® . ‘
w — ® m (2N+1) xp
= :
05 asf % x 2 i /. ... | ; m(N+1) ,_3}”
P ? " w
X ; 4 ¥ 4 ] vy o o
1 T Regular mesh (N=4) = oy e
1 ; e a 05 1 1 05 0 05 1 ' : ’ . -
(3 X 3 points) (3 X 4 points) gz
p N - # of element layer 0 4 8 12 16 20 24 28 32 36 40 44
N

29



Computational cost

s+ Stiffness matrix structures

¢ Computational time

QUADY QUAD4-d1 [sec]
N Standard 9-node finite element New enriched 4-node element
with linear covers
Stiffness . Equation Total Stiffness . Equation Total
construction solver construction solver
8 0.02 0.00 0.02 0.02 0.02 0.03
16 0.05 0.06 0.11 0.09 0.05 0.14
32 0.39 0.81 1.20 0.48 0.56 1.05
64 1.09 12.33 13.42 1.58 8.38 9.95
128 3.66 175.50 179.16 6.56 115.30 121.86
! 1,632 *

Half-bandwidth: 137 Half-bandwidth:113

# of non-zero elements : 63,814 # of non-zero elements : 81,138

* The new enriched elements take more time to construct the stiffness matrix

* Solving the linear equations generally takes less time.

* As the number of elements used increases, the solving time becomes dominant.

30



Topic 1-2. Enriched 3D solid elements




Enriched 3D solid finite elements formulation

8-node hexahedral 6-node prismatic 5-node pyramidal 4-node tetrahedral
element (n=28) element (n=06) element (n=5) element (n=4)
A t A t
} 4 rF
| /
/
8 7 ! fr'f =
: > /. 1.0 J
3;______ S ;-7\ f >3=
N 4 /1 ~ S
f// ."f P —~ -
/}’/ i e’ll /”/,/
v &4 2
’ 2
2.0 &
= The geometry and displacement interpolations = Bases of complete polynomials

1 constant basis

> X(r,5,0)= Y h(r,s,0x
i=1

{ linear bases

> u(r,s,)=u+i=Yy h(rs0u+y H (s,
i=1 i=1

32



Sets of piecewise linear shape functions

¢+ Tetrahedral sub-domains for each element

8-node hexahedral element (n=28) 6-node prismatic element (»=06) S5-node pyramidal element (»=5)

{

A

8y
s
4] 4‘,‘ _
) ; i 1 enode
® =i (ﬂ = 8’ R wad — 6) ¥ L8 (7] = 6’ nquud = 3) ¢ 1~3 (ﬂ = 5’ nr;mrd = 1) x. . . 7 "
a 9~14 q g 7~9 a6 o quadrilateral face center
o 15 Q,=1{1,23,4} o 10 Q,={1,3,4,6} o7 Q;={1,2,3,4} o element center

> Linear shape function on each sub-domain : / (r,s,0)= (4, +b r+¢ s+d. 1)/ n

> Shape function requirements

Kronecker delta property ( 4,(r,,s,,¢t,)=d, with i,j=1-,n)
Partition of unity: Z; ho=1

Compatibility (continuous displacement interpolation across the element boundaries)

Completeness (able to represent rigid body modes and constant strain states) 23




Sets of piecewise linear shape functions

» Shape functions of the standard finite element method

0.8
0.6
0.4
0.2

0.0

1.0

0.8

0.6

0.4

0.2

0.0

Triangular face: linear variation, quadrilateral face: piecewise linear variation.
New enriched elements and enriched tetrahedral element are compatible with each other.
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Investigation of the LD problem

Mesh (a)
* Division of hexahedron into two prisms
p =
P2
P1
Mesh (b)
* Division of hexahedr
Pa 0 =h
P2z P
Piiu=v=w=0 P1
P2:u=w=0
Ps:v=w=0 Mesh'(c)
}‘ i Pa P3
% - P2 P P P
P
= Hexahedral element results
Element Numberof RD/Total DOFs > PU function
f;;‘:gm Mesh (a) Mesh (b) Mesh (c) * Previous : Shape function of the standard FEM
d=1 d=2 F= d=2 T d—2 * New : Piecewise linear shape function
. 1 . 0/62 0/152 ) -
Previous i LD problem exists. s . » RD : # of zero eigenvalues
P (RD is observed) 01466 0/3662 » d : order of cover function
. . » New enriched prismatic and pyramidal elements
New LD problem is resolved. o free from the LD orobl
1 (RD is NOT observed) are aiso iree irom C proonici.

35




Numerical examples

“* Ad-hoc problem

{-1,1, 1)

(1, 1,-1)

a
k',‘ (,-1,-1)

plane A

plane B

plane C

Distortion Type 3

= Body force (m=5)

= Boundary condition

u = g(x, y,z)cos mxsin my cos mz u=v=w=0 at y=-—1

v = g(x, y,z)sinmx cos my cos mz

w = g(x,y,z)Ccosmx cos ny sinmz

= Material property
E=1.0x10", v=0.3

gl y,2)=(1-x")(1-y*)'(1-2")’e™




Numerical examples

» Quadratic elements

Standard ; Enriched .
HEX27 PRI18 new HEXS8-d1 new PRI6-d1 TET4-d1
I 1 1 1 ]
0.5 0.5 0.5F 0.5f 0.5
0r 0r of 0t 0t
-0.5 -0.5 0.5} -0.5 -0.5
o o = =y =
S -1t 2 ° -1 © 17 S -1t
— ol — - —
] (5] [P ] [B] L
2 15y 2 15 2 15 2 15 215y
B 5 = -2 = 2r & b S Lot
2 = 2 2 =
) 5D _ ol o5t .
B-25 8 R 225 25 225
-3t -3t -3t 3t -3t
3.5} -3.5} -3.5¢ -3.5} -3.5¢
e B e — gt g
15 -1 -05 0 15 -1 -05 0 | | 15 -1 405 0 15 -1 -05 0 15 -1 -05 0
log(h) log(h) log(h) log(h) log(h)

—E T Regular —A—A— Typel " Type2 e Type3

Quadratic elements (HEX27, PRI18, HEX8-d1, PR16-d1, TET4-d1)

« HEX27 :standard 27-node hexahedral element

« PRII8  :standard 18-node prismatic element

HEXS-d1 : new 8-node hexahedral element enriched by linear covers
 PRI6-d1 :new 8-node hexahedral element enriched by linear covers
* TET4-d1 :4-node tetrahedral element enriched by linear covers 37




Numerical examples

log(relative error)

» Cubic elements

Standard
HEX64 PRI40
1 1
0.5 0.5
0r 0r
-0.5 -0.5
-1t § -1t
b
15k g -1.5}
=
_27 _,Eé _2,
-2.5 ED -2.5
-3t -3t
3.5F -3.5F
-4 ! L -4 L 1
-1.5 -1 -05 0O -1.5 -1 -05 0
log(h) log(h)

log(relative error)

/" new HEXS-d2

1

0.5t

O L

'
o
Ul

'
-
T

A
wn
:

'
ro
T

no
(5]
T

'
w
T

'

w

wul
T

-4
1.5

—=s—=&— Regular

-1 -05 0
log(h)

log(relative error)

-A—4& Typel

Enriched
new PRI6-d2
1
0.5
ol

-0.5
b
1.5
)
2.5
3}
-3.5
_?1.5 —‘1 05 0
log(h)

log(relative error)

-3.51

—~v—v— Type 3

HEX64
PRI40

HEXS-d2 :
PRI6-d2
TET4-d2 :

: standard 64-node hexahedral element
: standard 40-node prismatic element

Cubic elements (HEX64, PRI40, HEX8-d2, PRI6-d2, TET4-d2)

new 8-node hexahedral element enriched by quadratic covers

: new 8-node hexahedral element enriched by quadratic covers
4-node tetrahedral element enriched by quadratic covers

TET4-d2 \

-1.5 -1 =0.5 0
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Numerical examples

d problem

Ing ro

Connect

\/
‘0

1)

7650

/) =

2.0x10", v=10.3,

E =

1CS

Material propert

Standard 3D solid elements (coarse mesh) [3,435 DOFs]

Case 1 :

Standard 3D solid elements (fine mesh) [13,854 DOFs]

Case 2 :

ly enriched (coarse mesh) [9,924 DOFs]

1ve

Adapt

Case 3 :

Force condition --------

Boundary condition

e No cover

et
SR

/LAY

® Linear covers

v

VA

‘P.‘.-V' JW
s re
oo SN
AL S )
besnassvsy

TraY

® Quadratic covers

V]

ik

Case 3

(HEXS: 428, PRI6: 86,

Case 2
(HEXS: 2540, PRI6: 8,
PYRS: 246, TET4:3369)

Case 1

(HEXS: 428, PRI6: 86,

PYRS: 0, TET4:1044)

PYRS: 0, TET4:1044)
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Numerical examples

Reference

100
I

60

Reference
DOFs =96,393

Case 2

Standard linear elements
(Fine mesh) i

100
ISD

60

* The solution accuracy is improved by using finer mesh or by applying the cover functions.

Error =19.30%
DOFs = 13,854

Case 1

Standard linear elements
(Coarse mesh)

o

100
I
60

| 30

IZO

0
Error =37.30%
DOFs = 3,435

Case 3

Adaptively enriched
(Coarse mesh)

100

l 80

60

| 40

' 20
0

Error =1.41%
DOFs =9,924

* The adaptive use of the cover function is very effective in accurately predicting stress.
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Numerical examples
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> Free vibration ana

Enriched 3D elements with linear covers

Reference

Mode
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Closure (Topic 1)

= New enriched 2D and 3D solid elements are proposed.

= Piecewise linear shape functions are adopted for geometry and displacement interpolations

= The elements are free from the linear dependence problem

= Through numerical examples, its convergence and effectiveness are demonstrated. Adaptive use of

the cover functions improves the solution accuracy effectively.
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Topic 2. Automatic procedure to improve FE solutions




Automatic procedure to improve FE solutions

¢ Three steps of the automatic procedure

Step-1 (1%t FE analysis) Step-2 Step-3 (2 FE analysis)
* Construct FE model * Calculate error indicator * Update FE model
* Perform FE analysis * Select cover functions * Perform FE analysis

Reference

MITC3 shell FE Adaptively enriched MITC3

(Error = 6.49%)

(Error = 75.8%)

r o [ [ [ \
Error indicator & scheme for the adaptive use of cover functions are needed.

Requirements for error indicator and scheme

= Simple and computationally efficient
= Asymptotically converge as the error converges
= Appropriate for selecting cover order for each node

= Minimum artificial parameters
J




Error indicators

<+ Previous research (2014, Kim and Bathe) . i [ h T
. L L
* Only consider 3-node 2D element. & e\
= Based on stress jump at each node. (0 if M <y,
= Proposed for the adaptive use of cover functions. d (i) = 4 Loy oy s M7 <y
. . .. 2 0f y <M/; <y,
= Several artificial parameters in the error indicator. —
3 if y, <M,
“* Proposed error indicators
» Consider both 3-node and 4-node 2D element.
* Minimum artificial parameters.
= Based on both stress jump and stress value.
«J ... mean value of J 7 over FE model

mean

= Type - 1 " Type -2
ypb M Tmean © mean stress over FE model

172 . 2
M = Ji n Siean | Ti X M?T = J; Li * X; : diameter of node i
l Tmecm Tmean Tmean Lc Tmean LC

Related to stress jump

Related to stress value



Error indicators

“* Ad-hoc problem

Y,V

(_13 1) * ( ]9 1)
@ P

X, U

v

@
(-1-)

(N=4) (N=8)

(N : the number of element layers along an edge)

fxB

v=(1-x)>*(1-

= Body force (m=5)
_ or . Ot ot o or,, %y, 81_
ox Oy g oy  Ox

u=(1-x>)>(1-

2 _my

y*)*e™ cos mx

y*)’e™ sin mx

= Boundary condition

u=v=0 at y=-1

yx

|

Stress error [ ——— |

Error indicator (type 1) | —A— |

npel __ 1 i Mtypel
avg N — [
Error indicator (type 2) | ]
t e2 type2
Mg = ZM ’
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Error indicators

** Ad-hoc problem = Stress error [ —H— |

1 N

(.7, 5) (Mctlyv};el, M{tl)g;el) T = Wzgi
7.5 . . . . . . 05 i=1
" Stress jump [ —&— |
/0')\ 70 1 -1.0 . 1 N
= J=—>J
°§ v
D)
%D 6.5 - -1.5
% = Error indicator (type 1) | —A— |
OSD 1 N
o 6.0 | 41 -20 Mtypel _ _ZM'typel
avg N : i
i=1
5.5 | ! ! . | | 25 - . .
-2.2 -2.0 -1.8 -1.6 -14 -1.2 -1.0 -0.8 Error lndlcat()r (type 2) [ ]

logio(h)

1 N

type2 type2
M = WZMZ.

i=1
47



Error indicators

¢ Type-1 & -2 comparison (tool jig problem)

p=100 N/m

: ' ' ;

B
R=0.02 ;;ED

< Problem description >

.
-

>

WA NN\
“

9

2

=

—t

1

AN

Mesh 1
(64 elements)

Mesh 2
(256 elements)

Mesh 3
(1024 elements) |

< Finite element models>

npel
M;

npel
M;

Type-1
= v 0 if M <0.10
al d(@i)=41 if 0.10<M’ <0.20
2 if 020< M
oy | _i d=2
o I S o O =, S T d=1
DU 0I1 0I2 0:3 Dld 015 O,IG Ol"f OIB Ol9 1 d - 0
Node order sorted by M,
Type-2
1 — b _ 0 if M} <0.02
- | d@)=41 if 0.02<M’<0.10
: 2 if 0.10<M;
_ i d=2
A — — d —

0 0.1 02 03 04 05 06 07 08 09
Node order sorted by M,

’ ?d=o
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Error indicators

¢ Type-1 & -2 comparison (tool jig problem)
p=100 N/m

: ' ' ;

B

4
-

>

y point P R=0.02m

AN NN

Y
@

X
>

< Problem description >

Stress error = 1.80%
Energy error =5.13%
. DOFs =5324

>
&
e
»
>
»
>
’
>
3

Type-1

e M Wi B B bl R o
A T i T o PSS
R SR N A

&

*

- -'\A'\A‘u‘\n'& '\.‘\.'L'i-}}'kl':i 0 0 ON BEEEEESNESNSS NS
AR A AR AO e oo h R R o o o e o e y
r L T}f\l‘\&'\.‘\.‘\"\.‘&&i'\.'&.‘k'{.‘k'{ -4 P AP ol I A A T o o ™ o Vo v >
+ %‘\N‘\.ﬂ'\_‘\_‘\.'&_'{.'\.i‘!_l! b 4 P o o
L g Ty My iy %, 4 4 4 PP i S W >
By ' T S P o o o e
N L b % TSP LN COLIROO0S sd0edos 00Ol 4
>
1 ®- .
Q) I o 0
. —
S, . Stress error = 3.85%
- 18 >
. ! ; Ty T YT T e ' E = 5.20%
> 8 4 o s2111eanssnrens, . Energy error . (}
LA N :
L y L Yo Y Vi Vo s ™ ™ ™ il i i - b A A A N T T S T o Pt DOF —_— 6598
L il al™ ul® ol® ol ol 4P & & & 4 S 5 & &8 85 8nn ity 22 ? S
o Y v e v s s dddd i s et ot it aos ooy == .
el gl it ol ol S S 42 0 0 s W, W W W P T T i

@® No cover B L

p—

near cover A Quadratic covers



Numerical examples

¢ Tool jig problem

Mesh 1
p=100 N/m (64 elements)
 ————
o Bl 10.025m
. ~0.02 Mesh 2
. R=0.02 m
/}y C\ PR @ (256 elements)
3 | 0.025
1C 3 X T m
< < >
0.05 ;::F 0.2 m 70.05 m Mesh 3

(1024 elements)

A 1

5

Snres,
=

=-l
<

e
T

LA
Sigsgess
Vet
5
5
¥

e Mesh 1 Mesh 2
" (TRI3: 546 elements) “ (TRI3: 198 elements)
(QUADA4: 360 elements) (QUADA4: 2289 elements)



Tool jig problem

% 4-node quadrilatera] element (2) Results of the standard 4-node quadrilateral element

(b) How cover functions are applied
(¢) Results of the adaptive use of cover functions

(Error = 18.94%, DOFs = 2270)

>

33500,
i 131004

(b)

44
rted

d6d23is!

ennmmnAasLstt e,
$Le i il 5

® B B B A A A A E®
(c)
(Error = 14.43%,DOFs = 962) (Error =0.88%, DOFs = 2606) (Error =1.80%, DOFs = 5324)
® Nocover M Linear cover A Quadratic covers

0 2000 4000 6000 8000 10000 12000 1400(!l51



Tool jig problem

s 3-node triangular element (a) Results of the standard 3-node triangular element

(b) How cover functions are applied
(¢) Results of the adaptive use of cover functions

Mesh 1

— 3674

(Error =72.15%,DOFs = 182) (Error =54.29%,DOFs = 622) (Error =30.93%, DOFs = 2270)

(b)

(Error =12.32%,DOFs = 1008) (Error =1.72%,DOFs = 3068) (Error = 0.56%, DOFs = 6414)

: : [ B |
® No cover B Linear cover A Quadratic covers h 5000 e s 1000013000 1400052



Automotive wheel problem

“* 3-node triangular & 4-node quadrilateral elements (a)  The standard elements

(b) How cover functions are applied
(c) the adaptive use of cover functions

Mesh 1 Mesh 2
(b) (b) 5
53452
® No cover
/ M ¥e \\\\
’ NG S M Linear cover

A Quadratic covers

l 1.4E7

1.0E7
6.0E7
2.0E7
(Error = 19.59%, (Error = 1.90%, (Error = 3.75%, (Error = 0.14%,
DOFs = 1532) DOFs = 3714) DOFs = 5268) DOFs = 7240)

53



Closure (Topic 2)

= Feasibility of the adaptive used of cover functions to automatically improve finite element

solutions 1s demonstrated.

= New error indicator based on stress jump and scheme that select the appropriate order of cover

function for each node are used for the automatic procedure.

= The automatic procedure provides significantly improved solution accuracy.

= Further researches on large finite element models and 3D problems are necessary.
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Topic 3. Enriching strain-smoothed 3-node 2D solid element




Strain-smoothed element method for 3-node triangular element

* Strain smoothing process [Lee & Lee, 2018]
= Utilize the strains of elements adjacent to edge of target element.
= Special smoothing domain is not necessary.

= [ 1near strain fields within the strain-smoothed element.

Step 1. Obtain smoothed strains between the target and neighboring elements

| §(3)

1

o g — (A(m)E(Wl) +A(k)§(k))
A(m) + A(k)
NN with £ =1,2,3 _ 2
Strains of target & neighboring elements
Step 2. anstruct linear straTn field within the target element | T Convergence curve
using smoothed strains between the target and neighboring elements N + Cook’s skew beam problem

3 09} * Improved convergence behavior
a 1 OB b 1 =), 22 ¢ 1 o2 4 23 l
o & =—(s + & ),s =—(8 + & ),8 =—(8 +¢& ) w
2 2 2 L
2.1
2.4

N 1 7 — — 270 —— Standard TRI3
° 8(7”) = 1= (,,._|_ 5 — 2p) e +—p (c;b _|_—S p e 2_;_ || —A— Bdge-based smoothed TRI3
q-—p q-—p q-—p aal —&— Strain-smoothed TRI3

-1.2 -09 -0.6 -03




Applying strain-smoothing scheme for enriched element

+* Strain vector of the enriched 3-node element (TRI13d-1)

3

3 — Ay

- _ ~ . u, .

m g(r,s)=€+g= Z 7, U, +ZB(’”»S)“I- with u, = {_’} u = {u’v
i=l i

N
Standard term
} Enrichment term

* U, : standard DOFs vector of node i
« U, : enriched DOFs vector of node i
* B : strain-displacement matrix of standard element

* B : strain-displacement matrix of enriched element corresponding to u,

L J/

@ Applying strain-smoothing scheme for strain vector corresponding to standard DOFs, u,

s Strain vector of the enriched strain-smoothed 3-node element (SS-TRI3-d1)

m &(7,9)

~+é=i B(r,s)u, +ZB(V s)u,
i=1

* B : strain-displacement matrix of strain-smoothed element

* m : # of nodes belonging to the target and neighboring elements




Convergence

¢ Cook’s skew beam problem

= Problem description

v

. (48.60) » Linear elements
I B » Standard 3-node element (TRI3)
= Strain-smoothed 3-node element (SS-TRI3)
» Quadratic elements
» Enriched 3-node element by linear covers (TRI3-d1)
» Enriched strain-smoothed 3-node element by linear covers (SS-TRI3d-1)
» Cubic elements

» Enriched 3-node element by quadratic covers (TRI3-d2)
(0,0) o » Enriched strain-smoothed 3-node element by quadratic covers (SS-TRI3d-2)

(0,48) (48,44)

2by2 mesh

= Convergence behaviors

Linear elements Quadratic elements Cubic elements

11 1.056 1.05
2 2 2
5) 1 5 B e 5 1 o
5 5 5
,S 0.9 ,S ,S
e S 0.95 e 095 b
@ sl @ @
3 3 3
) 5 ) 5 0.9 ) 5 09
= = =
é Reference é - Reference é e Reference
S oo —A— TRI3 ch —A— TRI3-d1 2" —A— TRI3-d2
—6— SS-TRI3 —6— SS-TRI3-d1 —6— SS-TRI3-d2
0.8 0.8 : :

05 . . . . . . .
0 5 10 15 20 25 30 35 0 5 10 15 20 25 30 35 0 5 10 15 20 25 30 35

# of elements along edge # of elements along edge # of elements along edge 58



Adaptive use of cover functions

¢ Tool jig problem

= Problem description
p=100

NN AN NN A ‘
»
<
bt = |
c.
=
—
s =
=
]
\_Y

= Meshes

S S S S S S i o
e R MO AN A AT T A A7

e S S S S S SRS
S N 53

T T A A A A AAOODO R ORAA
= = R R R AR R R R AR

Mesh 3
(2048 elements)

* Four different meshes are considered.
* Apply the automatic procedure.
* Compare results of TRI3 and SS-TRI3.

"/ -.“._
RS SENNS
1 I\ \ =K

Mesh 2
(512 elements)

Mesh 4
(8192 elements)
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Adaptive use of cover functions

¢ 3-node triangular element

Mesh 1

von Mises stress error = 34.18%
Strain energy error = 24.73%
DOFs =182

von Mises stress error = 9.08%
Strain energy error = 6.33%
DOFs =1034

® No cover B Linear cover

(a) Results of the strain-smoothed 3-node triangular element

(b) How cover functions are applied
(¢) Results of the adaptive use of cover functions

Mesh 2

voh Mises stress error =17.62%
Strain energy error = 5.58%
DOFs = 622

von Mises stress error = 8.75%
Strain energy error = 1.84%
DOFs = 2428

1 I
ver
A Quadratic covers TR

Mesh 3

e

von Mises stress error = 7.16%
Strain energy error = 0.60%
DOFs =2270

von Mises stress error =1.82%
Strain energy error = 0.36%
DOFs =3618

|
6000 8000 10000 12000 14000
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Adaptive use of cover functions

’ -
* Mesh 3 (a) TRI3 & SS TRB. elements |
; . : i . . (b) How cover functions are applied
Without strain-smoothing WAl SUEI - SERGTRG (c) The adaptive use of cover functions
(TRI3) (SS-TRI3)

von Mises stress error = 30.93% von Mises stress error =7.16%

Strain energy error = 26.02% Strain energy error = 0.60%
DOFs = 2270 DOFs = 2270

(b)

@ No cover

B Linear cover

A Quadratic covers

Adaptive use of cover functions Adaptive use of cover functions
(TRI3, TRI3-d1, TRI3-d2) (SS-TRI3, SS-TRI3-d1, SS-TRI3-d2) lmmo

(c) (O

10000

6000

lzooo

von Mises stress error = 0.56% von Mises stress error = 1.82%
Strain energy error =4.72% Strain energy error = 0.36%
DOFs = 6414 DOFs = 3618
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Adaptive use of cover functions

’ -
* Mesh 4 (a) TRI3 & SS TRB. elements |
: . ) i . . (b) How cover functions are applied
Without strain-smoothing WAl SUEI - SERGTRG (c) The adaptive use of cover functions
(TRI3) (SS-TRI3)

von Mises stress error = 13.81% von Mises stress error = 3.99%
Strain energy error = 10.15% Strain energy error = 0.01%
DOFs = 8638 DOFs = 8638

@ No cover

B Linear cover

A Quadratic covers

Adaptive use of cover functions Adaptive use of cover functions
(TRI3, TRI3-d1, TRI3-d2) (SS-TRI3, SS-TRI3-d1, SS-TRI3-d2) Immo

10000

6000

lzooo

von Mises stress error = 2.88% von Mises stress error =2.92%

Strain energy error =7.37% Strain energy error = 0.06%
DOFs = 11928 DOFs = 8872
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Closure (Topic 3)

= Enriched strain-smoothed 3-node triangular element is proposed.

= The strain-smoothed method is applied for strain part corresponding to the standard DOFs.

* The enriched strain-smoothed element shows good convergence behavior.

* When the automatic procedure is applied, the strain-smoothed element uses smaller degrees of

freedom than the standard element and provides sufficiently accurate solution.

* The development of enriched strain-smoothed 4-node tetrahedral element 1s possible in a similar way.
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4. Conclusions & Future works
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Conclusions & Future works

¢ New enriched finite elements
= Topic 1. Development of the enriched 2D and 3D solid finite elements
v" The new enriched elements free from the linear dependence problem are presented.

v The LD problem is avoided in a simple and effective way.
v" The new enriched elements pass basic tests and show good convergence behaviors.

v" Development of enriched plate & shell free from the linear dependence problem.
v" Nonlinear analysis.
s Adaptive use of cover functions
= Topic 2. Automatic procedure to improve FE solutions

v" Feasibility of automatically improving FE solutions is shown.

v" Consideration of large FE models and 3D problems to verify and improve the automatic procedure.

** Enrichment scheme for smoothed finite element

= Topic 3. Enriching strain-smoothed 3-node solid element
v" Strain-smoothing method is applied for constant strain part of the enriched 3-node element.
v When the automatic procedure is applied, the strain-smoothed element uses smaller degrees of
freedom than the standard element and provides sufficiently accurate solution.

v" Development of enriched strain-smoothed 4-node tetrahedral element.
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